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Abstract

We study estimation and inference on causal parameters under finely stratified
rerandomization designs, which use baseline covariates to match units into groups
(e.g. matched pairs), then rerandomize within-group treatment assignments until a
balance criterion is satisfied. We show that finely stratified rerandomization does
partially linear regression adjustment “by design,” providing nonparametric control
over the stratified covariates and linear control over the rerandomized covariates.
We introduce several new rerandomization schemes, allowing for imbalance metrics
based on nonlinear estimators. We also propose a novel minimax scheme that uses
pilot data or prior information to minimize the computational cost of rerandom-
ization, subject to a strict bound on statistical efficiency. While the asymptotic
distribution of generalized method of moments (GMM) estimators under stratified
rerandomization is generically non-normal, we show how to restore asymptotic nor-
mality using ex-post linear adjustment tailored to the stratification. This enables
simple asymptotically exact inference on superpopulation parameters, as well as
efficient conservative inference on finite population parameters.
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1 Introduction

Stratified randomization is commonly used to increase statistical precision in experi-
mental research.! Recent theoretical work (e.g. Bai et al. (2021)) has shown that fine
stratification, which randomizes within small groups of units tightly matched on baseline
covariate information, makes unadjusted estimators like difference of means semipara-
metrically efficient.? In finite samples, however, the performance of such designs can
deteriorate rapidly with the dimension of the stratification variables due to a curse of
dimensionality in matching.® This motivates the search for alternative designs that insist
upon nonparametric balance for a few important covariates, but only attempt to bal-
ance linear functions of the remaining variables. In this paper, we study finely stratified
rerandomization designs, which first tightly match the units into groups using a small set
of important covariates, then rerandomize within-groups treatment assignments until a

balance criterion on the remaining covariates is satisfied.

Our first contribution is to derive the asymptotic distribution of generalized method
of moments (GMM) estimators under stratified rerandomization, allowing for estimation
of generic causal parameters defined by moment equalities. We consider both superpopu-
lation and finite population parameters, the latter of which may be more appropriate for
experiments run in a convenience sample (Abadie et al. (2014)). As in previous work on
rerandomization (e.g. Li et al. (2018)), the asymptotic distribution of GMM estimators
is an independent sum of a normal and a truncated normal term. We show that, modulo
this residual truncated term, the asymptotic variance of unadjusted estimation under
stratified rerandomization is the same as that of semiparametrically adjusted GMM (e.g.
Graham (2011)) under an iid design. Intuitively, stratified rerandomization implements

partially linear regression adjustment “by design.”

Our second contribution is to introduce several novel forms of rerandomization based
on nonlinear balance criteria. For example, we allow acceptance or rejection of an al-
location based on the difference of covariate density estimates within each treatment
arm, attempting to balance nonlinear features of the covariate distribution. Similarly,
we propose a design that rerandomizes until a nonlinear estimate of the propensity score
is approximately constant, effectively forcing the covariates to have no predictive power
for treatment assignments. In both cases, these nonlinear rerandomization schemes are
asymptotically equivalent to standard rerandomization based on a difference of covari-
ate means, but with an implicit choice of covariates and acceptance region, which we

characterize.

For example, Cytrynbaum (2023) reports a survey of 50 experimental papers in the AER and AEJ
from 2018-2023, where 57% used some form of stratified randomization.

2See Cytrynbaum (2024), Armstrong (2022), and Bai et al. (2024) for more detailed discussion.

3Under regularity conditions, the convergence rate of finite sample variance to asymptotic variance is
O(n~=2/(@+1) for dimension d covariates, see Cytrynbaum (2024).



Our third contribution is to study optimization of the balance criterion itself. We
propose a novel minimax approach that allows the researcher to specify prior information
about the relationship between covariates and outcomes, then rerandomizes until the
worst case correlation between treatments and covariates consistent with this prior is
small. We prove that this design minimizes the (asymptotic) computational cost of
rerandomization, subject to a strict bound on statistical efficiency over the set of DGP’s
consistent with the prior. If the prior information set contains the truth, this design
strictly bounds the asymptotic variance within a small additive factor of the optimal
semiparametrically adjusted variance. Extending this result, we show that if the prior
information set is a confidence region estimated from pilot data, then this minimax design

bounds the asymptotic variance in the main experiment with high probability.

Our fourth contribution is to provide simple t-statistic and Wald based inference meth-
ods for general causal parameters under stratified rerandomization designs. To do this,
we first characterize and provide a feasible implementation of the optimal ex-post linear

adjustment for GMM estimation under stratified rerandomization.*

Crucially, optimal
ex-post adjustment makes the asymptotic distribution insensitive to the rerandomization
acceptance criterion, removing the truncated normal term from the limiting distribu-
tion and restoring asymptotic normality. For superpopulation parameters, our inference
methods are asymptotically exact. For finite population parameters, our inference is
conservative due to non-identification of the asymptotic variance, but still exploits the

efficiency gains from both stratified rerandomization and ex-post optimal adjustment.

1.1 Related Literature

This paper builds on the literature on fine stratification in econometrics as well as the
literature on rerandomization in statistics. Stratified randomization has a long history in
statistics, see Cochran (1977) for a survey. Recent work on fine stratification in econo-
metrics includes Bai et al. (2021), Bai (2022), Cytrynbaum (2024), Armstrong (2022),
and Bai et al. (2024). Some important theoretical contributions to the literature on
rerandomization include Morgan and Rubin (2012) and Li et al. (2018), Wang et al.
(2021), and Wang and Li (2022). We build on both of these literatures, studying the
consequence of rerandomizing treatments within data-adaptive fine strata. We show that
finely stratified rerandomization does semiparametric (partially linear) regression adjust-
ment “by design,” providing nonparametric control over a few important variables and

linear control over the rest.

For our main asymptotic theory (Section 3), the most closely related previous work
is Wang et al. (2021) and Bai et al. (2024). Wang et al. (2021) study estimation of the

4This extends recent work on optimal adjustment under pure stratified randomization for ATE esti-
mation, e.g. see Cytrynbaum (2023), Bai et al. (2023), or Liu and Yang (2020).



sample average treatment effect (SATE) under stratified rerandomization, with quadratic
imbalance metrics based on the Mahalanobis norm. We study rerandomization within
data-adaptive fine strata, providing asymptotic theory for generic superpopulation and
finite population causal parameters defined by moment equalities. We also allow for essen-
tially arbitrary rerandomization acceptance criteria, not necessarily based on quadratic
forms. Bai et al. (2024) study estimation of superpopulation parameters defined by mo-
ment equalities under pure stratified randomization. We extend these results to stratified
rerandomization as well as generic finite population parameters, providing “SATE-like”
versions of the parameters in Bai et al. (2024).° In concurrent work, Wang and Li (2024)
study GMM estimation of univariate superpopulation parameters under stratified reran-
domization with fixed, discrete strata. We study significantly more general forms of
stratification and rerandomization criteria than considered in their work, allowing for
both finite and superpopulation parameters of arbitrary dimension and fine stratification

with continuous covariates.

For nonlinear rerandomization (Section 4), the closest related results are Ding and
Zhao (2024) and Li et al. (2021). Ding and Zhao (2024) rerandomize based on the p-value
of a logistic regression coefficient, while we rerandomize until a general smooth propen-
sity estimate is close to constant. To the best of our knowledge, we present the first
asymptotic theory for rerandomization based on the difference of nonlinear (e.g. density)
estimates. For acceptance region optimization (Section 5), the closest related results are
Schindl and Branson (2024), who study the optimal choice of norm for quadratic reran-
domization, while Liu et al. (2023) chooses a specific quadratic rerandomization using a
Bayesian criterion, in both cases for rerandomization without stratification. We provide
a novel minimax approach that accepts or rejects based on the value of a convex penalty
function, tailored to prior information provided by the researcher. Our work on optimal
adjustment (Section 6) extends recent work on adjustment for stratified designs, e.g. Liu
and Yang (2020), Cytrynbaum (2023), Bai et al. (2023), to stratified rerandomization
and GMM parameters. Finally our inference methods (Section 7) build on previous work
by Abadie and Imbens (2008), Bai et al. (2021), and Cytrynbaum (2024). To the best
of our knowledge we provide the first asymptotically exact inference for causal GMM
parameters under stratified rerandomization, as well as conservative inference for their

finite population analogues.

2 Framework and Designs

Consider data W; = (R;, Si(1), S;(0)) with (W;), " F. The Si(d) € R denote potential

outcome vectors for a binary treatment d € {0, 1}, while R; denote other pre-treatment

5These parameters can be seen as causal versions of the conditional estimand defined in Abadie et al.
(2014).



variables, such as covariates. For treatment assignments D; € {0, 1}, the realized outcome
Si = Si(D;) = D;S;(1) + (1 — D;)S;(0). In what follows, for any array (a;)?_, we denote
En[az] = 77/_1 Z:‘Lzl a;, with C_ll = En[alDl]/En[Dl] and (_10 = En[al(l — Dl)]/En[(l — Dz)]

Next, we define stratified rerandomization designs.

Definition 2.1 (Stratified Rerandomization). Let treatment proportions p = [/k and

suppose that n is divisible by k& for notational simplicity.

(1) (Stratification). Partition the experimental units into n/k disjoint groups s with
{1,...,n} = U, s disjointly and |s| = k. Let ¢ = ¢)(R) with ¢y € R%™ denote a
vector of stratification variables, which may be continuous or discrete. Suppose the

groups satisfy the homogeneity condition®

LSS - s = 0yl (2.1)

s 1,J€ES

Require that the groups only depend on the stratification variables 1., and data-

independent randomness 7, so that s = s(1.,,m,) for each s.

(2) (Randomization). Independently for each |s| = k, draw treatment variables (D;);cs

by setting D; = 1 for exactly [ out of k£ units, uniformly at random.

(3) (Check Balance). For rerandomization covariates h = h(R), consider an imbalance
metric Z,, = v/n(h; — hg) + 0,(1).” For an acceptance region A C R% check if the
balance criterion Z,, € A is satisfied. If so, accept Di.,. If not, repeat from the

beginning of (2).

Intuitively, steps (1) and (2) describe a data-adaptive “matched k-tuples” design, while
step (3) rerandomizes within k-tuples until the balance criterion is satisfied. Equation
2.1 is a tight-matching condition, requiring that the groups are clustered locally in
space. Cytrynbaum (2024) provides algorithms to match units into groups that satisfy
this condition for any fixed k.

Example 2.2 (Matched Pairs Rerandomization). For k& = 2, the optimal matched pairs
in Equation 2.1 can be found by Derigs (1988) algorithm. Suppose we have done so, and
consider rerandomizing until the imbalance criterion n(X; — Xg)'3, (X1 — Xo) < € is
satisfied for positive-definite ¥, 2 £.5 Let Z,, = 2711/2\/5()21 —Xo) = /n(hy —ho)+0,(1)

for modified covariates h = £/2X. This quadratic acceptance criterion is equivalent to

6The matching condition in Equation 2.1 was introduced by Bai et al. (2021) for matched pairs
randomization (k = 2). See Bai (2022) and Cytrynbaum (2024) for generalizations.

"In particular, we require Z,, = \/n(h1 — ho) + 0,(1) under “pure” stratified randomization, the design
in steps (1) and (2) only, studied e.g. in Cytrynbaum (2024). We give several examples below.

8Several recent papers in the statistics literature have considered such criteria. See e.g. Morgan and
Rubin (2012), Li et al. (2018), Wang et al. (2021) among others.



Z, € A for acceptance region A = {z : |z|s < €}. We study the efficiency consequences

of different covariates and acceptance regions in detail in Sections 3 and 5 below.

Example 2.3 (Stratification). Stratification without rerandomization can be obtained
by setting A = R% in Definition 2.1. Treatment effect estimation under such designs was
studied in Bai (2022), Cytrynbaum (2024), and Bai et al. (2024). Definition 2.1 allows for
fine stratification (also known as matched k-tuples), with the number of data-dependent
groups s = $(¢1.,, m,) growing with n. It also allows for coarse stratification with fixed
strata T € {1,...,m} and fixed m, as in Bugni et al. (2018), which can be obtained in
this framework by setting ¢» = T and matching units into groups s at random within
each {i: T; = k}.

Example 2.4 (Complete Randomization). For p = [/k, we say that D;., are completely
randomized with probability p if P(Dy., = dy.,) = 1/(7;;) for all dy.,, with Y, d; = np.? If
so, we denote Dy, ~ CR(p). Cytrynbaum (2024) shows that CR(p) randomization can
be obtained by setting 1) = 1 and A = R% in Definition 2.1, matching units into groups at

random. Intuitively, random matched k-tuples is equivalent to complete randomization.

Causal Estimands. Next, we introduce a generic family of causal estimands defined
by moment equalities. Let g(D, R, S,0) € R% be a score function for generalized method
of moments (GMM) estimation. Recall W = (R, S(1),.5(0)) and for D|W ~ Bernoulli(p)
define ¢(W,0) = FElg(D,R,S,0)|W]| = pg(1,R,S(1),0) + (1 — p)g(0, R, S(0),0). By
construction, we have E[¢p(W,0)] =0 <= FE[g(D,R,S,0)] = 0. The function ¢(W,0)

provides a convenient parameterization to introduce our causal estimands.

Definition 2.5 (Causal Estimands). The superpopulation estimand 6, is the unique
solution to E[p(W,8)] = 0. The finite population estimand 6, is the unique solution to
E,[p(W;, 0)] = 0.

In what follows, we study GMM estimation of both 6, and #,, under stratified reran-
domization designs, showing an asymptotic equivalence between stratified rerandomiza-
tion and partially linear covariate adjustment. In particular, this framework allows us
to introduce several useful finite population estimands #,, that do not appear to have
been considered previously in the literature. Note that GMM estimation of 6y under
pure stratification was studied in Bai et al. (2024) for the exactly identified case. Our
finite population parameter #,, can be viewed as a causal version of the finite population
estimand defined in Abadie et al. (2014)."

Example 2.6 (ATE). Define the Horvitz-Thompson weights H = 2=2 and let ¢(D,Y, 6) =

p—p?

HY —0, so that ¢(W,0) = E[HY |W]—6 = Y(1)= Y (0)—6. Then 6y = E[Y (1) —Y(0)] =

9For notational simplicity, we may assume that n = [k for some | € N.
10See also the related finite population estimands studied under iid sampling and assignment in Xu
(2021) and Kakehi and Otsu (2024).



ATE, the average treatment effect, and 6,, = F,[Y;(1) — Y;(0)] = SATE, the sample av-

erage treatment effect.

For a more interesting example, consider the best parametric predictor of treatment

effect heterogeneity in experiments with noncompliance.

Example 2.7 (LATE Heterogeneity). Let D(z) be potential treatments for a binary
instrument z € {0,1}. Let Y'(d) be the potential outcomes, with realized outcome Y =
Y(D(Z)). Suppose D(1) > D(0), and define compliance indicator C' = 1(D(1) > D(0)),
assuming F[C] > 0. Imbens and Angrist (1994) define the local average treatment effect
LATE = E[Y(1)-Y(0)|C = 1]. Let H = (Z—p)/(p—p?) and consider the score function
9(Z,D,Y,X,0)=(HY —HD- f(X,0))Vef(X,0). Using standard LATE manipulations,

o(W,0) = Elg(Z,D,Y, X, 0)[W] = C- (Y(1) = Y(0) = f(X,0))Vof(X,0).

Then E[¢p(W,0)] = 0 is the first order condition of a treatment effect prediction problem
in the complier population. In particular, for 7 = Y (1) — Y/(0), the parameter 6y is the

best parametric predictor of treatment effects for compliers:
6y = argmin E[( — f(X,0))*|C = 1].
0

For example, if Y is binary then Y (1) =Y (0) € {—1,0, 1}, so a scaled link function model
f(X,0) = 2L(X'0) — 1 may be appropriate. We can easily estimate marginal effects by
adding m(X;,0,08) = — (0/00") f(X;, 0) to the score function.

Example 2.8 (Finite Population Heterogeneity). Continuing Example 2.7, note that for
7; = Y;(1) — Y;(0) the corresponding finite population parameter is

0, = arg;nin Eu[(mi — f(X;,0))%C; = 1]. (2.2)

We can view 0, as a “SATE-like” version of 6, the best parametric predictor of treat-
ment effects in the within-sample complier population. 6, may be a more appropri-
ate target for experiments run in a convenience sample. If f(X,6) = X' linear, then
0, = argmin, E,[(1; — X[0)?|C; = 1] is the within-sample best linear predictor. In the
case of perfect compliance C; = 1 for all 4, this is §,, = argmin, E,[(r; — X/0)?], a finite-
sample version of the best linear predictor of the conditional average treatment effect
(CATE). The case X = 1 recovers 0,, = E,[Y;(1) — Y;(0)|C; = 1], the finite-population
LATE, studied e.g. in Ren (2023). Our inference methods in Section 7 produce tighter
confidence intervals for these finite population parameters than 6y, since we only need to

account for the uncertainty due to random assignment, with no sampling uncertainty.

GMM Estimation. Let positive-definite weighting matrix M,, € R%>ds with M, 5

7



M = 0. For sample moment §(0) = E,[g(D;, R;, S;,0)], the GMM estimator!! is

6 = argmin §(0)' M’ 5(6). (2.3)

0co
In the exactly identified case, 0 solves ﬁ(@\) = (. In the next section, we study generalized
method of moments (GMM) estimation of the causal parameters 6 and 6,, under stratified

rerandomization.

Remark 2.9 (M-estimation). Our results below also extend to M-estimators of the form
= argmaxy F,[m(D;, R;, S;,0)], even when 6 cannot be formulated as a GMM estimator
e.g. due to the existence of local maxima. For example, this happens in some nonconvex
problems in density estimation (Newey and McFadden (1994)). We briefly discuss this

extension in Section 8.4.

3 Asymptotics for GMM Estimation

In this section, we characterize the asymptotic distribution of the GMM estimator 9 under
stratified rerandomization designs, as in Definition 2.1. We show that the variance under
stratified rerandomization is proportional to the residuals of a partially linear regression
model, up to an extra term that reflects slackness in the rerandomization criterion. In this
sense, stratified rerandomization does partially linear regression adjustment “by design.”

First, we state some technical conditions that are needed for the following results.

Assumption 3.1 (Acceptance Region). Suppose A C R¥* has non-empty interior and
Leb(0A) = 0,'? and require E[Var(h|y)] = 0 and E[|¢|3 + |h]3] < co.

Next we state the technical conditions needed for GMM estimation. Define the matrix
G = E[(0/00)6(W, 0)]loms, € R4 and let g(W,0) = g(d, R, S(d), 0) for d € {0,1}.

Recall the Frobenius norm |B[} = 37, B; for any matrix B.
Assumption 3.2 (GMM). The following conditions hold for d € {0,1}:

(a) (Identification). The matriz G is full rank, and go(0) = 0 iff @ = 0.
(b) We have E[ga(W,0)%] < oo and E[supgee |ga(W, 0)]a] < 0o. Also 0 — ga(W, ) is

continuous almost surely, and © is compact.*

HTn our examples, we will mainly be concerned with the exactly identified case. However, the theory
for the over identified case is almost identical, so we include this as well.

12Note that OA denotes the boundary of A, the limit points of both A and A°.

13We can formally resolve measurability issues with the sup expressions by either (1) explicitly working
with outer probability (e.g. van der Vaart and Wellner (1996)) or (2) requiring that {g4(-,8),0 € ©} is
universally separable for d = 0,1 (Pollard (1984), p.38). To focus on the practical design issues, we avoid
this formalism, implicitly assuming that all quantities are appropriately measurable.



(¢) There exists a neighborhood 8y € U C O such that Gg(W,0) = 0/00'gas(W, 0) exists
and is continuous. Also E[supyey |0/00'ga(W, 0)|r] < 0.

Compactness could likely be relaxed using concavity assumptions or a VC class con-
dition, but we do not pursue this here. In what follows it will be conceptually useful to

reparameterize the score function.

Orthogonal Expansion. Recall (W, 0) = E[g(D, R, S,0)|W] for W = (R, S(1),5(0)).
Define the assignment influence component a(W,0) = Var(D)(g1 (W, 0) — go(W,0)). For
Horvitz-Thompson weights H = (D —p)/(p—p?), a simple calculation shows that we can

expand
g(D,R,S,0) = ¢(W,0) + Ha(W,0). (3.1)

Our work below shows that a(W,#) parameterizes estimator variance due to random
assignment, while ¢(W, #) parameterizes the variance due to random sampling. We work

directly with this expansion in what follows.

Example 3.3 (SATE). Continuing Example 2.6 above, let Y = (1 — p)Y (1) + pY (0), a
convex combination that summarizes each unit’s potential outcome level. Then for the
score g(D,Y,0) = HY — 0, we have a(W,0) = Y. A simple calculation shows that for
0 = E,[H,Y;] and 6, = E,[Y;(1) — Y;(0)], we have

_ Cov,(D;,Y) (3.2)

0 — 0, = E,[Hia(W;)] = Vo (D

Intuitively, the term E,[H;a(W;)] from Equation 3.1 isolates the estimator variance
due to chance in-sample correlations between the assignments D; and outcome levels
Y;. By contrast, ¢(W,0) = Y (1) — Y (0) — 6 does not depend on assignments D;, and
Var(¢(W,0)) = Var(Y (1) — Y (0)) isolates the estimator variance due to random sampling

of units and heterogeneity of individual treatment effects.

3.1 Finite Population Estimand

Our first theorem studies GMM estimation of the finite population estimand 6,,, which
solves E,[p(W;,0,)] = 0. We extend these results to 6y in Corollary 3.8 below. To state
the theorem, define the GMM linearization matrix Il = —(G’MG)'G'M € R%*% . Note
that in the exactly identified case d, = dy, we just have II = —G~'. For brevity, we also

denote vp = Var(D) = p — p*.

Before stating the main result, we first derive the influence function for GMM esti-

mation of #,, under stratified rerandomization.

Lemma 3.4 (Linearization). Suppose D;., as in Definition 2.1 and require Assumption
3.1, 3.2. Then /n(0 — 0,) = VnE,[HIa(W;,0,)] + 0,(1).

9



Lemma 3.4 generalizes Equation 3.2 above, showing that

_ Covy(Dy, a(W;, 05))

o _ —1/2
0—0, Var, (D) + 0,(n"%).

This implies that to first order, the errors in estimating 6, are driven by the random
in-sample correlations between treatment assignments D; and the assignment influence
function Ia(W;,60p). Our main theorem shows that, by balancing ¢ and h, stratified

rerandomization reduces these correlations, improving precision.

Theorem 3.5 (GMM). Suppose Ds., as in Definition 2.1. Require Assumption 3.1, 3.2.
Then /n(0 — 0,)|Wi., = N(0,V,) + Ra, independent RV's with

Vo= min vy E[Var(la(W, 6) — v'h|y)]. (3.3)

WGRdh ><d9

Let vy be optimal in Equation 3.3. The term R4 1s a truncated Gaussian
Ra~Zn|Zn € A, Zy ~ N(0,v5' E[Var(h|v)]). (3.4)

Note that the variance matrix V, € R%*% 5o the minimum should be interpreted in
the positive semidefinite sense. In particular, we say V' (79) = min, V() if V(y0) = V(7)
for all v € R%*d9e Theorem 3.5 shows that \/ﬁ(@\— 0,)) is asymptotically distributed
as an independent sum of a normal N(0,V,) and truncated normal R,. The normal
term AN(0,V,) only depends on the “treatment assignment” component of the influence
function, Ila(W,6y). The variance is attenuated nonparametrically by the stratification

variables v and linearly by rerandomization covariates h.

Residual Imbalance. The truncated Gaussian term Rj ~ Y(Z,|Z, € A arises
from leftover covariate imbalances due to slackness in the rerandomization acceptance
criterion, /n(hy — ho) € A, since A # {0}. If the acceptance region A is symmetric
about zero, i.e. © € A <= —x € A, then E[R4] = 0, so the GMM estimator 0 is
first-order asymptotically unbiased. In principle, R4 could be made negligible relative to
N(0,V,) in large samples by choosing a small enough acceptance region A. For example,
if A= B(0,¢) then Rpe ~ {VZn||Znl2 < €} > 0 as € — 0. However, in finite samples
and for small enough €, this acceptance region may be infeasible. We study a minimax

style criterion to choose an efficient acceptance region A in Section 5 below.

To isolate the precision gains due to rerandomization, the following corollary special-
izes Theorem 3.5 to the case of stratification without rerandomization (A4 = R%), as well

as complete randomization, as defined in Examples 2.3 and 2.4.

Corollary 3.6 (Pure Stratification). Suppose D;.,, as in Definition 2.1 with A = R . Re-
quire Assumption 3.1. Then \/ﬁ(@\—GnﬂWm = N(0,V) with V = v,' E[Var(Ila(W, 6,)|1)].

10



In particular, if Dy, ~ CR(p) then V = vp! Var(Ila(W, 6y)).

Corollary 3.6 shows that fine stratification reduces the variance of GMM estimation
to V = vy E[Var(Ila(W, 6y)|¥)] < vy Var(Tla(W, 6)), a nonparametric improvement.
Rerandomization as in Definition 2.1 provides a further linear variance reduction to V, =
min, cga, x4y E[Var(lla(W, 0p) —~'h|¢)], up to the residual imbalance term R4.

Remark 3.7 (Design-Based Asymptotics). Our results above show that /n (5— 0,) Wi, =
N(0,V,)+ R4, conditional on the sampled data W.,, = (R;, S;(1), S;(0))",.** This result
is “design-based” in the sense that the variance in the limiting distribution arises solely
due to randomness of the treatment assignments D;.,. However, we impose structure on
the sequence of populations 7., ex-ante, assuming each population is drawn from a fixed
measure, W; ~ F. This allows us to provide simple variance expressions that connect
our results with the superpopulation-based literature on GMM and partially linear ad-
justment in econometrics. By contrast, the “sequence of finite populations model” often
used in the statistics literature (e.g. Li et al. (2018)) begins with an arbitrary sequence of
finite populations (W; )" ,, imposing the minimal structure needed for certain moments
to converge ex-post. It would be interesting to extend our results to this setting, but we

leave this to future work.

3.2 Superpopulation Estimand

The next result extends Theorem 3.5 to the superpopulation estimand 6y, which uniquely
solves E[p(W, 6y)] = 0.

Corollary 3.8 (Superpopulation Estimand). Suppose D, is as in Definition 2.1. Re-
quire Assumption 3.1, 3.2.

(a) We have /n(0 — 6y) = N(0,Vy) + N(0,V,) + Ra, independent RV’s with Vy =
Var(Ilp(W, 0y)) and V,,, Ra exactly as in Theorem 3.5.

(b) (Pure Stratification). If A =R this is \/n(60 — 6;) = N(0,V) with

V = Var(Il¢(W, 6p)) + vp' E[Var(Ila(W, 6p) |1))].

Comparing Corollary 3.8 with the results above, we see that targeting 6, instead of
0, adds an extra independent Gaussian term N(0,V,) to the asymptotic distribution.
Intuitively, Vj arises due to iid random sampling of II¢(WW, 6y). Notice that stratification
and rerandomization only affect the assignment influence function component ITa(W, ),
while the sampling influence component IIp(W, 6) is irreducible. In this sense, the statis-

tical consequences of different designs and adjustment strategies all happen at the level

14Gee Proposition 8.16 in the appendix for a formal statement.
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of the finite population estimand 6,,, while targeting the superpopulation estimand 6,
just adds extra irreducible noise. For pure stratification, Bai et al. (2024) were the first
to derive an analogue of part (b) of Corollary 3.8 in the exactly identified case, under

different GMM regularity conditions than we use here.

Example 3.9 (SATE). Continuing Example 2.6, we had ¢(W,0) =Y (1) — Y (0) — 6, so
G =1and II = 1. As above, a(W,0) = (1 — p)Y (1) + pY(0) = Y. The GMM estimator
0= Y, — Y, is just difference of means. Then by Theorem 3.5 and Corollary 3.8, we have
V(6 — SATE)|[Wy,, = N(0,V,) + Ry and /n(6 — ATE) = N(0,V, + V) + R with

Vy=Var(Y(1) =Y (0)) V,= rgégh v  E[Var(Y — ~'hj)]. (3.5)

g
The term Vy, which only appears when estimating the superpopulation estimand 6y,
reflects sampling variance due to treatment effect heterogeneity. The term V, is the
variance due to random assignment, caused by random in-sample correlations between
treatments D and outcome levels Y. Covariate-adaptive randomization and adjustment

can be used to reduce V,, while Vy is an irreducible sampling variance.

Remark 3.10. Wang et al. (2021) study SATE estimation under stratified rerandomiza-
tion in the sequence of finite populations framework. Relative to Wang et al. (2021), by
imposing the tight-matching condition 2.1 we are able to derive a simple closed form for
the asymptotic variance in terms of the measure W ~ F'| showing an equivalence with

partially linear regression adjustment.

Example 3.11 (Treatment Effect Heterogeneity). Continuing Example 2.7, consider the
case with perfect compliance D = Z and f(X,0) = X’0. Then we can use the slightly
modified score ¢(D,X,Y,0) = (HY — X'0)X. Then for 7 = Y(1) — Y(0) we have
d(W,60y) = (1 — X'6p)X, and the parameters 6,, 0, are the best linear predictors of

treatment effect heterogeneity
0,, = argmin E,[(1; — X0)?], 0y = argmin E[(T — X'0)?].
9 9

It’s also easy to see that a(W,6,) = Y X and Il = E[X X']|7!. Then for e = 7 — X', the

variance matrices in Corollary 3.8 are

Vy=EXX'E[’XXEXXT" Vo= min vy 'E[Var(YILX —~'hl¢)].

’YGRdh Xdg

The expression for V, shows that if we want to precisely estimate treatment effect het-
erogeneity, it is important to stratify and rerandomize not only the variables that predict

outcome levels Y, but also their interactions with the heterogeneity variable X.
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3.3 Equivalence with Partially Linear Adjustment

Example 3.9 showed that, up to the rerandomization imbalance R4, the unadjusted
estimator § = Y; — Y, has asymptotic variance V, = min, cgay, v E[Var(Y — o/h|y)].
This can be rewritten in terms of the residuals of a partially linear regression of Y on
and h:
Vo= min vp' Var(Y —~'h —t(v)). (3.6)
~€ER%
t€La (1))
More generally, Theorem 3.5 shows that under stratified rerandomization designs, the
usual GMM estimator § behaves like semiparametrically adjusted GMM in the iid setting.
Formally, let £(1)) = L¥ (1) be the dg-fold Cartesian product of Ly(¢)), the space of
square-integrable functions. Then the variance due to random assignment V,, in Theorem
3.5 is can be written in terms of the residuals of the influence function Ila(W, 6)) in a

partially linear regression on v and h:

Vo= min vy Var (Ha(W,8) —~v'h —t(¢)). (3.7)

’YeRdth&

teL(Y)
Intuitively, stratified rerandomization does partially linear regression adjustment “by de-
sign,” providing nonparametric control over ¢ and linear control over h. For a more
explicit equivalence statement, define m(¢, h) = y\h + to(¢)) to be the partially linear
function achieving the optimum in Equation 3.7. Define the oracle semiparametrically

adjusted GMM estimator
0" =0 — E,[Him(is, hy)). (3.8)

For example, for the SATE estimation problem one can show that 0" is just an oracle
version of the usual augmented inverse propensity weighting (AIPW) estimator (Robins

and Rotnitzky (1995)), with partially linear regression models in each arm.'

Theorem 3.12 (Partially Linear Adjustment). Suppose that Dy., ~ CR(p). The oracle
partially linearly adjusted GMM estimator \/n(0* — 6,)|Wi., = N(0,V,), with variance
V., as defined in Theorem 3.5.

Under a completely randomized design, we require ex-post semiparametric adjustment
to achieve V,. Under stratified rerandomization, however, the simple GMM estimator )

automatically achieves V,, up to the leftover imbalance term R4.

5Feasible partially linear adjustment in an iid mean estimation problem with missing data was studied
in Wang et al. (2004). See also the related semiparametric adjustment for GMM parameters in Graham
(2011).
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4 Nonlinear Rerandomization

In this section, we study several novel “nonlinear” rerandomization criteria, proving that
in many cases such criteria are asymptotically equivalent to linear rerandomization (Defi-
nition 2.1), with an implicit choice of rerandomization covariates h and acceptance region
A. This shows that our asymptotics and inference methods apply to a broad class of

asymptotically linear rerandomization schemes.

4.1 GMM Rerandomization

First, we generalize the imbalance metric Z,, introduced in Definition 2.1, allowing re-
jection of a treatment allocation D, based on potentially nonlinear features of the in-
sample distribution of treatments and covariates (D;, X;)"_ ;. We can define a large class
of nonlinear imbalance metrics by letting m(X;, 8) be a score function and considering
within-arm GMM estimators //3\1 and BO defined by

E,[Dim(X;, )] =0, E[(1 = D;ym(X;, Bo)] = 0. (4.1)

We propose to rerandomize until the within-arm parameter estimates are approxi-

mately equal, \/H(BI - Bo) ~ 0.

Definition 4.1 (GMM Rerandomization). Define Z)* = \/5(31 - B\o) as above, where
m(X, B) is a score satisfying Assumption 3.2. Suppose dg = d,, (exact identification) and
let A be a symmetric acceptance region. Do the following: (1) form groups as in Definition
2.1. (2) Draw D, by stratified randomization. (3) If imbalance Z/* = V(B — Bo) € A,
accept Dy.,. Otherwise, repeat from (2).

Intuitively, the generalized imbalance metric Z;* allows us to randomize until possi-
bly nonlinear features of the covariates are balanced between the treatment and control
groups. Observe that if m(X;, 5) = X; — (3, then B\d = X, ford =0,1 and Z™ = Z,, so

linear rerandomization is a special case.

Example 4.2 (Density Rerandomization). Let f(X, ) be a parametric density model for
covariates X, which may be misspecified. After drawing D., by stratified randomization,
consider forming (quasi) maximum likelihood estimators Bl € argmaxg I,[D;log f(X;, 5)]
and 3, € argmaxg E,[(1 — D;)log f(Xj, 8)] for the density of covariates assigned to each
treatment arm, rerandomizing until the estimated parameters \/n/ Bl — Bo|2 < e. Under
regularity conditions,® Ed are GMM estimators as in Equation 4.1 with score function
m(X;, B) = Vglog f(X;, B), so this procedure is a GMM rerandomization with acceptance
region A = {z : |z|y < €}.

6 For example, if 3 — log f(X, ) is a.s. strictly concave, the key identification condition in Assumption
3.2 will be satisfied.
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Let 5* be the unique solution to E[m(X, *)] = 0 and define G,,, = E[(0/08")m(X;, 5*)].
Our next result shows that GMM rerandomization with acceptance criterion Z)* € A is
equivalent to linear rerandomization (Definition 2.1) with an implicit choice of rerandom-

ization covariates h; = m(X;, %) and linearly transformed acceptance region.

Theorem 4.3 (GMM Rerandomization). Suppose D1, is as in Definition 4.1 and As-
sumption 8.2 holds. Then /n(6 — 0,)|Wi., = N(0,V,) + R, independent RVs with

Vo= min vy E[Var(lla(W,6) —v'm(X;, 8%)|¥)]. (4.2)
76Rdm><d9
The residual R ~ Yy Zy | Zm € GmA for Zym ~ N(0,v5 E[Var(m(X;, 8%)|¥)]), where o

18 optimal in Equation 4.2.

Theorem 4.3 shows that by rerandomizing until \/ﬁ(ﬁl - Bo) € A, we implicitly
balance the influence function —G'm(X;, 3*) for the difference of GMM estimators in
Equation 4.1. This suggests an equivalent, but computationally much simpler design with
only one round of nonlinear estimation. In particular, let 5 solve E,,[m(Xj, B\)] = 0 be the
pooled GMM estimator and set rerandomization covariates hi = m(X;, B\), rerandomizing
until \/ﬁEn[Hﬁl] € G,,A. The next result shows that this design, which generalizes
Definition 2.1 to allow for estimated covariates, is asymptotically equivalent to the GMM

rerandomization in Definition 4.1.

Corollary 4.4. Suppose Assumption 3.1, 3.2 hold and let m(X, 3) be as in Definition
4.1. Let Dy., be rerandomized as in Definition 2.1 with ?LZ = m(Xi,B) and acceptance
region G,,A. Then \/ﬁ(@\— 0,) Wi, = N(0,V,) + R, with both variables identical to
those in Theorem 4.35.

Corollary 4.4 is a useful tool for showing the equivalence of computationally intensive
designs based on nonlinear estimation with simpler linear rerandomization schemes, as

shown in the next example.

Example 4.5 (Density Rerandomization). Continuing Example 4.2, for x € X and a
sufficient statistic r(z) € R%, define the exponential family f(z, 3) = exp(8'r(z) —t(3)),
with ¢(3) = log [, exp(8'r(z))dv(z) for some measure v on X. If the sufficient statistics
(rj(x))5_, are v-a.s. linearly independent, one can show that ¢(3) is strictly convex, so
B — log f(z, B) is strictly concave for all .!'" Then the score m(X, ) = Vglog f(X, )
has a unique solution E[m(X,$*)] = 0, and quasi-MLE estimation in this family can
be formulated as a GMM problem. By Corollary 4.4, density rerandomization using
f(z, B) is asymptotically equivalent to linear rerandomization with h; = Vglog f(X;, B ) =

-~ -~ -~

r(X;) — t(B). Since E,[Hit(B)] = t(B8)E,[H;] = 0, this is in turn equivalent to linear

1"Tn particular, this holds for 3 s.t. t(3) < co. See e.g. Wainwright and Jordan (2008) Chapter 3 for
an introduction to the properties of exponential families and the log partition function ¢(53).
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rerandomization with h; = r(X;), directly balancing the sufficient statistics for the family.
For example, if ¥ € {£1}* are binary variables, consider rerandomization based on density

estimation in the graphical model'®

f(z,B) = exp (Z z;B; + Zifjiflﬁjl - t(ﬂ)) -

j<l

The sufficient statistic is r(z) = ((x;);, (z;x1)j<1). The parameters 5; model correlation
between the binary variables z; and x;. Categorical variables with more than two lev-
els and and higher order interactions can easily be accommodated. By the discussion
above, a design that rerandomizes based on quasi-MLE density estimates in this family
is asymptotically equivalent to the much simpler linear rerandomization in Definition 2.1

with covariates h; = ((x;);, (xj21)<1)-

4.2 Propensity Score Rerandomization

To motivate a propensity score based rerandomization procedure, note that under strat-
ified randomization we have E[D;|X;] = p for all units. In finite samples, however, the
realized propensity p(B) = E,[D;|X; € B] may significantly diverge from p in certain
regions B C RY of the covariate space. This implies that covariates are predictive of
treatment assignments post-randomization, a form of “in-sample confounding,” which of
vanishes as n — oo but affects precision. To prevent this, we could, for instance, reject
allocations where |p(B) —p| > € for some collection of sets B. To make this idea tractable
without fully discretizing, consider a parametric propensity model p(X, ) = L(X’S) and
define the MLE estimator

B € argmax E,[D; log L(X!3) + (1 — D;)log(1 — L(X!B))]. (4.3)
BeRs

We can measure the average gap between the estimated and true propensity score using
Tn = nEy|(p — L(X{B))?]. (4.4)

Intuitively, if 7, is large, then the covariates X are predictive of treatment status in some
parts of the covariate space. To avoid this, we propose rerandomizing until the imbalance

metric 7, is below a threshold:

Definition 4.6 (Propensity Rerandomization). Do the following: (1) form groups as in
Definition 2.1. (2) Draw D;., and estimate the propensity model in Equation 4.3. (3) If

imbalance 7, < €, accept. Otherwise, repeat from (2).

18This is known as the Ising model in statistical physics. See Wainwright and Jordan (2008) chapter
6 for efficient MLE algorithms in this family.
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Our next result shows that propensity rerandomization as in Definition 4.6 is equiv-
alent to a simpler linear rerandomization design, with an implicit choice of ellipsoidal
acceptance region. We require some extra regularity conditions on the link function L,

which for brevity we state in Appendix 8.5.

Theorem 4.7 (Propensity Rerandomization). Suppose D;., is as in Definition 4.6. Re-
quire Assumptions 3.2, 8.12. Then /n(0 — 6,)|Wi., = N(0,V,) + R.

Vo= min vy E[Var(a(W,6) —~v'h|y)].
’YERdthQ
The residual R ~ v, Zy | Z) Var(h)~Z), < € for Z, ~ N(0,vp' E[Var(hl)]) and o opti-

mal in the equation above.

Theorem 4.7 shows that for any sufficiently regular link function, propensity reran-
domization is asymptotically equivalent to the quadratic rerandomization design in Ex-
ample 2.2, with acceptance criterion n(h; — hg)’ Var, (h;) "' (hy — ho) < €. Equivalently,
propensity rerandomization behaves like linear rerandomization with Z,, = v/n(h; — ho)

and ellipsoidal acceptance region A = Var(h)/2B(0, ¢).*

Implicit Acceptance Regions. Both nonlinear designs in this section turned out to
be equivalent to the standard rerandomization scheme in Definition 2.1, with a specific,
implicit choice of rerandomization moments and acceptance region determined by the
choice of score m and marginal covariate distribution. However, this implicit choice is
not likely to be optimal, since the residual term in the asymptotic error distribution
R ~ Y521 Z), € A depends on both the covariates Zj, ~ N(0,v5! E[Var(h|v)]), and the
partially linear coefficient ~o. This coefficient is determined by the joint distribution of
the assignment influence function Ila(W, 6y) and covariates (¢, h). In the next section, we
show how to use prior information about this joint distribution to optimize the acceptance

region and bound the variance of R 4.

5 Optimizing Acceptance Regions

In this section, we study efficient choice of the acceptance region A C R% . For intuition,
we first restrict to the case of estimating 6, = SATE, generalizing in what follows.
Example 3.9 showed that \/n(6 — SATE)|Wy., = N(0,V(70)) +74Zna, independent RV’s
with Zpa = Zp|Zn € A and V(7)) that does not depend on A. The coefficient 7 is

identified by the partially linear regression®

Y =qbh+to() + e,  Elel¢] =0, E[eh] =0.

19A related result was found by Ding and Zhao (2024), who study rerandomizing until the p-value of
a logistic regression coefficient is above a threshold.
20This expansion is without loss of generality. We do not impose well-specification El[e[t, h] = 0.
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The term Ry = 7, Zp 4 arises from fluctuations of Y predictable by h that are not balanced
by rerandomization due to slackness in the acceptance region, A # {0}. More precisely,
Yo Zna is the limiting distribution of v\Z, = v4/n(h1 — he), the projection of covariate
imbalances in h along the direction 7. This suggests an oracle acceptance criterion that
rerandomizes until |yZ,| < €, with acceptance region A = {x : |y{z| < €}. Of course,

this is infeasible since 7, is unknown when designing the experiment.

5.1 Minimax Rerandomization

Since 7y, is unknown at design-time, we instead take a minimax approach that incorporates
prior information about the coefficient . For information set B C R specified by the
researcher, consider rerandomizing until the worst case in-sample correlation between

treatments and covariates is small enough,

Cov, (Y hi, D;)
\hirn<l)i>

(5.1)

sup [7'Z,| = sup

y€EB YEB

Equivalently, we rerandomize until pg(Z,) < e for the convex penalty function pg(z) =
sup,ep |7'w|. This significantly generalizes the commonly used quadratic penalty function
p(z) = 2’3z (e.g. Schindl and Branson (2024)). Our next result shows that Equation 5.1

is a linear rerandomization, characterizing the implicit acceptance region A.

Proposition 5.1 (Acceptance Region). The criterion pg(Z,) < ¢ <= I, € Ay for
Ay = eB° with B® = {x : sup g |y'z| <1} C R™, the absolute polar of B. The set Ay

is symmetric and convez. If B is bounded, Ay is closed and has non-empty interior.?!

Note that since Ay is symmetric, the discussion after Theorem 3.5 implies that the
asymptotic distribution of § under the design in Equation 5.1 is centered at zero. We let
B be totally bounded in what follows. The proposition shows that in this case Ay has

non-empty interior, satisfying the conditions of Assumption 3.1.

We showed above that v/7(6 — SATE)|[Wy, = Lo for Lo = N(0,V(10)) + 7 Zna.
Since vy is unknown at design time, define a family {L, 4 : v € R A C R} of possible
limiting distributions of 6, with each L, =N(0,V(y)) 4+~ Zna a sum of independent
RV’s as above. For any distribution in this family, the conditional asymptotic bias of )
given realized covariate imbalances Zj, 4 is bias(L~ 4| Zna) = E[L- 4| Zp4). Our main result
shows that the polar acceptance region Ay = €B° maximizes rerandomization acceptance
probability P(Z, € A), subject to a strict constraint on the worst-case conditional bias

consistent with the prior information v, € B.

21 Also if int B # ) then Ag is bounded. See Aliprantis and Border (2006) for more on polar sets.
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Theorem 5.2 (Minimax). The acceptance region Ay = €B° solves®

Ay = argmax P(Z, € A) s.t. sup|bias(Ly a|Zpa)| <e. (5.2)
ACR% ~EB
In particular, if v0 € B (well-specification) then |bias(Lo|Zna,)| < € and Var(Ly) <

V, + €%, where V,, is the partially linear variance in Equation 3.6.

The expected number of independent draws of Z, until 7, € A is P(Z, € A)™L.
Then, equivalently, Equation 5.2 shows that the acceptance region Ay minimizes the
(asymptotic) computational cost of rerandomization, subject to a strict guarantee on
statistical performance. From the final statement of the theorem, if the prior information
set B is well-specified (o € B), setting Ay = eB° bounds the magnitude of the conditional
asymptotic bias F[Lg|Zpa,] of the GMM estimator 0 below €. In particular, this implies
that the variance Var(Lg) of the asymptotic distribution v/n(6 — 6,) = Lo = N'(0, V,) +

YoZna, is within €* of the optimal partially linear variance V, in Equation 3.7.

Remark 5.3 (Integral Probability Metric). Before continuing, we briefly note an inter-
esting interpretation of the design in Equation 5.1. For distributions P, ) and a function
class F, the integral probability metric is p(P, Q; F) = sup;cr |Ep[f(X)] — Eq[f(X)]].**
Let Fg = {y'h : v € B} and define empirical distributions P; = (h;|D; = d) for d = 0, 1.
We have

sup |[V'Z,| < e <= Vnp(Pr, Po; Fp) < e.
yeB

The minimax design rerandomizes until covariates h are balanced according to p(ﬁl, 150; Fi),
a distance between covariate distributions that is only sensitive to the projections v'h
that actually matter for estimating #,, = SATE. By doing so, we maximize acceptance

probability subject to the statistical guarantee in Theorem 5.2.

5.2 Specifying Prior Information

Without pilot data, we must use introspection to choose the prior information set B
containing . Intuitively, 7 parameterizes how much the average outcome level Y can
change for a unit change in A, holding ¢ fixed. If ¢y(¢)) = t'¢) happens to be linear, then
Y = c+ph+t"p +e and 7 is an OLS coefficient. The following examples provide some
reasonable prior information specifications and their associated acceptance regions, using

a general characterization of acceptance regions Ay = €¢B° in Lemma 5.6 below.

22Implicitly, we maximize only over Borel-measurable sets A € B(R% ). The solution A is unique up
to the equivalence class {A € B(R%) : Leb(AAAg) = 0}, where A denotes symmetric difference.

23The pseudometric p is also referred to as the maximum mean discrepancy. This is a commonly used
statistic in two-sample testing, see e.g. Gretton et al. (2008).
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Figure 1: Prior information B and Ay = eB° for Examples 5.4 and 5.5.

Example 5.4 (Rectangle). One specification is to assume ~y; € [l;, u;] for each 1 < j <
dy,, setting B = Hjil[lj, u;]. This allows for sign constraints, e.g. 0 < 7y; < m for some
j and —m < p; < 0 for others. Lemma 5.6 below shows that if B = H?il[lj,uj], then
Ap=eB° ={a: 2l +2'ul + 3 |v;lu; — |z;]l; < 2€}, where | = (I;); and u = (u;);. An
example is shown in Figure 1. Note that the region A is conservative in the direction
of the set B = [1,2] x [1,3/2], rejecting covariate imbalances that are too closely aligned
with adverse coefficient values vy € B. The region Ay is more lenient in directions

approximately orthogonal to B.

Example 5.5 (Ellipse). Another natural specification is to set B = 4 + By(0,m), for an
uncertainty parameter m and guess 7y ~ 7. By Lemma 5.6, Ay = {z : [2/3| +m|z|s < €}.
More generally, if B = 5 + XB5(0,1) for a positive-definite matrix X, then Ay = {x :
|2'%] + |Xx]2 < €}. One application of this specification is when B is a Wald confidence

region constructed using pilot data, as discussed below.

The following lemma provides a useful characterization of the acceptance region Ay =
eB° from Theorem 5.2 for a large family of prior information set specifications. To state
the lemma, recall that [z|, = (3, |z;|P)V/? for p € [1,00) and |z|s = max;|z;|. For
p € [1,00], denote B,(0,1) = {x : |z|, < 1}.

Lemma 5.6 (Acceptance Regions). For p € [1,00], let 1/p+ 1/q = 1, setting ¢ = 1 if
p = oo and vice-versa. Suppose B = b+ XB,(0,1), for b € R% and X invertible. Then
Ag = {x: |2'b] + |YX'z|, < €}
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5.3 Using Pilot Data

Next, we discuss an alternative strategy that uses pilot data to specify the set B. Suppose
we have access t0 Dyt AL (Wi, D1.y,) of size m. Suppose /m(Fpiror — 7o) =~ N (0, ipilot)
for some pilot estimator 7,0, discussed below. Consider forming the Wald region Epilot =
{7+ mFpitor — 7)’5\];2.}@(%1@ — ) < ¢4} using critical value P(X?lh < ¢y) =1—afor
a € (0,1). Equivalently, one can write this Wald region as

épilot = :}/\ + C(l)/QTrL_l/2 . 21/2 BQ(O, 1) (53)

pilot

By Example 5.5, using Epilot as a prior information set gives acceptance region

1/21551/2
ca = uly el. (5.4)

~ - A
Apil()t - 6Bpilot - {.CL’ : ‘LE ’Ypilotl + ml/2 =

Note that the acceptance region ﬁpilot expands as the pilot size m is larger. This
reflects smaller uncertainty about the true parameter ~y, and thus less adversarial worst

~

case imbalance sup,, |7Y'Z,|. Conversely, A, shrinks as the confidence parameter «

€Bpito
and the scale of the Ve:rli;nce estimate f]pilot increases, reflecting greater uncertainty and
a more conservative approach to covariate balances. Our next result shows that reran-
domization with acceptance region Epuot controls the variance of the residual imbalance
Ry =27 € A\pilot with high probability, marginally over the realizations of the pilot

data. The result is an immediate consequence of Theorem 3.5 and Theorem 5.2.

Corollary 5.7 (Pilot Data). Suppose P(vy € Epuot) > 1—a, for Dpior 1L (Wiin, D1p).
Let D1., as in Definition 2.1 with A = A\pilot = eégilot. If Assumptions 3.1, 3.2 hold, then
\/ﬁ(é\— 0,)| Dyitor = v, N(0, Var(e)) + Ra, where Var(Ra|Dpior) < € with probability
>1-—aq.

Formally, the pilot estimate of 7y and Wald region could be constructed as in Robinson
(1988). In practice, a simple approach suggested by the theory is to let 7o, ipﬂot be
point and variance estimators from the regression Y, ~ 1 + h + 1, for the “tyranny of
the minority” (Lin (2013)) outcomes Y7 = (1 —p)DY/p+p(1 — D)Y /(1 —p), noting that

E[Yp[W] = (1 - p)Y(1) +pY(0) =Y.

General Parameters. For completeness, we extend the preceding work to general
parameters 6,, as in Definition 2.5. Let ITa(W, 6y) be the assignment influence function.

As in Equation 3.7, consider the partially linear decomposition
HCL(W7 80) = fY(l)h + to(@b) + €, E[€|¢] - 07 E[eh] = 0.

Note that e € R% and Ele|t)] = 0 is interpreted componentwise. Consider prior informa-

tion sets B; for each 76 with 1 < 7 < dy, where 78 € R% is the jth column of 7y. The
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final result of this section bounds the asymptotic imbalance term R, if all these prior

information sets are well specified.

Theorem 5.8. Let D;., as in Definition 2.1 with A = ﬂ?"zleB}’. Then \/ﬁ(g— 0,) Wi =
N(0,V,) + Ra, as defined in Theorem 3.5. If 78 € B; Vj, then max?‘):l Var((R4);;) < €.

Note that by construction the conservative acceptance region A = ﬂ?"zleB; is sym-

metric and convex.

6 Restoring Normality

In this section, we study optimal linearly adjusted GMM estimation under stratified
rerandomization. We show that, to first order, optimal ex-post linear adjustment com-
pletely removes the impact of the acceptance region A and imbalance term R4, restoring
asymptotic normality. This enables standard t-statistic and Wald-test based inference on

the parameters 6,, and 6y, provided in Section 7 below.

Let w denote the covariates used for ex-post adjustment and suppose E[jw|3] < oo.

Definition 6.1 (Adjusted GMM). Suppose that & = o € R%*% _ Define the linearly ad-
justed GMM estimator é\adj —0— E,[H;a'w;]. We refer to @ as the adjustment coefficient

matrix.

First, we extend Corollary 3.6 to provide asymptotics for the adjusted GMM estimator

under pure stratification (A = R),

Proposition 6.2 (Linear Adjustment). Suppose Dy.,, as in Definition 2.1 with A = R%.
Require Assumption 3.2. Then we have \/ﬁ(é\adj — 0,) Wi = N(0, V() with V(o) =
v E[Var(Tla(W, 6y) — o'w|v)] and \/ﬁ(é\adj —6y) = N(0,V, + V(a)).

A version of this result was given in Cytrynbaum (2023) for the special case 6y = ATE.
Motivated by Proposition 6.2, we define the optimal linear adjustment coefficient as the

minimizer of the asymptotic variance V' («), in the positive semidefinite sense.

Optimal Adjustment Coefficient. Define the coefficient

ap € argdmigl E[Var(Ila(W, 8y) — o’w|)]. (6.1)

a€ER%w >4y
Note that if w = h then ag = 7o, as in Theorem 3.5. If E[Var(w|¢)] > 0, then
the unique minimizer of Equation 6.1 is the partially linear regression coefficient oy =
E[Var(w|y)] "t E[Cov(w, [Ta(W, 6y)|1))]. Observe that the optimal adjustment coefficient
ap varies with the stratification variables 1, as observed in Cytrynbaum (2024) and Bai
et al. (2023) for ATE estimation. The main result of this section shows that adjustment

by a consistent estimate of ay restores asymptotic normality.
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Theorem 6.3 (Restoring Normality). Suppose Di., is as in Definition 2.1. Require
Assumption 3.1, 3.2. Let h C w and suppose that @ 2> ay. Then \/ﬁ(ﬁadj —0,) Wi =
N0, V4 and \/m(Bug — 00) = N(0,V,, + Vodi).

Vo = Var(llp(W.6p)) V@Y = min op'B[Var(Ila(W,6) — a'wly)].
acRdwxdg
Two-step Adjustment. For nonlinear models, the coefficient o may depend on the

unknown parameter 6. This suggests a two-step adjustment strategy, where we
(1) Use the unadjusted GMM estimator 0 to consistently estimate @ 2 ay.
(2) Report the adjusted estimator gadj —f— E,[H;a'w).

Similarly to two-step efficient GMM, this process could be iterated until convergence
to improve finite sample properties. One feasible estimator of the optimal coefficient ay
is given in the following theorem. To state the result, define the within-group partialled

covariates W; = w; — Y ;) Wy, where group s(z) contains unit ¢ in Definition 2.1. Let

jes(i
II % II consistently estimate the linearization matrix and denote the score evaluation

-~

gi = g(Di, Ry, S, 0).
Theorem 6.4 (Feasible Adjustment). Suppose Dy., is as in Definition 2.1. Require As-
sumption 3.1, 3.2. Assume that E[Var(w|)] = 0. Define & = vp B, [w]] ™! By [Hy:g)]IT'
Then @ = ap + 0,(1).

In some cases, «q is independent of 0. For example, if a(W,0) = a1(¢,0) + as(W)
then oy = E[Var(w|¢)] ' E[Cov(w, Ilag(W)|))] does not depend on 6y. In such cases,

one-step optimal adjustment is possible.

Corollary 6.5 (One-step Adjustment). Suppose a(W,0) = a1(¢,0) + az(W). Then for

any 0 € ©, substituting g; = g(D;, R;, S;,0) for g; in & above, we have & = ap + 0,(1).
One-step adjustment is possible in many linear GMM problems, including the best

linear predictor of treatment effects parameter in Example 3.11.

Example 6.6 (Treatment Effect Heterogeneity). Continuing Example 3.11 with score
g(Y,D, X,0) = (HY —X'0)X and 0,, = argmin, E,[(1;—X[0)?], recall that a(W,6y) = Y X
and IT = E[XX']7!. Letting § = 0 gives ¢g(Y, D, X,0) = HY X. By Corollary 6.5, we

have @ = g + 0,(1) for the adjustment coeflicient matrix
a = vp By, [} EL[H Y X[ B[ X X[ 71 (6.2)

This allows us to estimate treatment effect heterogeneity relative to a low-dimensional
vector of important covariates X, adjusting optimally for a larger set of covariates w ex-
post in order to improve precision, as well as restore asymptotic normality when A # R
In the case X = 1 (SATE estimation), @& is equivalent to the “tyranny-of-the-minority”

style estimator proposed in Cytrynbaum (2023).
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7 Inference

In this section, we provide novel methods for inference on general causal parameters un-
der stratified rerandomization designs. We make crucial use of asymptotic normality of
the optimally adjusted estimator gadj, shown in Theorem 6.3. For the superpopulation
parameter 0y, we provide asymptotically exact inference methods. The asymptotic vari-
ance for estimating the finite population parameter 6, is generally not identified. In this
case, we provide conservative variance estimation that still reflects the precision gains

due to stratification and rerandomization.

7.1 Asymptotically Exact Inference

To define our variance estimator, we begin with some definitions. Let S,, denote the
set of groups constructed in Definition 2.1. For each s € S, define the centroid ¢, =
5|71 Y es i Let v S,y — S, be a bijective matching between groups satisfying v(s) # s,

v? = 1d, and the homogeneity condition

1 _ _
=3 =l = 0,(1). (71)

SESy

In practice, v is obtained by simply matching the group centroids v, into pairs using the
Derigs (1988) non-bipartite matching algorithm. Let ¥ = {sUv(s) : s € S,,} be the
unions of paired groups formed by this matching. Denote a(s) = ... D; and k(s) = |s|.
Define the adjusted moment m; = ﬁ/g\z — H;,a'w;, where g; = g(D;, X;,Y;, éadj). Suppose
that I & IT and @ 5 ap for the optimal adjustment coefficient in Equation 6.1. For
instance, we can use the consistent estimator provided by Theorem 6.4. Finally, define

the variance estimator components

1
~ 1 ~ o~y
V1 =N Z m Z mlmjDZD]/p

seSY i#jEs

R — (k — 3 (1 - D)1~ D,)/(1 )
seESY z#]es

Bo=nty a( Z i, Di(1 - Dy).
SES, 1,jES

Using these terms, construct the variance estimator
V= Varn(fﬁi) - UD(?}\I + i}\o - 610 - @\30) (72)

We require a slight strengthening of our GMM assumptions 3.2.

Assumption 7.1. There exists 6y € U C © open s.t. Elsupyey |0/060'ga(W,0)|%] < oo
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Under this condition, we can state our first inference result, showing consistent esti-

mation of the asymptotic variance matrix in Theorem 6.3.

Theorem 7.2 (Inference). Suppose Dy., is as in Definition 2.1, and impose Assumptions
3.1, 8.2, 7.1. Then V5 V4 Vodi.

By Theorem 6.3, \/ﬁ(éadj — 6p) = N(0,V, + V%), Then the variance estimation
result above allows for joint inference on 6y using e.g. standard Wald-test or t-statistic

based confidence regions.

7.2 Inference on the Finite Population Parameter

In this section, we provide asymptotically conservative inference on linear contrasts of

the finite population parameter '6,,.

As noted above, the asymptotic variance V%Y in Theorem 6.3 for estimating the finite
population parameter #,, is generically not identified. This happens because it depends
on terms of the form Var(a|y)) o Var(gi|v)) + Var(go|y)) — 2 Cov(gy, golt), with gq =
g(d, X,S(d),0). However, S(1) and S(0) are never simultaneously observed (Neyman
(1990)), so Cov (g1, go|?) is generically not identified. We work with linear contrasts ¢'6,,

since this allows us to tighten our upper bounds on the (non-identified) variance. To do
1-D;

so, let Uy = En[%fﬁzﬁl;] —701 and wy = E,[===tm;m] — Uy using the estimator components

1-p
above and consider the variance estimator
Va(c) = vp([cT1d"? + [Tgd?)?. (7.3)

By Theorem 6.3, we have \/ﬁ(c’é\adj — 0,) Wi = N(0,dV2%c). Our next result

shows how to consistently estimate an upper bound on this asymptotic variance.

Theorem 7.3 (Inference). Suppose D;., as in Definition 2.1 and impose Assumptions
3.1, 3.2, 7.1. Then V,(c) 2 V,(c) > ¢Vodic.,

The variance upper bound V,(c) > ¢/(V, + V.2 )c, so the confidence intervals derived
from this approach are always weakly shorter than those using the variance estimator in
Equation 7.2. See Section 8.8 in the appendix for an explicit comparison. The upper
bound V,(c) incorporates the efficiency gains from stratification, rerandomization, and
adjustment. However, this upper bound is generally not sharp (Aronow et al. (2014)).

We leave sharp upper bounds on the asymptotic variance matrix V2% to future work.

25



References

Abadie, A. and Imbens, G. W. (2008). Estimation of the conditional variance in paired
experiments. Annales d’Economie et de Statistique, pages 175—187.

Abadie, A., Imbens, G. W., and Zheng, F. (2014). Inference for misspecified models with
fixed inference for misspecified models with fixed regressors. Journal of the American
Statistical Association, 109(508).

Aliprantis, C. D. and Border, K. C. (2006). Infinite Dimensional Analysis: A Hitchhiker’s
Guide. Springer.

Armstrong, T. (2022). Asymptotic efficiency bounds for a class of experimental designs.

Aronow, P.; Green, D. P.; and Lee, D. K. K. (2014). Sharp bounds on the variance in
randomized experiments. Annals of Statistics.

Bai, Y. (2022). Optimality of matched-pair designs in randomized controlled trials. Amer-
ican Economic Review.

Bai, Y., Jiang, L., Romano, J. P., Shaikh, A. M., and Zhang, Y. (2023). Covariate
adjustment in experiments with matched pairs.

Bai, Y., Romano, J. P., and Shaikh, A. M. (2021). Inference in experiments with matched
pairs. Journal of the American Statistical Association.

Bai, Y., Shaikh, A. M., and Tabord-Meehan, M. (2024). On the efficiency of finely
stratified experiments.

Bugni, F. A., Canay, I. A., and Shaikh, A. M. (2018). Inference under covariate-adaptive
randomization. Journal of the American Statistical Association.

Cochran, W. G. (1977). Sampling Techniques. John Wiley and Sons, 3 edition.

Cytrynbaum, M. (2021). Essays on experimental design. Dissertation.

Cytrynbaum, M. (2023). Covariate adjustment in stratified experiments.

Cytrynbaum, M. (2024). Optimal stratification of survey experiments.

Derigs, U. (1988). Solving non-bipartite matching problems via shortest path techniques.
Annals of Operations Research, 13:225-261.

Ding, P. and Zhao, A. (2024). No star is good news: A unified look at rerandomization
based on -values from covariate balance tests. Journal of Econometrics.

Graham, B. S. (2011). Efficiency bounds for missing data models with semiparametric
efficiency bounds for missing data models with semiparametric restrictions. Economet-
rica.

Gretton, A., Borgwardt, K. M., Rasch, M. J., Scholkopf, B., and Smola, A. (2008). A
kernel method for the two-sample problem. Journal of Machine Learning Research.
Imbens, G. and Angrist, J. D. (1994). Identification and estimation of local average

treatment effects. Econometrica, 62.

Kakehi, H. and Otsu, T. (2024). Finite-population inference via gmm estimator.

26



Li, X., Ding, P., and Rubin, D. B. (2018). Asymptotic theory of rerandomization in
treatment—control experiments. Proceedings of the National Academy of Sciences.

Li, Y., Kang, L., and Huang, X. (2021). Covariate balancing based on kernel density
estimates for controlled experiments. Statistical Theory and Related Fields.

Lin, W. (2013). Agnostic notes on regression adjustments to experimental data: Reex-
amining freedman’s critique. The Annals of Applied Statistics, 7(1):295-318.

Liu, H. and Yang, Y. (2020). Regression-adjusted average treatment effect estimates in
stratified randomized experiments. Biometrika.

Liu, Z., Han, T., Rubin, D. B., and Deng, K. (2023). Bayesian criterion for rerandom-
ization.

Morgan, K. L. and Rubin, D. B. (2012). Rerandomization to improve covariate balance
in experiments. Annals of Statistics, 40(2).

Newey, W. K. and McFadden, D. (1994). Large sample estimation and hypothesis testing.
Handbook of Econometrics, IV.

Neyman, J. S. (1990). On the application of probability theory to agricultural experi-
ments. essay on principles. Statistical Science.

Pollard, D. (1984). Convergence of Stochastic Processes. Springer-Verlag.

Ren, J. (2023). Model-assisted complier average treatment effect estimates in randomized
experiments with non-compliance and a binary outcome. Journal of Business and
Economic Statistics.

Robins, J. M. and Rotnitzky, A. (1995). Semiparametric efficiency in multivariate re-
gression models with missing data. Journal of the American Statistical Association,
90:122-129.

Robinson, P. M. (1988). Root-n-consistent semiparametric regression. FEconometrica,
56(4).

Rockafellar, T. R. (1996). Convex Analysis. Princeton University Press.

Schindl, K. and Branson, Z. (2024). A unified framework for rerandomization using
quadratic forms.

Tauchen, G. (1985). Diagnostic testing and evaluation of maximum likelihood models.
Journal of Econometrics.

van der Vaart, A. W. and Wellner, J. A. (1996). Weak Convergence and Empirical
Processes. Springer.

Wainwright, M. J. and Jordan, M. I. (2008). Graphical models, exponential families, and
variational inference. Foundations and Trends in Machine Learning.

Wang, B. and Li, F. (2024). Asymptotic inference with flexible covariate adjustment
under rerandomization and stratified rerandomization.

Wang, Q., Linton, O., and Hardle, W. (2004). Semiparametric regression analysis with

missing response at random. Journal of the American Statistical Association.

27



Wang, X., Wang, T., and Liu, H. (2021). Rerandomization in stratified randomized
experiments. Journal of the American Statistical Association.

Wang, Y. and Li, X. (2022). Rerandomization with diminishing covariate imbalance and
diverging number of covariates. Annals of Statistics.

Xu, R. (2021). Potential outcomes and finite population inference for m-estimators.

Econometrics Journal.

28



8 Proofs

8.1 Rerandomization Distribution

In what follows, we carefully distinguish between the the law of the data (W.,, D;.,) under
“pure” stratified randomization, which we denote by P, and the law under rerandomized

stratification, which we denote by (). First, we formally define pure stratification.

Definition 8.1 (Pure Stratification). For (W;), % F, let P denote the law of (Wi, D1.n)

under the design in steps (1) and (2) of Definition 2.1, as studied in Cytrynbaum (2024).

Next, we slightly generalize the rerandomization designs introduced in Definition 2.1,
which will be useful for our study of nonlinear rerandomization in Section 4. We let @)
denote the law of (W7i.,,, Dy.,) under this design.

Definition 8.2 (Rerandomization). Consider the following:

(a) (Acceptance Regions). Suppose I, = /nA, + 0p(1) for Ay = E,[H;h;] with H; =
(D;—p)/(p—p?) and 7, = 7+0,(1) for 7 € R% under P. Define sample acceptance
region T,, = {z : b(x,7,) < 0} and population region T" = {z : b(x,7) < 0} for
b(x,y) a measurable function. We accept Dy, if Z,, € T),.

(b) (Rerandomization Distribution). Let F,, = o(Wi.,, m,), where m, 1L Wy, is pos-
sibly used to break ties in matching (Equation 2.1). For any event B and P as in

Definition 8.1, define the rerandomization distribution

Q(B|Fy) = P(B|Fyn, I € Tn),  Q(B) = E[Q(B|Fn)]. (8.1)

(c) (Assumptions). Assume P(b(Z,7) = 0) = 0 for Z, ~ N (0, E[Var(h|¢)]). Require
P(Z, € T) > 0. Suppose E|[|¢]3 + |h|3] < co.

Our work below shows that rerandomization as in Definition 2.1 of the main text
specializes Definition 8.2 to b(z,y) = b(x) = d(x,A) — d(z, A°) for distance function
d(z, A) = inf  pa, |z — 2|s.

The following essential lemma shows that the high level properties (e.g. convergence

in probability) of P are inherited by the rerandomized version ). The proof is given in

Section 8.9 below.

Lemma 8.3 (Dominance). Let (By)n>1 and (Ry,)n>1 events and random variables. Sup-

pose that the rerandomization measure @) is as in Definition 8.2.

(a) If B, € F, then P(B,) = Q(B,). In particular, if a random variable R, is JF,-
measurable then R, = 0,(1)/0,(1) under P <= R,, = 0,(1)/O,(1) under Q.
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(b) Q(B,) =o(1) if P(B,) =o(1). If R, = 0,(1)/O,(1) under P then R,, = 0,(1)/0,(1)
under Q.

Equipped with this lemma, we will take the following approach: (1) show linearization
of the GMM estimator 8 about 6, and 6, under P, (2) invoke Lemma 8.3 to show these
properties still hold under @, then (3) prove distributional convergence of the simpler
linearized quantities directly under ). GMM linearization (1) is discussed in Section 8.3.
For (3), the next section derives the conditional asymptotic distribution of quantities of
the form /nE,[H;a(W;)] under the rerandomization measure Q.

8.2 Rerandomization Asymptotics

Before studying rerandomization, we first establish a CLT for pure stratified designs,

conditional on the data Wh.,.

Theorem 8.4 (CLT). Suppose E[|a(W)|3] < oo. Define F, = 0(Wip, ). Let Dy,
as in Definition 8.1. Then X,, = /nE,[H;a(W;)] has X,|F, = N(0,V). In particular,
for each t € R% we have E[e*"|F,] = é(t) + 0,(1) with ¢(t) = e V¥ and V =
vp! E[Var(aly)].

Proof. First consider the case d, = 1. Define u; = a; — Ela;|¢;]. By Lemma A.3 in
Cytrynbaum (2024), since E[a?] < oo we have \/nE,[(D; — p)E|a;|1;]] = 0,(1). Then it
suffices to study /nE,[(D; —p)u;]. To do so, we will use a martingale difference sequence
(MDS) CLT. Fix an ordering [ = 1,...,n/k of s(l) € S,,, noting that |S,| < n/k. Define
Dy = (Di)ieswy- Define Ho,, = F,, and H;, = o(F,, Dswy,l € [j]) for j > 1. Define
Dy, = n='/2 ZiES(l)(Di —p)u; and Sj, = Zgzl Dip.

(1) We claim that (S}, H;.);>1 is an MDS. Adaptation is clear from our definitions.

E[(Di = p)1(i € s(7))[H;j-10] = E[(Di = p)1(i € 5(j))|Fus (Dsi)iZ1]
= E[(Di = p)1(i € s())|Fn] = El(Di — p)|Full(i € 5(j)) = 0.

The second equality since Dyjy 1L (Dsq))izj|Fn- Then we compute E[Z;,|H;-1,] =
n~1/?2 > icsqy WE(Di — p)[H;j-1,,] = 0. This shows the MDS property.

(2). Next, we compute the variance process. By the same argument in (1), we have

02 =Y E[Z2 Hi1al =0 | Y wu, Cov(Dy, Dy F,) + > uf Var(Dy| F)
j=1 J=1 \r#tes(j) i€s(j)

By Lemma C.10 of Cytrynbaum (2024), we have Cov(Ds, Di|F,)1(s,t € s(l)) = —l(k —
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)/k*(k — 1) = ¢ and Var(D;|.F,,) = p — p*>. Then we may expand o2 as

en”t Z Z uuy + (p— p*) By [ul] = en” Z v; + Eu[uf] = Ty + Tho.
J=1 r#tes(j)

First consider T,;. Our plan is to apply the WLLN in Lemma C.7 of Cytrynbaum
(2024) to show T,; = 0,(1). Define F¥ = o(¢1.,7,) so that S, € FY. For r # t
we have Elu, |1, 7] = EluyElug| 1., Ue, o] |01, Tn] = Elu, Elug| ] |01m, 7] = 0.
The second equality follows by applying (A,B) 1L ¢ — A 1 C|B with A = wy,
B =1 and C = (¢_4,u,, m,). Then E[v;|F¥] =0 for j € [n/k]. Next, observe that for
any positive constants (a;);, we have >, ax1(D>_, ar > ¢) < m), apl(ay > ¢/m) and
abl(ab > ¢) < a*1(a® > ¢) + b*1(b* > ¢). Then for ¢, — oo with ¢, = o(y/n) we have

[v;|1(|v;] > ¢,) < Z |upu |1 Z |upue| > ¢y

r#t€s(j) r#t€s(5)
<E Y w1 > e/R) < 260> wl(ul > e /K).
r#tes(j) res(j)
Then we have
n/k
nT'E Y EllvL(lvg > )| FY | < 28°E, [E [ulL(u} > c0/k) [, m0) | = An.
j=1
Then E[A,] = 2K3E[E,[F [u}l(u? > c,/k*)|Wi]]] = 2k3E[uil(u? > ¢,/k*)] — 0 as

n — o0o. The first equality is by the conditional independence argument above, the second
equality is tower law, and the limit by dominated convergence since E[u?] < Fla?] < oo
by the contraction property of conditional expectation. Then A, = o,(1) by Markov
inequality. The conclusion cn™* Z i 11)] = 0,(1) now follows by Lemma C.7 of Cytryn-
baum (2024). For T,,, we have E,[u?] % E[u?] = E[Var(a|t)] by vanilla WLLN. Then
we have shown o2 5 (p — p?)E[Var(a|t)].

(3) Finally, we show the Lindberg condition Z”/k EIZ2, 1(1Zjn| > €)[Hon] = 0p(1).

Z2 V(| Zjn| > €)= 2,12, > ) <n”! Z lupue|1 | 0™ Z |upuy| > €
rtes(y) rtes(s)
<k*n! Z lupg|1 (Jupwe] > ne/k?) < kP~ Z w2l (ul > ne*/k?) .
rtes(y) res(y)
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Then using the inequality above we compute

ZE 1(|Zjnl > €)|Houl| <K*E |n IZ Eul (uf > ne’/k*) | F]
j=1 res(y)

= k3E [E, [E[Wi1 (u] > ne®[k?) |]]] = K°F [ull (uf > ne’/k*)] = o(1).

The first equality by the conditional independence argument above. The second equality
by dominated convergence. Then Z"/k BIZ2,1(1Zjn| > €)|Hon] = 0p(1) by Markov.
This finishes the proof of the Lindberg condition. Since Hy, = F,, by Theorem C.4
in Cytrynbaum (2024), we have shown that E[e®VrEalDi=pail|E 1 = ¢(t) + 0,(1) for
¢(t) = e V2 with V = (p — p?) E[Var(al))].

Finally, consider dim(a) > 1. Fix t € R% and let a(W;) = t'a(W;) € R. Then we
have X, (t) = X4t = E,[(Ds — pa(Wi)J't = EL[(Ds — p)a(Wi)'t] = B[(D: — p)a(W,)]
By the previous result E[e’X»®|F,] B e /2 with variance v(t) = E[Var(aly)] =
E[Var(t'a|y)] = t'E[Var(aly)]t = ¢'Vt. Then we have shown EleXn|F,] = e "V¥/2 4

0p(1) as claimed. O

Next, we provide asymptotic theory for stratified rerandomization. The following

definition generalizes Definition 2.1 in Section 1.

Lemma 8.5. Let Definition 8.2 hold. Let A, = E,[H;a;] and p = (a,h). Fizt € Ri.
Let (Z4, Z1,) ~ N(0,%) for ¥ = v E[Var(p|w)]. Then under P in Definition 8.1

B[V (T, € T) |F] = B |1 (2 € T)] 4 0y(1).

Proof. (1). Define B, = (v/nAq,In, 7). Fix t = (1, ts,t3) € Rl*dntd- and consider the

characteristic function

op, (1) = E[ 6it3ﬁ£a+it'21n+itgm| ]_—n] — QitsT E[ eitg\/ﬁﬁa+it'21n| ]_—n] + Op(1>
= eitéTE[e“'l\/ﬁﬁa“ﬂ?‘/ﬁah|]:n] +0,(1) = eMTe T2 1 (1) = ¢p(t) + 0,(1).

For the second equality, note that es™ 2 ¢i57 by continuous mapping. Then R, =
eitivViBartity /il (gitym _ eithT) — 0p(1). Clearly |R,| < 2, so E[|R,||F.] = 0,(1) by
Lemma 8.19. The third equality is identical, noting that eeZr B ¢itavidn again by
continuous mapping. The fourth equality is Theorem 8.4 applied to /nE,[H;p;]. The
final expression is the characteristic function of B = (Z,, Z;,, 7) with (Z,, Z;,) ~ N(0, ).
Then we have shown that B,|F, = B in the sense of Proposition 8.16. Fix ¢ € R and

define G(z1, 29, 7) = €#1(b(2,,2) < 0) and note that

G(B,) = e VBl ()(T,, ) < 0) = e VAL (T, € T)).
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Define Eg = {w : G(-) not continuous at w}. By Proposition 8.16, if P(B € Eg) = 0
then E[G(B,)|F.] = E|[G(B)] + 0,(1) = E[G(Z,, Z,T)] + 0,(1), which is the required
claim.

To finish the proof, we show that that P(B € Eg) = 0. Write G(21,29,2) =
f(21)g(z2, ) for f(z) = e¥* and g(z,2) = 1(b(29,2) < 0) and define discontinuity
point sets E; and E, as for Eg above. By continuity of multiplication for bounded

functions, if 21 € Ef and (22,7) € Ej then (21, 22, %) € Eg. By contrapositive,
Eg C (Ey x R ) U (R x E,).

Clearly Ef = (), so P(B € Eg) = P((Zn,7) € E). Let E; = {2, : (21,7) € Eg}. We
have (Z,,7) € R™ x {r}. Then P((Zy,7) € E;) = P(Z, € E,). Since z, — b(z,T)
is continuous, {zp : b(zs,7) > 0} is open. Let z, € {2, : b(zp,7) > 0}. Then for small
enough r, if 2/ € B(zp,r) then b(z’,7) > 0 and ¢g(2',7) = 0, so g(2',7) — g(zn,7) = 0, so
zp, is a continuity point. A similar argument applied to z, € {zp, : b(z,,7) < 0} shows
that the discontinuity points E; C {2, : b(zx,7) = 0}. O

Theorem 8.6 (Asymptotic Distribution). Let Definition 8.2 hold. Suppose that (Z,, Z) ~
vp! E[Var((a, h)[¥)]. Then under Q in Definition 8.2 the following hold:

(a) We have \/nE,[H;a(W)||F, = Z.|Zn, € T = N(0,V,) + R, independent RV’s s.t.

V = vy E[Var(a(W) — b)) = min o' E[Var(a(W) — v'hl))

'YERdh ><d0

The residual term R ~ ~,Zy | Z, € T.
(b) Let X,, = E,[o(W;)] + E,[H;a(W;)]. Then we have

V(X — El¢(W)]) = Zs+ Za|Zn € T = N(0,V) + N(0,V,) + R.

The RV'’s are independent with V, = Var(¢p(W)).

Proof. First, we prove (a). Let A, = E,[H;a(W;)]. Let t € Ré. By definition of @

E|e"ViA(T, € T)F|
P(T, € T,|F,) by

bo 7] b [ e 1. 7]

Define a,, = FE [e“’Z“IL(Zh € T)] and b, = P (Z, € T). By Lemma 8.5, a, 2 a., and
by 2 beo, With by, > 0 by assumption in Definition 8.2. Then we have b;! = O,(1). Then
= Op(1)|(an = ao0)boo +aoo (bos —bn)| Sp

Anboo—aocbn

|y, /bp — Ao /boo| may be expanded as -
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|an, — aoo| + |boo — bn| = 0,(1). The final equality by Lemma 8.5. Then we have shown

A O _ E[e"%0(Zy €T

; = E[e%|Z), € T] 4 0,(1).

This proves the first statement. Next, we characterize the law of Z,|Z, € T. Define
¢(t) = E [e'%2|Z), € T]. Let 5y € R%*% satisfy the normal equations E[Var(h|y)]yy =
E[Cov(h,al)]. Such a 7, exists and satisfies the stated inequality by Lemma 8.17.
Letting Zy = Zoy — Y6Zn, by Lemma 8.17 Z, 1L Z, and Z, is Gaussian. Then Z, 1L
(Zn,1(Z, € T)). Recall that A 1L (S,7) = A 1L S|T. Using this fact, we have
Z, AL Zy| Zy € T. Then for any t € R%

$(t) = Ble’"?|Z, € T| = Ele" %% 7, € T
= E[¢""%|Z), € T|E[¢""%?"|Z, € T| = E[¢" % E[¢"%%| Z), € T).

By Proposition 8.16, we have shown Z, | Z, € T L 7o+ Y0 Zn | Zn € T, where the RHS

is a sum of independent random variables with the given distributions. Clearly E[Z,] =0
and Var(Z,) = v E[Var(a — v4h[¢)]. This finishes the proof of (a).

Next we prove (b). We may expand v/n(X,—E[¢(W)]) = /n(E,[p(Wi)] - E[p(W)])+
VA, = A, + B,. We have A, = N(0, V) with V,, = Var(¢(W)) by vanilla CLT. Then
let t € R% and calculate

Eq [¢%] = Eq [ B [/54|F,]| = 6(t) g [¢**] +o(1) = 6(t)e~"42 + o(1).
The first equality since A,, € F,,. The second equality since

o [ (Bq |7 ] = 61)]| < B [1Bq [ 17.] = 6(0)]] = o(1).

To see this, note that the integrand is o,(1) by our work above. It is also bounded
so it converges to zero in L;(Q)) by Lemma 8.19. The final equality since A, € F, =
o(Wi., m,) and the marginal distribution of (Wi, m,) is identical under P and @ by
definition. Then Eq [e?'4] = Ep [e?'4n] = e7"'Vs!/2 4 (1) by vanilla CLT. Then we
have shown

Eo [eit’Xn] = Vet V2 gLt i) 7, € B] + o(1).

This finishes the proof of (b). O

Lemma 8.7 (Linearization). Suppose Definition 8.2 and Assumption 3.2 hold. Let 11 =
—(G'MG)*G'M. Then /n(0 — 6,) = /nE,[HIla(W;,0,)] + 0,(1) and /n(f — 6,) =

See Section 8.3 below for the proof of this lemma.
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Proof of Theorem 3.5. We claim that the conditions of Definition 8.2 hold. This will allow
us to apply our general rerandomization asymptotics in Theorem 8.6 and linearization
in Lemma 8.7. To check part (a), define b(z,y) = b(z) = d(z,A) — d(x, A°), where
d(z, A) = inf  ga, |z —s|s. It’s well known that z — d(z, S) is continuous for any set S, so
b is continuous. The sample and population regions 7,, =T = {z : b(z) < 0}. If b(z) <0
then d(x, A) =0, s0 z € AUOA C A by closedness. If b(xz) > 0 then = ¢ A. This shows
T, =A,s0{Z, € T,,} = {Z, € A}. Then our criterion is of the form in Definition 8.2. For
part (b), P(b(Zy) =0) = P(Z, € 0A) = 0 since Leb(0A) = 0 and by absolute continuity
of Z, relative to Lebesgue measure Leb. We also have P(Z, € T) = P(Z, € A) > 0 since
Zp, is full measure by E[Var(h|¢)] > 0 and since A has non-empty interior.

This proves the claim. Then by Lemma 8.7, \/n(0—6,,) = /nE,[HIla(W;, 6o)]+0,(1).
The result now follows immediately by Slutsky and Theorem 8.6(a), letting a — Ila.
Likewise, Corollary 3.8 follows from Theorem 8.6(b), letting ¢ — Il¢. ]

Proof of Corollary 3.6. By Theorem 3.5, since A = R% we have \/ﬁ(é— 0,) Wi =
N(0,V,) + R, independent RV’s with V, = vp'E[Var(TIla(W,6) — v4hle)] and R ~
o2y for Zy ~ N(0,v;, E[Var(h|y)]). Then N(0,V,) + R ~ N(0,V) with V =V, +
Var(1)Z) = v E[Var(Ta(W, ) — vy 14hl16)] 205 E[Cov(Ta(W; B5) — 4, Abhl)] =
vp! E[Var(Ila(W, 6p)[)]. The covariance term is zero by Lemma 8.17. The second state-
ment follows by setting ¢ = 1. O

8.3 GMM Linearization

This section collects proofs needed for the key linearization result in Lemma 8.7. First,

define the following curves and objective functions

90(0) = Elo(W3,0)],  gn(0) = Enlo(Wi,0)],  §(0) = En[6(Wi, 0)] + En[Hia(W;, 0)].
Hy(60) = g0(0) Mgo(6),  Ha(6) = g.(0)Mgn(8), H(8) = §(6) M,G(6)

Define G(8) = (8/86')§(6) and G,(6) = (0/06')g,(8) and Go(8) = (8/98")go(6). Define
G = Gy(0y). For each d € {0, 1}, define gq4(W, 0) = g(d, X, S(d), ).
Lemma 8.8 (ULLN). Working under P in Definition 8.1:

(a) If Assumption 3.2(b) holds, ||g— gollec.0 = 0p(1), [|9n — gollc.0 = 0p(1), and go(0) is
continuous. If also M, 5 M then |H, — Hy|soo = 0,(1) and |H — Ho|so,o = 0,(1).
(b) If Assumption 3.2(c) holds, then there is an open ball U C © with 6y € U and
G, — Golloo,v = 0p(1) and ||G,, — Gol|eo,y = 0p(1). Also, Go(8) is continuous on U

for Gol6) = 0/08' E[(W, 6)].
Proof. Consider (a). First we show ||g — go||.0 = 0,(1), modifying the approach used in

the iid setting in Tauchen (1985). It suffices to prove the statement componentwise. Then
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without loss assume d, = 1 and fix € > 0. Note also that ¢, a are linear combinations
of g4 for d € {0,1}, so ¢ and a inherit the properties in Assumption 3.2. We have
(G—gn)(0) = E,[H;a(W;,0)]. For each § € K define Uy,,, = B(0, m™') and vg,,(D;, W;) =
supgey,, Hia(Wi,0). Then g, (D;, W;) may be expanded

D, _1-D, _
sup H;a(W;,0) = — sup a(W;,0) + sup —a(W;,6)
0cUp,, p 0cUpm, 1 -Dp 0cUpm
= Sup (I(VVZ,é) + sup —CL(VI/,”Q_)
0€Ugmm 0€Upy,
+ H;((1 —p) sup a(W;,0) +p inf a(W;,0)) = for(W;) + Hirgm(W;).
0€Uqm 0€Upm
In particular, E[vg,(X;)] = E[fom(W;)]. Note both expectations exist by the envelope

condition in Assumption 3.2. By continuity at 6, fo,,(W;) — a(W;,0) — a(W;,0) = 0 as
m — 00. Also | frg(Wi)| < supgey,, [a(Wi,0)| < supgee [a(Wi, 8)]. Then by our envelope
assumption sup,,, fom(W;) € Li(P), so lim,, E[Vsy,(D;, W;)] = lim,, E[fom(W;)] = 0 by
dominated convergence. For each 6, let m(0) s.t. E|fome)(W;)] < €. Then {Upm) : 0 €
©} is an open cover of ©, so by compactness it admits a finite subcover {Up, im(a,) l:(? =
(UML) Next, for each (0,m) we claim E,[Ugm(Di, W;)] = E[fom(Wi)] + 0,(1). We
have E,[fom(W:)] = E[fom(W:)] + 0,(1) by WLLN since E|fg,,(W;)] < oo as just shown.

Similarly, we have

rom(W3)| = [(L = p) sup a(W;,0) +p inf a(W;,0)] < sup |a(W;,0)] € Li(P).
0€Upm, 9€Usm 0€Ugm,
Then E,[H;rgm(W;)] = 0,(1) by Lemma A.2 in Cytrynbaum (2024). This proves the
claim. Define f;(W) and (W) to be the functions above evaluated at (6, m(6;)). Putting
this all together, we have

sup B, [Hia (Wi, 0)] < ik sup B, [Ha(Wi, 0)] < % B om0, (Diy W)

feK I=1 gey,

L(e) L(e)
= max(E[fom(o)(Wi)l + T) < €+ max T,y = e+ 0,(1).

By symmetry, also supye i —En[Hia(W;,0)] < €+ 0,(1). Then supye |En[Hia(W;, 0)]] <
2¢ + 0,(1). Since € > 0 was arbitrary, this finishes the proof of (1).

Next we show [|gn = gollw.e = 0p(1). We have (gn—g0)(0) = En[6(Wi, 0)] = E[6(W, 0)].
Under our assumptions, |E,[¢(W;,0)] — E[p(W, 8)]|x.e = 0p(1) and go(0) = E[p(W,0)] is
continuous by Lemma 2.4 of Newey and McFadden (1994). This proves the second claim.
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For the statement about objective functions, observe that

[H(0) — Ho(0)] = [§(0) MG (0) — 9.(0) Mga(0)] < 1§ — 9.)(0)' M,5(0)]
+ 190(0)' (M, = M)G(O)| + |9(0) M (G — 9:)(0)] < G — gnl2(0)[| My |2]5(0) ]2
+ 19n(0)]2| My — M|2[g(0) ]2 + [94(0) 2| M |2[g — gnl2(6) <19 — gnloc.0l|Mnl2]loc0
+ |nloc.0| My — M|2|gloc.e + |gnloc.0| M|2|g — gnlo.e-

The first inequality by telescoping, then Cauchy-Schwarz, then using equivalence of finite-
dimensional vector space norms and sup, a(6)b() < supya(f)sup, b(f) for positive a, b.
We have [gn|.0, [9loc,e = 0p(1) +[90]oc,0 = Op(1) since |go|o.o < Efsupgee ¢(W, )] < oo.
Also |M,|s = Oy(1) and |M,, — M|y = 0,(1) by continuous mapping. Taking supyce on
both sides gives the result. The proof that |H,, — Hy|eo x = 0,(1) is identical. By triangle
inequality, this proves the claim.

Next consider (2). Let U; € U an open set 6y € U; such that the closed 1/m/
enlargement (~]11 /m C U for some m’' > 1. Set © = Ull / m/, which is compact. As in the
proof of (1), let Up,, = B(6,m™ ') for m > m/. The conclusion now follows from the exact
argument in (1), applied to the alternate moment functions g,(W;,0) = 0/00'g.(W;,0). In
particular, uniform convergence holds on any open set U C © C U. The final statement

about G(f) follows by dominated convergence. O

Lemma 8.9 (Consistency). Under the distribution P in Definition 8.1, if Assumption
3.2 holds then 6 — 6y = 0p(1) and 0, — 6y = 0,(1).

Proof. By definition, 6 = argming g H(6). Moreover, gn(6,) = 0 so Hy,(6,) = 0 and
0,, € argming o H,(#). For (2), since go(fp) = 0 uniquely and rank(M) = d, then Hy(0)
is uniquely minimized at ¢y. Then by uniform convergence of H , H, to Hy, extremum
consistency (e.g. Theorem 2.1 in Newey and McFadden (1994)) implies that 6,, 2 6y and
6% 6. O

Proof of Lemma 8.7. By Lemma 8.3, it suffices to show the result under P in Definition
8.1. Since § = argming o H(0), we have VoH(9) = 0, which is G()M,g(0) = 0. By
differentiability in Assumption 3.2 and applying Taylor’s Theorem componentwise, for
cach k € [d,] and some 6, € [f, 0] we have

99k

9(0) = 3(60) + 5 (Br)i1 (0 — ).
Then we may expand
AV IGi dg (7
~ Gk, , ~



On the event S, = {# € U}, 6, € U for each k. Then 1(S, )|g%’7( R ngf(ek)k E <

50 supper |25 0) — 25 (OO < dy supacrs IG(0) — Gi(O)f3 = (1) by Lemma 8.5, Simi-
larly, 1(5,)|G(0)—Go(8)|% < supyey |G(6) —Go(8)|% = 0,(1). Moreover, since § 2 f, and

Or € [6o, 6] Vi, we have 1(S,,)|Go(6) — G(6p)|% = 0,(1) and 1(S )| 9585 () B —G(0)]% =

0p(1), using continuous mapping and continuity of § — G(#) on U, shown in Lemma 8.8.

Since P(S,) — 1, we have shown |@(§) — G(0y)|% = 0,(1) and ]%‘gf( ) - G(6p)]% =

0,(1). Since §(fy) = O,(n"*?) by Theorem 8.4, by the work above and continuous

mapping theorem we have

V(@ — o) = (G0 M, 20 )i ) G@Y M, i 60)

—(G'"MG)'G'M~/ng(6y) + 0,(1) = TIv/ng(6s) + 0,(1).

This proves the second statement of Lemma 8.7. For the first statement, substituting
0,, H,, G, for 0, H, G in the above argument, we have /n(6, — 6) = I1\/ng,(6o) + op(1).
Then we have /(0 — 6,) = /(0 — 6y + 6y — 6,) = ILy/n(G(60) — gnl(bo)) + 0,(1) =
Iv/nE,[H;a(W;,0y)] + 0,(1). This finishes the proof. O

8.4 Linearization for M-Estimation

In this section, we extend our key result to M-estimation 6 = argmaxy.q E,[m(D;, R, S;,0)].
M-estimation is often equivalent to GMM with score Vom(D, R, S, 0), e.g. if 6 — m(-,0) is
strictly concave. However, this equivalence fails when E[m(D, R, S, 6)] has local maxima,
violating GMM identification (Assumption 3.2). E.g. see Newey and McFadden (1994)
for examples. To handle such cases, in this section we analyze M-estimation under weaker
conditions. Let mgy(W,0) = m(d, R, S(d), ) and define ¢,,,(W,0) = E[m(D, R, S, 0)|W] =
pmi (W, 0) + (1 — p)mo(W, 0) and 0,, = argmaxy.g E,[0m(W;, 0)]. Define g(D, R, S,0) =
Vem(D, R, S,0) and let ¢, a as in the main text, e.g. ¢p(W,0) = VoE[m(D, R, S, 0)|W].

Assumption 8.10 (M-estimation). The following conditions hold for d € {0,1}:

(a) (Consistency). 0y = argmaxycg E[pm (W, 0)] uniquely and E[supgeq |ma(W, 0)|s] <

00. Also 0 — mg(W,0) is continuous almost surely and © is compact.
(b) (CLT). Let ga(W,0) = Vgmg(W,0). We have E[gs(W,0y)?] < oo. There exists a
neighborhood 8y € U C O such that G4(W,0) = 0/06' ga(W,0) = (9% /0000 )m4(W, 0)

exists and is continuous. Also E[supgey |Ga(W, 0)|r] < o0.

The next result extends our key lemma to this setting. Combined with the results
of Section 8.2, this suffices to show that the main results of Sections 3-7 also apply to

M-estimators with multiple local maxima.
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Lemma 8.11 (Linearization). Suppose Definition 8.2 and Assumption 8.10 hold for the
M-estimator 0. Let G = E[(8%/0000"Ym(W, 6y)] and set 11 = —G~'. Then \/ﬁ(é\— 0,) =
VRE[Ha(W;,00)] +0,(1) and /n(6—6o) = /rE,[Te(W;, 60) + HIla(W;, 6o)] + 0, (1).

Proof. By Lemma 8.3, it suffices to show the result under the distribution P. We have
|En[m(D;, Ry, S;,0)] — Elom(W,0)]|xe = 0,(1), 8 = E[p,,(W,0)] continuous, and 8.8
and also |E,[pm(W;,0)] — Elpm(W,0)]|ee = 0p(1), all by Lemma 8.8. Then by ex-
tremum consistency, we have 6, = 6, and RN fo. By Lemma 8.8 again, there is
an open ball U C © with 6, € U and Han — Golleoy = 0,(1) and ||G,, — Gollocw =
0p(1) for @n(ﬁ) = (0%/0000")E,[m(D;, R;, S;,0)], G.(0) = (0*/0000") E,,[0,,(W;,0)], and
Go(0) = (02/9000")E[pm(W,0)]. Also, Go(f) is continuous on U. Defining §(0) =
E,[(0/00)m(D;, R;, S;,0)] and ¢,(0) = E,[pm(W;, 0)], by optimality we have §(§) =0
and ¢,(0,) = 0. Then result now follows exactly by the proof of Lemma 8.7, with a
slightly simpler first order condition. O]

8.5 Nonlinear Rerandomization

Proof of Theorem 4.3. We first prove a slightly more general result, allowing for over-
identified GMM estimation with positive definite weighting matrix A,, = A. For |x|§ 4=
2’ Az, define
Ba € argmin | E,[1(D; = dym(X;, B)][2 4, -
BeRr?8

Define ¢'(D,X,3) = Dm(X,f) and ¢°(D,X,) = (1 — D)m(X,3). Under the ex-
pansion in Equation 3.1, we have ¢'(X, 3) = pg'(1, X, 3) = pm(X,3) and o' (X,3) =
vpg (1, X, 8) = vpm(X, ). Siilarly, 6°(X, 5) = (1 — p)g*(0, X, 8) = (1 — p)m(X, §)
and (X, 8) = —vpg®(0, X, B) = —vpm(X, B). Note that E[¢'(D, X, 8)] = pE[m(X, B)]
and E[¢°(D, X, )] = (1 — p)E[m(X, )], so the GMM parameters 3, = By = 3*, where
B* uniquely solves E[m(X, 5*)] = 0. Let G,,, = E[(0/08")m(X, 8*)], which is full rank
by assumption. Then G* = E[(0/08")¢* (D, X, 8*)] = pE[(0/06")m(X, 8*)] = pG,, and
I = —((GYYAGH Y GYA = —p 1G], AG,,)'G! A = p~'T1,,. By symmetry, we have
1% = (1 — p)~'I1,,. Observe that

(IT'¢! = 11°¢")(X, B) = p ' Tpm (X, B) — (1 — p) "' (1 — p)m(X, B) =0,
(IT'a' — 1°%°) (X, B) = p ' Mvpm(X, 8) — (1 — p) 'uvp(—m(X, B))
= (1 = p)lLnm(X, B) + pllym (X, B) = ym(X, B).

39



Then applying Lemma 8.7 to GMM estimation using g' and ¢°, under the measure P in

Definition 8.1 we have

V(B = Bo) = V(B — B = (Bo — 8)) = Vall' B, [¢1(X;, ) + Hia' (X5, 57)]
— VAl E,[6°(X:, B7) + Hia"(X;, B7)] + 0p(1) = v/All, By [Him (X, B7)] + 0,(1).

Then Definition 4.1 is an example of Definition 2.1 with Z, = /nE,[H;h;] + 0,(1) for
h; = 1L,m(X;, 5%). Then Theorem 3.5 holds with h; = II,,m(X;, 5*). Consider the
exactly identified case, so II,, = —G,.! and h; = —G'm(X;, 3*). Then by Theorem 3.5,
Va0 = 0,) Wi, = N(0,V,) + Ra. Denote Tla = Ia(W, 6y) and m = m(X, 3*). Then

the rerandomization coefficient vy is

7o = E[Var(h[)] ™ E[Cov(h, Ila|)] = — E[Var(G;,'m[)] ™ E[Cov(G;,'m, Laly)]
— —B[G;,) Var(m|$)(G;, Y] EIG,,! Cov(m, Haly)] = —Gl, E[Var(ml4)] ™ E[Cov(m, Taly)].

Then V, = vy E[Var(Tla — (=G t'm)|[¢)] = vp' E[Var(Ila — v4m)|)], where

Yo = argmin vy E[Var(Ila — +'m|1)].

’yGRdﬁ Xdg

From above, we have v = —G/ 7. Then the residual term

Ra ~ ’)/(I)Zh | Zy, €A~ —’y(l)GmZh | Zy € A~ —’)/(/)GmZh | (—Gr_nl)(—Gm)Zh c A
~ YT | = G 2 € A~ N | Z € —GA.

The variable Zj, ~ N(0, v E[Var(h|)]), 80 Zy = G Z ~ N(0, v, G, E[Var(h|y)]GY,) ~
N(0,v,' E[Var(G,,h|¥)]) ~ N(0,v,' E[Var(m|)]) since G,h = G,,G;tm = m(X, 5%).
Summarizing, we have shown V, = v, E[Var(Ila — yjm|v)] and Ry ~ Y Zy, | Zm € G A
for Z,, ~ N(0,v5 E[Var(m|y)]).

For the corollary, consider letting 3 € argming _pas |En[m(X;, )] 5.a,- Relative to the
expansion in Equation 3.1, a,,(X;, 8) = 0 and ¢,,,(X;, B) = m(X;, ), with linearization
matrix I1,,, as above. Then by Lemma 8.7 \/n(3—3*) = I, E, [m(X;, B)]+0,(1) = O,(1).
Consider setting h; = m(Xi,g). By the mean value theorem, m(XZ-,B\) —m(X;, ) =

-~

%ﬁ“é”(ﬁ — /%), where the B; € [8*, B] may change by row. Then we have

\/ﬁEn[Him(Xi, B\)] - \/ﬁEn[Him(Xia 5*)] = En[Hi(a/é?ﬂ’)m(Xi, Bz)}\/ﬁ(g_ 5*)-

We claim that E,[H;(8/98"Ym(X;, 5;)] = 0,(1). Let U open s.t. Elsupger [m(Xi, B)|r] <
oo and define S,, = {B € U}. Then by consistency E,[H;(0/08"Ym(X;, B:)]1(SS) = 0,(1).
Define vjj;, = 1(S,)((8/08")ym(X:, 5:))jx. By the definition of B, clearly Vi € Fn =
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0 (Wi, ). Moreover, we have |vf| < supges [(0/08")m(X;, B)[r € Ly by definition
of S, and B; € [, ] for each n, so by domination (v};), is uniformly integrable, so
E,[H;vi,] = 0p(1) by Lemma A.2 of Cytrynbaum (2024). This proves the claim, showing
that Z,, = /nE,[Him(X;, B)] = vnE,[Him(X;, 8*)] +0,(1). The result now follows from
Theorem 3.5. ]

Assumption 8.12 (Propensity Rerandomization). Impose the following conditions.

(a) Let L be twice differentiable, with |L'|x, |L" |« < 00. For each p € (0,1), there is a
unique ¢ with L(c) = p. Also, |L'(c)| > 0.

(b) The score m(D;, X;, 5) = D; L,L%éé;) —(1-Dy)7 (X(ﬁ),;() satisfies condition 3.2. The

solution to Equation 4.3 exists.

(c) Covariates X = (1,h) for E[|h|3] < oco. Also, E[Var(h|¢)], Var(h) are full rank.

(1-— DZ)% Let ¢ such that L(c) = p. Then g* = (¢,0) has Elm(D, X, 5%)] =
pL/(XZ{’B)Xi —(1- p)—(X X and a(X,B) = vp( /L(Xm)Xi L’(Xl{ﬂ)Xi). Since L(X!p*
Var(h) >= 0 implies F[XX'] = 0 for X = (1,h). A calculation shows that G,, =

Proof of Theorem /.7. By assumption, Bis a GMM estimator for m(D;, X;, 5) = D; L/L(é@gi{l
1-L(X.5)
E[H;L'(c)X;] = 0. Relative to the decomposition in Equation 3.1, we have ¢(X, ()
LX) T-L(X}9) X7 T TL(X) )
L(c) = p, apparently we have ¢(X,*) = 0 and a(X, 5*) = L'(c)X;. It’s easy to see
E[aﬁ,gzﬁ(X 8*)] = —L'(¢)’E[X;X]], so II,, = =G} = & C)QE[X X/]7t. By Lemma 8.7, we
have shown

V(B — %) = Vall, B, 6(X, %) + Hia(X;, 9] + 0,(1)

Vi T
[/( )E[XX] EL[Hi X + 0,(1).

Consider rerandomizing until 7, = nE,[(p — L(XZ’B\))2] < €% Then for B8* s.t. L(z'B*) =
p, the above quantity is nE,[(L(X!B) — L(X!8%))%]. By Taylor’s Theorem, L(X!B) —
L(X{B*) = D'(&)(X(B = X{8*) = L'(&)X/(B — p*) for some & € [X[6*, X/B]. Then we
have

= n(B - ") E[X:XIL'(€)*](B — -
Claim that E,[X;X/L'(&)?] = E.[X: X[L'(X!8*)?] + 0,(1). If so, then E,[X;X/L'(&)*] =
L'(e)?E,[X: X[l + 0,(1) = L'(¢)?E[X;X]] + 0,(1). To see this, note that |L'(X]3*)?
L&) = [L(Xi57) = L@IL(Xi57) + L&) < 20l oo| L]l XiB" = &il2 S 1X367 =
X[Bl2 < |Xi|2|* — Bl2. Then we have

| En[ XiX(L'(6)"] — EalXi X[ L'(X(5°)%|2 < B X3 L/(X;87)* — L'(&)°]]
S B[ X[3)18" = Bl = 0,(1)
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The last equality if E,[|X;[3] = 0,(n'/?). Note that E,[|X;3] < E,[|X;|3 max?, | X;|, =
O,(1)0,(n/?) since E[|X;|3] < oo by assumption, using Lemma C.8 of Cytrynbaum
(2024). Then using the claim, \/ﬁ(g—ﬁ*) = O,(1), and the linear expansion of \/H(E— £*)
above, we have shown J,, = L'(¢)?n(B — 8*) E[X:X!](B — 8*) + 0p(1), which is

= L'(e)*(L'(c) " E[X:X]]"'VnEu[H:Xi]) ELX: XL (¢) 7 E[X: X[ V/nEy [Hi X)) + 0p(1)
= VnE,[HX,] E[X; X]]"'/nE,[HiX;] + o0,(1).

Note E,[H;] = O,(n™1) by stratification. Since X = (1, h), v/nE,[H;X;]' = (0, /nE,[H;h;] )+
O,(n"1/?). Also, by block inversion (E[X;X]]")n, = Var(h;)~!. For some &, = 0,(1)

I = (0,V/nEy [H;hi] ) E[X; X]] 710, VnEy [Hihi]') + 0,(1)
= VB, [Hih] (B[X; X7 ) mnv/nE, [Hil] + 0,(1)
= /nE,[H;h;| Var(hy) ' v/nE,[H;h) + &,.

Define the function b(z,y) = 2’ Var(h) 'z + y —e. Then J, < e <= b(Z,,&,) <
0 for Z, = /nE,[H;h;] and &, 2 0. Clearly, + — b(x,0) is continuous. Also note
E[|h|3] < oo by assumption. Finally, for Z;, ~ N(0, E[Var(h|v)]), have P(b(Z;,,0) = 0) =
P(Z; Var(h)~'Z;, = €*) = 0 since E[Var(h|¢)] is full rank. Then this rerandomization
satisfies all the conditions in Definition 8.2. By Lemma 8.7, the GMM estimator \/ﬁ(ﬁ—
0y) = VnE,[H;Ila(W;,0y)] + 0,(1) under this rerandomization. By Theorem 8.6, have
VRE, [HOa(W)]|F, = N(0,V,) + R with R ~~,Zu|Z, € T ~ v, Zp| Z; Var(h) 1 Z, < €
for acceptance region T = {z : b(x,0) < 0} = {z : 2/ Var(h) 'z < ¢} and

Vo= min vy E[Var(Ila(W) — ~'hly)].

’YERdh Xdg

This finishes the proof. O

8.6 Covariate Adjustment
Proof of Theorem 3.12. By Lemma 8.7, \/ﬁ(g* — 6,,) may be expanded as

V(0 = 0, — En[Hm(ti, hi)]) = /B, [Hy(Ta(Wi, 6) — m(¢i, ha))] + 0,(1)
= VnE,[HB(Wi, 6)] + 0,(1).

By Theorem 8.6, v/nE,[H;3(W;, 00)]|F, = N(0,V) with V = vp! Var(8(W, ,)). Since
B(W,0y) = Tla(W, 0y) — voh — to() for (vo,t0) solving Equation 3.7, this completes the
proof. O

Proof of Proposition 6.2. Since @\adj —0-E, [H;@'w;] for @ 2 o and E,[Hyw;] = O,(n~"/?)

42



by Theorem 8.4, then /Q\Gdj = 0 — E,[H;o'w;] + 0,(n"V%) = E,[H;(Tla(W;, 0y) — o/w;)] +
0,(n~%/2), the final equality by Lemma 8.7. The first statement now follows from Slutsky

and Theorem 8.4. The second statement follows by the same argument used in the proof
of Corollary 3.8. O

Proof of Theorem 6.3. By the same argument in the proof of Proposition 6.2, we have
éadj = E,[H;(Tla(W;, 0y) — alyw;)] + 0,(n~1/2). Then by Theorem 8.6, \/ﬁ(éadj —0,)|Fn =
N(0,V) + R, independent with

V = vt E[Var(Ila(W) — ajw — Bhhlv)] = gegblhrida v E[Var(Ila(W) — ayw — B'h|v))].
The residual term R ~ [B(Z,|Z, € A. Then it suffices to show that 5y = 0. Define
= Ha(W,6y) — ayw. By Lemma 8.17, it further suffices to show £, = 0 solves
E[Var(h|)]|Bo = E[Cov(h, amna|®)], i.e. that E[Cov(h,an.|t)] = 0. To do so, note that
E[Cov(h, an|v)] = E[Cov(h, (Ila—agw)|yp)] = E[Cov(h,Ila|y)] — E[Cov(h, w|i)]ap. By
assumption, E[Var(w|¢)]ay = E[Cov(w, Ilaly)]. Since h C w, we have

E[Cov(h, w|i)]ag = (E[Var(w]¢)])mao = (E[Var(w|y)]ag)se
= (E[Cov(w,Ialy)])ng = E[Cov(h,Ilal))]

This shows that [Cov(h, ana|t))] = 0, so By = 0 is a solution, proving the claim. This
finishes the proof of the statement for 6,,. The result for 6, follows trivially, as in Corollary
3.8. O

Proof of Theorem 6.4. By Lemma 8.3, it suffices to show the result under P in Def-
inition 8.1. By Lemma 8.13, E,[w; V’] = k7 '(k — 1)E[Var(w|y)] + 0,(1). Then if

E[Var(w|i)] = 0, we have E,[w;w}]~" 5 k(k — 1)"'E[Var(w|t)]~" by continuous map-
ping. We have TS| by assumption. Then it suffices to show E,[u Z( —p)gl] = k1 (k—

1) E[Cov(w. alv)] + 0,(1). First, claim B, i, (D, ~ p)i] = B i (D, D)) + o).
for ¢;(0) = g(D;, X;, S;,0). By Taylor’s theorem, |g;( ) —gi(0p)]2 < %( i)]2|9 — Bola,
where 0; may change by row. Then |[Fu[ix(D; — p)(6:(8) — :(60)) o < Eullislolgs(6) —
gi(00)12] < 10 = Oolo Blltbl2| 5% (6:)]2] < 10 — Oolo(Enllidl3] + Enll 9% (0:)[3]) by Young’s
inequality. We showed E,| gg} (6:)]3] = O,(1) in the proof of Lemma 8.15. Similarly,

E,[|lw;3] < Enf|wi]3] = O,(1) by the bound in Lemma 8.13. Since ](/9\— Bol2 = 0,(1) by
Theorem 3.5, this proves the claim.

Next, claim E,[w;(D; — p)gi(6p)'] = En[w;a(W;,6p)'] + 0,(1). By definition, we have
Ey[wi(D; — p)gi(00)'] = En[wi(D; — p)$(Wi, 00)'] + Var(D) ™ E,[(D; — p)*wia(Wi, 6o)'] =
A,+B,,. Expanding (D;—p)?, B, = Var(D) ' E,[[Var(D)+(D;—p)(1—2p)|w;a(W;, 6y)] =
Eywia(Wi, 60)'] + vlar(Qp)E [(Di — p)wia(W;,6)']. Since ¢ = pgi + (1 — p)go and a =
Var(D)(g1 — go), apparently it suffices to show E,[(D; — p)w;ga(W;, 6p)'] = 0,(1) for
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each d = 0,1. Since E[|gs(W;,60)|3] < oo, this follows from Lemma 8.13. Finally,
En[w;a(W;,00)] = k=Y (k — 1) E[Cov(w;, a(W;, 00)[1)] + 0,(1) since El|w|3 + |g4|3] < oo
and by applying Lemma 8.13 componentwise. This finishes the proof. m

Lemma 8.13. Let E[w? + v?] < oo with w;,v; € o(W;). Then under P in Defini-
tion 8.1, E,[(D; — p)w;t;] = 0,(1) and E,[(D; — p)wv;] = o0,(1). Also E,[w;0;] =
=1 {Cov(w, o)) + 0p(1).

Proof. First, note |s|™1 37, w07 = [s[7 32, (wi—|s|7' Y e, w;)? = Varg(w;) < Eg[w}] =

i€s i

5|71 Y e w?. Then in particular Y, w7 < > .. w? and E,[w]] < E,[w]]. Write
E,[(D; — p)wv;] = n~t > uy for ug = 3. (D; — p)w;v;. Let F, = o(Wh,y,, m,). Then
S, € Fn, Elug|F,] = 0 and ug 1 uyg|F, for s # s by Lemma C.10 and Lemma
C.9 of Cytrynbaum (2024). By Lemma C.7 of Cytrynbaum (2024), it suffices to show
n~t S0 Ellus|L(Jus) > ¢,)|Fn] = 0,(1) for some ¢, = o(y/n) with ¢, — oco. Note that
] < ey 0] £ S 0+ e, 37 < Sy w? + X, 07 by Young's nequality and
the bound above. Note that for any positive constants (ax);", we have >, ax1(> ", ar >
c) <m) , apl(ay > c¢/m). Applying this fact and the upper bounds gives

nt ZEHuS]]l(|us| > )| Fn] <07t ZE Z(wz2 + vf)]l(Z(wf +07) > cp)| Fa

s 1€s 1€5
< 2kn! Z Z w1 (w} > ¢, /2k) + 2kn~! Z Z V21 (v} > ¢, /2k)
s i€s s i€s

The final quantity is 2kE,[w?1(w? > ¢,/2k)] + 2kE,[v}1(v} > ¢,/2k)] = 0,(1). This
follows by Markov inequality since E[E,[w?1(w? > ¢,/2k)]] = Ew?1(w? > ¢,/2k)] — 0
for any ¢, — oo by dominated convergence. This proves the first statement, and the

second statement follows by setting ©; — v; above. For the final statement, calculate
Zﬂm}z = Z(U}z — ]{3_1 ij)(vi — k’_l Zvj) = l{i_l(k? — 1) wai — ]{3_1 Z viwj
i€s 1€s8 JjEs JEs €S i1#£jEs

Clearly n™ 'kt (k — 1) X2, > e, wiv; = k71 (k — 1) Ey[wiv;] = k7 (k — 1) EJwv;] + 0,(1).
Then it suffices to show (kn)~' Y-, 37, viw; = k™' (k—1) E[E[w;|¢i] Elvi|i]] + 0, (1). Tf
50, En[w;0;] = k™ (k—1)(E[wvi]— E[E[w; | Elvi[¢s]])+o,(1) = k7 (k—1) E[Cov (w;, vily;)]+
0p(1) as claimed. The analysis of the term ¥ in Lemma A.6 of Cytrynbaum (2024) shows

Y Y vy =0Tty Y Efnll Elwly] + 0,(1)
s i#£jEs s i#£jEs

= (k = DEW[Elvili] Elwi|ii]] + 0p(1) = (k = 1) E[E[vi[ts] Ewi[¢i]] + 0,(1).

By above work, this finishes our proof of the claim. n
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8.7 Acceptance Region Optimization

Proof of Proposition 5.1. First we prove part (a). Define the function f(a) = supyc [0'al.
As the sup of linear functions, f is convex (e.g. Rockafellar (1996)). Then the sublevel
set A= {a: f(a) <1} is convex. Note that f(a) = f(—a), so A is symmetric. For the
main statement of the theorem, let a,, = v/nE,[H;h;]. Clearly, f is positive homogeneous,
i.e. f(Aa) = Af(a) for A > 0. Then note that the LHS event occurs iff f(a,) < ¢ <=
flan/e) <1 <= a,/e € A <= a, € e€- A. This proves the main statement. Suppose
B is bounded. Then by Cauchy-Schwarz f(a) < |a|ssup,ep b2 < oo for any a € R%.
Then f is a proper function, so f is continuous by Corollary 10.1.1. of Rockafellar (1996).
Then A = f71([0,1]) is closed. Moreover, the open set f~1((1/3,2/3)) C f~1([0,1]) = A,
so A has non-empty interior. Suppose that B is open. Then B contains an open ball
B(z,0) for some z € R and § > 0. Fix a € R% and define b(a) = z + sgn(a’x)ﬁa. By
assumption, b(a) € B. Then f(a) = sup,cp |V'al > |b(a)a|] = |a'x + sgn(a'z)(6/2)]al| =
la'x| + (6/2)]a] > (6/2)|al. Then f(a) = supyeg|a’b] > (§/2)|al, so A C B(0,2/6). O

Proof of Theorem 5.2. First we show the set Aj is feasible in Equation 5.2. We have
L,a =T, +~Zya, where T, ~ N(0,V(v)) and T, 1L Z,a. Then bias(L, 4|Zy) =
E[Ly a|Zna] = BTy Zpal+Y Zna = 7' Zna. For Ag = eB°, we have sup. | bias(L,,4|Z,)| =
SUP,ep |V Znal. Note Za € €B°, 50 Zpa/e € B°. Then we have

Sup |/ Zna] < ¢ sup sup [b| < ¢ 1.
veB beB° yEB
The final inequality by definition of B°. This shows that Ay is feasible. We claim Aj is
optimal. Suppose for contradiction that there exists A C R% with Leb(AAAg) # 0 and
P(Z, € A) > P(Zy, € Ap). Clearly A € Ay. Then Leb(A\ Ag) > 0, s0 P(Z, € A\ Ag) >0
by absolute continuity. For any x € A\ Ay C (eB°)¢, we must have sup. .5 |[Y'7| > €. B is
totally bounded by assumption, so as observed in the previous paragraph sup,cp |Zna| =
pB(Zna), for pp continuous. Then the event {sup.cp|Zna| > €} = {pp(Zna) > €} is
measurable. Then {sup,cpbias(L,4|Zy) > €} = {sup,cp|Zna|l > €} 2 {Zna € A\ Ao}
Then P(sup,cpbias(Ly,4|Zyn) > €) > P(Z, € A\ Ag) > 0, which contradicts feasibility
of A, proving the claim. n

Proof of Lemma 5.6. For B = x + X B, we compute the upper bound.

sup|a’bl = sup |d'z +d'u| <|d'z| + sup /ST ul
beB ueX By u€X By

= |d'z| + sup [(X'a)v| = |d'z| + |¥al,.

vEB)p

Before proceeding, we claim that for any z € R%, we have max,cp, v’z = max,ep, |v'z|.

Clearly max,cp v’z < maxyep, [v'2]. Since B, is compact and v — v’z continuous
€bp €Dp p )
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v* € argmax,ep [v'z] exists. Then max,ep, [v'z| = [2'v*| = 2v"sgn(z'v*) = 2'w for
w = v*sgn(z'v*) € B, since v* € B,. Then max,cp, [v'2| = 2w < max,ep, 2w. This
proves the claim. Next, define b(a) = x + sgn(a’z)Xv(a) with v(a) € argmax,cp v'>'a,
which exists by compactness and continuity. Note b(a) € B by construction. We may
calculate |a'b(a)| = |’z +sgn(a’z)a’Sv(a)|. By the claim, a’Yv(a) > 0. Then by matching
signs, |a'z+sgn(a’z)a'Sv(a)| = |d'z|+|sgn(d'z)a'Sv(a)| = |a'z|+ |a’Sv(a)|. By the claim
again, this is |a'z| + a'Yv(a) = |a'z| + max,ep, |a'Xv| = |a’z| + |¥'al,. Combining with

the upper bound above, we have shown that sup,cg|a’b| = |a'z| + [¥'al,. O

8.8 Inference

Proof of Theorem 7.2. By Lemma 8.3, it suffices to show the result under P in Definition
8.1. Define m; = Ilg;(6y) — H;a{w;, the population version of m;. Also define my; =

[g1;(60) — aqw;/p and mg; = go;(6) + afw;/(1 — p). We may expand

o = pma; + (1 — p)mo; = pgri + (1 — p)go; = (W, ),

ay = vp(my; — mo;) = a(W, 0) — agw;.

By Theorem 6.3, we need to estimate V = Var(¢,) + vp' E[Var(ay|)] = Var(é,) +
v Elayay] — v E[Elay|y) Elay|t]] = Vi — Va. We expand V; = Var(¢y,) + vy Elayay) as

Vi = Var(pmy; + (1 — p)mo;) + vpE[(ma; — mo;) (ma; — mo;)']
= E[(pmyi + (1 = p)mos) (pma; + (1 — p)mei)'] + vp E[(m1; — moq) (mai — ma)']
= (p* + vp) E[mum’,] + (1 — p)* + vp) E[maimy,]

= pE[mymy,] + (1 — p) E[moimg,] = Var,(m;) + op(1).

The second equality since E[¢,] = 0, and the final equality by Lemma 8.14. By Lemma

8.15, we also have

Va = UBIE[E[%W]E[%W]/] = UD(E[E[muW]E[muW]/] + E[E[moz'W]E[mo@‘W]/])
— vp(E[E[mulY]Elme Y]] + E[E[mo; ] E[ma[¢]])

= vp(V1 + Dy — Vg — V) + 0p(1).

This finishes the proof. O

Proof of Theorem 7.3. By Lemma 8.3, it suffices to show the result under P in Defini-
tion 8.1. With notation as in the proof of Theorem 7.2, by Theorem 6.3, c’(a— 0y) =
N(0,V,(c)) with variance V,(c) = vp'¢dE[Var(ay|t)]c for a = vp(mi; — mg;). Then
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Vi(c) = vpd E[Var(my; — mo;|1)]c may be expanded as
vp - ¢ (E[Var(my|v)] + E[Var(mg;|v)] — 2E[Cov(my;, mei|1)])c.
Note that by Cauchy-Schwarz and Jensen we have the bound

— 2¢ E[Cov(my, moil)]c < 2| E[Cov(c'mus, ¢'moi|¢)]|
S 2E[Var(c’m1iw)1/2 V&I‘(Clmgi|1/})1/2] S 2(E[Var(c’m1@-|¢)]E[Var(c’m0i|w)])1/2
= 2(¢E[Var(my;|v)]c - ¢ E[Var(mg;|1)]c) /2.

Then we bound
Va(c) < Va(c) = vp[(< E[Var(my|y)]e)/? + (¢ E[Var(mgi|i)]e) /%)

Note E[Var(mu|¢)] = E[mumy;] — E[E[mu|y] Elmuli)] = Ex[Ssmimi] — 01+ 0,(1) by
Lemma 8.14 and Lemma 8.15. Similarly, E[Var(mg;|¢)] = [11_2 mimy] — Vo + o0p(1).

Then for u; = En[%r?wﬁg] — 7y and Uy = E, [ D m;m}| — Uy by continuous mapping

Vo(c) = vp([dT1c]? + [CToc] V22 B Vile) > Vi(e).
This finishes the proof. n
Comparison of Variances. The superpopulation variance is

V(c) = Var(d'¢y) + vp - (E[Var(d'my;|v)] + E[Var(cd'mg;|y)] — 2E[Cov(c'my;, mgi|[1)])
= p® Var(¢'my;) + (1 — p)* Var(c'mg;) + vp - (E[Var(c'my;[¢)] + E[Var(cd'moi 1))

Then the variance gap V(c) — V,(c) is

p* Var(d'my;) + (1 — p)* Var(d'my;) — 2vp(E[Var(my; )] - E[Vaur(mm|@D)])1/2
= p* Var(E[¢'my;[i]) + (1 — p)? Var(E['mei|¢4])
+ (pE[Var(d'my;[)]'? — (1 — p) E[Var(d'mo; [1)]"/?)* > 0.

Lemma 8.14. Impose Assumptions 3.1, 3.2, 7.1. Then under P in Definition 8.1, the
following hold:
(a) E,[Zimm)] = Elmym};] + 0,(1) and E,[+
(b) Vary(m;) = pE[maimy] + (1 —p)E [mmmm] op(1).

mim;] = E[mosmg,;] + op(1).

Proof. For (a), consider the first statement. We may expand this as

En[(Di/p)miii] = Ey[(Di/p)mi(mi —ms)'| + En[(Di/p)(m; — mi)mi] + En[(Di/p)mim].
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For g, = gZ(QO), we have |T/I>LZ — mi|2 = Iﬁfq\z — ng — HZ(& — a)’wi|2 5 |ﬁ — H|2|/g\z|2 +
ITI|2|g; — gil2 + |&@ — agl2|w;|2. Then the first term above has

| Enl(Di/p)ii(ii — ma)|| < |T1— Tlo o [|74]2]Gil o] + (T2 En[|70i]2[9: — gil2]

+ @ = aola En[[m]o|wil2).

We claim this term is o,(1). Note that I — M|, = 0p(1) and |@ — apls = 0,(1) by
assumption. Then applying Cauchy-Schwarz, it suffices to show E,, [|7;|3 + [Gi]3 + |w;|3] =
O,(1) and E,[|g; — ¢i|3] = 0,(1). First, note E,[|w;]3] = O,(1) since E[jw|3] < co. Next,
note B, (|iuf3] = EnllTg — Ha'wif3] < 2E,[0gJ3] + 2E.[[awil3] < 2TBE[313] +
2|a2E,[|w;|3], so clearly it suffices to show E,[[g;|3] = O,(1) to handle this term.

We start by showing that E,[[g; — ¢:]3] = 0,(1). By the mean value theorem gz(é\) —
9i(60) = 22:(6,)(6 — 6,), where 6; € [6y, 6] may change by row. Then we have E,[|g;(6) —

0’
9i(00)[3] < 10 — Oo3EL[12(6,)|2], so it suffices to show E,[|2%(6;)]3] = O,(1). Since
9:(0) = Digui(0) + (1 Di)gou(9) for all 0, |5 (9:)[3 < 2|%+ (0[5 +2| 5+ (9) 3. Define the
event S, = {# € U}. Then on S,, we have
0912 agOz aglz ag(n
‘ o0’ ( )‘2 | o0’ ( )|2 — | o0’ ( )‘F 86/ Z Z‘ngz
d=0,1 k=1
<> Zsup Va0l = U
d=0,1 k=1"7

Then E,[|%% (B BI1(S,) < En[U]1(S,) = O,(1) since Elsupyey |Vgh(0)[3] < oo by
assumption. Then FE,| ggi (0:,)3] = O,(1) since P(SS) — 0. This finishes the proof of
E.[|9: — i3] = o0,(1). Finally, the claim E,[[g;|3] = O,(1) is clear since E,[|g:]3] <

2E,[|g; — gl|§} + 2En[]gl|§] = 0,(1) + O,(1) by the preceding claim.

Then we have shown |E,[(D;/p)m;(m; —m;)']| = 0,(1) and E,[(D;/p)(m; —m;)m}] =
0,(1) by an identical argument. This shows that E,[(D;/p)m;m;] = E,[(D;/p)m;m}] +
0p(1). Next, we have E,[(D;/p)m;m}| = E,[(D;/p)mumy;| = E.[muml] + o,(1) =
E[my;m!;] + o0,(1). The first equality is by definition of m;, my;. The second equality
by Lemma A.2 of Cytrynbaum (2024) and the third equality by vanilla WLLN, using
E[lm;]3] < oo. This finishes our proof of the first statement of (a), and the second
statement follows by symmetry.

For (b), note E,[m;m}| = pE, [D’fr\L )+ (1—p) B, [LE D’fﬁzm'] pE[%mMm’li]—l—(l—
p)E[moimy,;] + 0,(1) by part (a) of the lemma. Moreover, E,,[m;] = E,[llg;, — H;d'w;] =
I1E,[3i] +0,(1). Note that E,[j;] = §(d) and §(8) —5(60) = go(8) — go(6o) +0,(1) = 0,(1).
The first equality since |g — gole,co = 0,(1) and the second by continuous mapping, using

Lemma 8.8. Then Var,(m;) = pE[m;(00)m1;(60)'] + (1 — p)E[moi(00)moi(60)'] + 0,(1),
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finishing the proof. O]

Lemma 8.15. Require Assumptions 3.1, 3.2, 7.1. Then under P in Definition 8.1,
the variables in the statement of Theorem 7.2 have v1g > E[E[myi(00)1] E[mei(60)[¥)],

Oy & E[E[ma(00) ) E[mai(6o)|¢]'], and To 2 E[E[mo;(6o)[1] Emo;(60)[¢]].

Proof. Let ¥} denote the oracle version of vy, substituting m; = Ilg;(0y) — H;aqw; for
m;, and similarly for 3, v9,. In Lemma A.6 of Cytrynbaum (2024), set A; = my; and
B; = my;. Applying the lemma componentwise, 79 % E[E[my;(6o) ] E[my;(00) Y]],
05 = E[E[moi(00)[¥]Elmoi(60)[0)], and Ty = E[E[ma(60)|¢]E[mei(6o)|¢)]. Then it
suffices to show that U1 — 07 = 0,(1), vy — V5 = 0,(1), and V39 — v}, = 0,(1). For the first

statement, expand

ﬁl—ﬁf:(np)_lz ZDD mim’y; — mym;)

SESV z#]és

Expand m,;m; —m;m/; = m;(m}—m/)+(m;—m;)m/; = Ay;+By;. Using triangle inequality,

a(s)—1>1and p > 0, we calculate 07 =01 Sn~" Y cor 2o jes |Aijl2+|Bijla = An+ B
First consider B,,. Using that |zy'|2 < |z|2|y|2, we have

|Byjla < | — mila|myla = TG — Mg — Hy(@ — o)'wila|myls
< I — o [Gilalmyla + |T2[Gi — gilalmyla + & — aolalwilamyls.

Then B, =n"" 3" cor 2o jes TT=Ta[Gil2lmylo + [T2[Gi — gilalmylz + @ — ag |2[wila[my|2 =
B,1 + Bys + B,3. Consider B,,;. This is

By =M =T -0 Y% [Gilalmyls < =Tz 20) 7" > Y (@il + [myl5

SESY 1,jEs SESY 1,jEs
<=1l (20) 70> [sI > (Gl + lmal3 < 1T — T2 B, 1Gif3 + [maf3).
seSY 1€S

By an identical argument B3 < |[0—ap|2Ey[|wil3+|m;[3]. Then to show B+ B,z = 0,(1),
suffices to show E,[|w;|3 + |mi|3 + [Gi[3) = O,(1). That E,[|lw;i|3 + [3:]3] = O,(1) was
shown in the proof of Lemma 8.14. Note E,[|m;|3] = E,[|llg; — Hyagw;|3] < 2E,[|Tlg;|3] +

2E,[|agw;|3] < 2[T3E,[|g:]3] + 2]ao|3En[|wi]3] = O,(1) since E[|g:|3] < oo by assumption.
Then B,,1+B,3 = 0,(1). Finally, consider B,,5. By the mean value theorem gi(é\)— g:(6p) =

ggf (éz)(g— 0o), where 0; € [f, 0] may change by row. Then we have

- 891
n7tY N (G — gilalmyle < 10— Bolo[T 0Tty Y |5 (Bi)l2myl2

SESY i,j€Es SESY i,j€s

o agz
S 10 = Ool2 || 2, [|89,( D)3+ [mal3] = 0p(1).
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The final equality follows since E,| %(9})@ = O,(1), as shown in the proof of Lemma
o

8.14. Then we have shown B,, = 0,(1), and A,
proof that v; — v] = 0,(1), and the proof of vy — V] = 0,(1), and vy9 — V9, = 0,(1) are
identical. O

(1) is identical. This completes the

8.9 Lemmas

Proposition 8.16 (Lévy). Consider probability spaces (2, Gn, Py) and o-algebras F,, C
Gn. Wesay A, € R? has A,|F, = A if o,(t) = E[e? 4| F,] = E[e?4|F,]+0,(1) for each
t € RY Ifg: R? — C is bounded, measurable, and P(A € {a : g(-) discontinuous at a}) =

0 then we have
Elg(A,)|Fnl = Elg(A)] + 0p(1). (8.2)

See Cytrynbaum (2021) for the proof.
Lemma 8.17. The following statements hold

(a) There exists yo € R%"*% solving E[Var(h|y)]y = E[Cov(h,a|y)]. For any solution,
we have E[Var(a — v,h|i)] < E[Var(a — v'h|)] for all 4 € RIn*de.

(b) Let Z = (Z,,Zy) a random variable with Var(Z) = FE[Var((a,h)|)] = ¥ and
define Z, = Z, —%Zn. Then COV(ZQ, Zp) = 0. In particular, if (Z,, Zy) are jointly
Gausstan, then Za 18 Gaussian with Za U 7.

Proof. In the notation of (b), it suffices to show Xpp7v0 = 3pe. If rank(X,,) = 0 then
Zy = ¢y as. for constant ¢, and ¥, = Cov(Z,,Z,) = 0. Then any v € R%*d jg
a solution. Then suppose rank(3,,) = r > 1. Let ¥, = UAU’ be the compact
SVD with U € R%*" and rank(A) = r, and U'U = I,. We claim Z, = UU'Z, a.s.
Calculate Var((UU' — I)Zy,) = (UU' — HUAU'(UU’" — I) = 0. Note that X,y =
Yhe <= Var(Z,)y = Cov(Zy, Z,) <= Var(UU'Z,)y = Cov(UU'Zy, Z,) —
UlVar(U' Z,)U'v—Cov(U' Zy, Z,)] = 0. Define Z;, = U’ Z;, and note Var(Z),) = U'UAU'U =
A = 0. Then let ¥ = Var(Z;,)~! Cov(Zy,a) so that Var(Z,)y — Cov(Zy, Z,) = 0. Then
it suffices to find v such that U’y = 4. Since U’ : R%* — R" is onto, there exists 7*
with U'y* = 4%, Then let 7§ € [v¥ + ker(U’)] and set vo = (7§ : k = 1,...,d,), so that
U'vo = 7. Then 3,70 = Xpe by work above. For the optimality statement, calculate

E[Var(a —v'h|¢)] = Xaa = Zary = 7' e + 7 Ern7 = Zaa — Zan(v = %0 +0)
— (7 =% +70) Bha + ¥V ZraT = Baa — 2% 800 — (Y = 70) Zha — Zan(y — 70)
+ By o< = (v = 70) rrvo — % Zmn (Y — %) + VY Enwy = (v — %) Zraro

— %2 (Y = 70) + 7V Zray + (v = Y0 + %) Enn(y — Y0 +%0)

= YoZmnY0 + (7 = 70) Zan (¥ — 70)-
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Then E[Var(a —~'hl)] — E[Var(a —v5h|¥)]) = (v —Y0) Zan(y — 7o) and for any a € R%
we have a/(v — v9) 2nn(y — v0)a > 0 since Yy, = 0. This proves the claim. Finally, we
have COV(ZQ, Zn) = Cov(Zy — %6 Zn, Zn) = Lan — Y62nn = 0. The final statement follows

from well-known facts about the normal distribution. O

Lemma 8.18 (SVD). Suppose ¥ € R™™ is symmetric PSD with rank(¥) = r. Then
Y =UAU' for U € R™" with U'U = I, and A diagonal.

Proof. Since ¥ is symmetric PSD, there exists B'B = 3 for rank(B) = r. Let VAU’
be the compact SVD of B, with A diagonal. Then ¥ = B’'B = UA?U’ = UAU’ with
UvU = 1I,. O

Lemma 8.19. Consider probability spaces (2, Gn, P,) and o-algebras F,, C G,. Suppose
0<A,<B<ooand A, = 0,(1). Then E[A,|F,] = 0,(1).

Proof. For any € > 0, note that E[A,|F,] = E[A,1(A, <¢€)|F,] + E[A1(A, > €)|F,] <
¢ + BP(A, > €|F,). We have E[P(A, > €|F,)] = P(A, > ¢) = o(1) by tower law and
assumption. Then P(A, > €|F,) = o0,(1) by Markov inequality. Then we have shown
E[A,|F,) < e+T,(e) with T,,(e) = 0,(1). Fix 6 > 0 and let € = §/2. Then P(E[A,|F,] >
§) < P(6/2+T,(8/2) > §) = P(T,,(6/2) > 6/2) = o(1) since T,,(§/2) = o,(1). Since o
was arbitrary, we have shown that E[A,|F,] = 0,(1). O

Lemma 8.20. A, = O,(1) < A, = 0,(c,) for every sequence ¢, — oco.

Proof. It suffices to consider A,, > 0. The forward direction is clear. For the backward
direction, suppose for contradiction that there exists ¢ > 0 such that sup,; P(4, >
M) > € for all M. Then find nj such that P(A,, > k) > € for each £ > 1. We claim
ng — 00. Suppose not and liminfy ny < N < oo. Then let k(j) — oo such that gy < N
for all j. Choose M’ < oo such that P(A, > M') < e for all n = 1,...N. Then for
k(j) > M’ we have P(A > k(j)) < P(A
Then apparently lim, n, = 4+00. Define Z; = {i : i > j}. Regard the sequence ny; as

> M’) < €, which is a contradiction.

"k(3) "k(4)

map n : N — N. For m € Image(n), define n'(m) = minn='(m). It’s easy to see that

nt(my) — oo for {my}r C Image(n) with mj — oo. Then write

sup P(A,, > k)= sup sup P(A,>a)< sup P(A, >n'(m))
k>j men(Z;) aen—1(m) men(Z;)

Note A, /n'(mi) = o0,(1) by assumption for any {my;}, C Image(n) with m; — oo.

Then we have

limsup P(A,, > k) = limsup P(4,, > k) =lim sup P(A,, >n'(m))=o(1).
k I k>j J men(Z;)

This is a contradiction, which completes the proof. O
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Proof of Lemma 8.5. The first set of statements since () = P on F,, by definition. Let
c= P(Z, € T, with ¢ > 0 by assumption. Define S,, = {P(Z, € T,,|F,) > ¢/2}. Then by
Lemma 8.5, P(Z, € T,|F,) 2 P(Z, € T) = ¢, so P(S,) — 1. We have the upper bound

P(Bn,In S Tn|fn)
P(Z, € T,|F,)

]l(Sn>Q(Bn|~Fn) = ]I(Sn)P<Bn|In € Tmfn) = ]I(Sn)

< (¢/2)""(S,)P(B,, T, € T,|F,) < (¢/2) ' P(B,|F,).

The first equality by definition of (). The first inequality by the definition of S,,. The
final inequality by additivity of measures. Then for r, = (1 — 1(S,))Q(B,|F,), we have
Q(B,|Fn) = 1(S,)Q(By|Fp) + rn. Note that |r,| < 1 and 7, 2 0, so Eg[r,] = o(1) by

modes of convergence. Then expand Q(B,) as

EQlQ(By|Fn)] = EQ[L(Sn)Q(Ba|Fn)] + Eqlra] < (¢/2)7' Eq[P(Bu|Fy)] + o(1)
= (¢/2) " Ep[P(Bu|Fu)] + o(1) = (¢/2) ' P(B,) + o(1).

The second equality follows from part (a), and the final equality by tower law. The o,(1)
results follow by setting B,, = {R,, > €}. The O,(1) results follow by the 0,(1) statement
and Lemma 8.20. O
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