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Abstract

This paper studies a two-stage model of experimentation, where the researcher
first samples representative units from an eligible pool, then assigns each sampled
unit to treatment or control. To implement balanced sampling and assignment,
we introduce a new family of finely stratified designs that generalize matched pairs
randomization to propensities p(z) # 1/2. We show that two-stage stratification
nonparametrically dampens the variance of treatment effect estimation. We for-
mulate and solve the optimal stratification problem with heterogeneous costs and
fixed budget, providing simple heuristics for the optimal design. In settings with
pilot data, we show that implementing a consistent estimate of this design is also
efficient, minimizing asymptotic variance subject to the budget constraint. We
also provide new asymptotically exact inference methods, allowing experimenters
to fully exploit the efficiency gains from both stratified sampling and assignment.
An application to nine papers recently published in top economics journals demon-
strates the value of our methods.
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1 Introduction

Randomized controlled trials (RCTs) are now common in economics research, with thou-
sands of active experiments in the AEA RCT registry spanning a wide range of fields. A
key objective of experimental design is to reduce the variance of treatment effect estima-
tion, helping applied researchers make the most efficient use of their limited resources.
One way to do this is by covariate-adaptive treatment assignment, which balances ob-
served covariates between the treatment and control group at design-time. This paper
contributes to theory of covariate-adaptive treatment assignment, but also models a new

dimension of experimental design: the selection of the experimental participants.

The selection of participants, also known as the sampling frame, is an important
step in designing an experiment. For example, Abaluck et al. (2021) run an experiment
to estimate the effect of mask distribution on covid infection rates in Bangladesh. From
a pool of 1000 eligible villages, they first randomly sample 600 to be included in the
experiment, then assign the sampled villages to various interventions that promote mask
usage. Similarly, Breza et al. (2021) estimate the effect of Facebook ads discouraging
holiday travel on covid infection rates. Since their budget for running ads is finite, they
first sample a small set of counties in which to run ads and collect outcome data, then
randomly assign these sampled counties to low or high intensity of treatment. We show
how to increase the efficiency of treatment effect estimation by sampling experimental
units that are representative of the broader target population, and provide new inference

methods that take full advantage of these precision gains.

To do so, this paper introduces a new family of finely stratified randomization pro-
cedures that can be used for both representative sampling of the experimental units and
finely balanced treatment assignment. When used for assignment, our method general-
izes the principle of matched pairs randomization to propensities p(z) # 1/2, allowing
discrete or continuous stratification variables in general dimension. The basic building
block is a new algorithm that matches the experimental units into homogeneous groups
of k£ by minimizing an objective function directly linked to estimation efficiency. This
matching algorithm also enables finely stratified sampling of the experimental partici-
pants. For example, suppose 1000 people respond to an advertisement to participate
in an experiment, but the experimental budget only allows for 200 participants. Using
observed covariate information, we match the units into homogeneous 5-tuples, sam-
pling ¢ = 1/5 of the units in each tuple to participate, uniformly at random. By finely

representing the distribution of treatment effect heterogeneity in the population into



our smaller experiment, this sampling procedure reduces the variance due to treatment
effect heterogeneity. More generally, we provide finely stratified designs implementing

heterogeneous sampling propensities ¢(x).

We study a two-stage procedure that (1) samples participants then (2) assigns treat-
ments to the sampled units, using finely stratified designs at both stages. Under finely
stratified treatment assignment alone, the difference-of-means estimator ¥ ~ 1 4+ D
achieves the Hahn (1998) variance bound for the average treatment effect (ATE), ef-
fectively doing nonparametric regression adjustment “by design.” Our analysis shows
that finely stratified sampling provides an additional nonparametric variance reduction,
dampening the variance due to treatment effect heterogeneity. In particular, represen-
tative sampling makes this variance component scale with the the number of units we
sample from, rather than the smaller true experiment size, boosting the effective sample
size for this component of the variance. Extending recent results in Bai (2022), we char-
acterize the optimal stratification variables for sampling and assignment, showing that
for sampling one wants to stratify on covariates that are most predictive of treatment
effect heterogeneity. In an extension, we also study estimation of the sample average

treatment effect (SATE) over the eligible population using design-based asymptotics.

Building on these asymptotic results, we formalize and solve an optimal design prob-
lem with fixed experimental budget and heterogeneous costs. In development economics,
the cost of including a village in an experiment can vary widely based on observable char-
acteristics such as its distance from the urban center, village size and so on. This forces
applied researchers to choose a tradeoff between sample size and sample representative-
ness when they select where to experiment. We propose a new formalization of this
tradeoff, deriving the jointly optimal sampling intensity ¢*(x) and assignment propen-
sity p*(z) under finely stratified randomization. Our results provide simple heuristics
for optimal sampling of the experimental units, analogous to classical results on sample
allocation for coarsely stratified survey design (Cochran (1977)). Under homoskedas-
ticity, for instance, the optimal sampling propensity ¢*(z) oc C(z)™"/2, where C(z) is
the cost of including a unit of type X = x in the experiment. We show that an oracle
design that implements discretizations of ¢*(x) and p*(x) using fine stratification mini-
mizes the asymptotic variance of our estimator over all stratified designs, subject to the

experimental budget constraint.

We also briefly investigate exact optimality in finite samples. For fixed propensity

p = 1/2, we prove that the globally optimal covariate-adaptive randomization takes the



form of a novel “alternating design”, assigning a certain optimal allocation vector (d)?_,
and its mirror image (1—d)"_; each with probability 1/2. The optimal allocation (d})_;
solves the well-known Max-Cut graph partitioning problem (Rendl et al. (2008)), with

edge weights related to the smoothness of the outome functions.

We apply our optimal stratification results to the problem of two-wave design using
data from a pilot experiment, providing the first fully efficient solution to this problem.
The basic idea is to estimate the optimal sampling and assignment propensities ¢*(x)
and p*(x) using the pilot, then implement these estimates in the main experiment using
fine stratification. Under large pilot asymptotics, this strategy is as efficient as the oracle
design, achieving the budget-constrained minimal asymptotic variance. We also provide
results under fixed pilot asymptotics, and briefly discuss potential robustifications. In
the case without sampling, the problem of design using a pilot has received considerable
attention in the recent literature, see for instance Hahn et al. (2011), Tabord-Meehan
(2022), and Bai (2022), and we give a detailed comparison with these results.

Finally, we provide novel asymptotically exact inference for the average treatment
effect under joint finely stratified sampling and assignment, using a collapsed-strata! type
estimator (Hansen et al. (1953)). These inference methods allow experimenters to fully
exploit the efficiency gains from both finely stratified sampling and assignment. The use
of non-constant sampling proportions ¢(z) produces discontinuities in the propensity-
weighted outcome functions, introducing new technical challenges relative to previous
work. Simulations and an empirical application to N = 9 papers recently published in

top journals in economics demonstrate the value of our proposed methods.

1.1 Related Literature

Our sampling model is related to the classical literature on survey sampling, e.g. as
surveyed in Cochran (1977) and Lohr (2021). Yang et al. (2021) propose a two-stage
design using rerandomization for both sampling and assignment.? Under rerandomiza-
tion, difference-of-means estimation is asymptotically slightly less efficient than ex-post
linear covariate adjustment. By contrast, we show that two-stage fine stratification is
asymptotically equivalent to nonparametric covariate adjustment for the imbalances in

both the sampling and assignment variables. Theorem 3.12 provides a formal equivalence

1See also Abadie and Imbens (2008) and Bai et al. (2021) for related results in the context of matched
pairs assignment.
2This work is contemporaneous with the original version of our paper in Cytrynbaum (2021).



statement.

For an overview of experimental design theory, see Rosenberger and Lachin (2016) or
Athey and Imbens (2017). A representative sample of recent work on stratified treatment
assignment includes Imai et al. (2009), Bugni et al. (2018), Fogarty (2018), Wang et al.
(2021), Bai et al. (2021), de Chaisemartin and Ramirez-Cuellar (2021), Bai (2022),
and Tabord-Meehan (2022). For treatment assignment, our work is most related to
Bai (2022), who introduces finely stratified designs for constant propensity p = a/k
and univariate stratification variables, with inference for the case p = 1/2. Aside from
stratification, other recent proposals for balanced treatment assignment include Kasy
(2016), Kallus (2017), Li et al. (2018), Krieger et al. (2019), and Harshaw et al. (2021).
We explicitly compare with some of these methods in Remark 3.4.

Our results on design using a pilot study is related to previous results in Hahn
et al. (2011), Bai (2022), Tabord-Mechan (2022), and Kasy and Sautmann (2021). We
provide detailed comparisons in Section 6 below. Our inference results are related to
the method of collapsed-strata in Hansen et al. (1953) and its modern variants studied
in Abadie and Imbens (2008) and Bai et al. (2021).

The rest of the paper is organized as follows. Section 2 introduces notation and
discusses our matching algorithm. Section 3 states our main asymptotic results, includ-
ing the equivalence with nonparametric adjustment. Section 4 formalizes and solves the
optimal stratification and finite sample optimal design problems. Section 6 discusses
design using a pilot study. Section 7 provides our inference methods. Our empirical

results are presented in Section 8, and recommendations for practice in Section 9.

2 Motivation and Description of Method

Consider running an experiment to estimate the average treatment effect (ATE). There
are n eligible units, with observed baseline covariates (X;) ;. We wish to sample pro-
portion ¢ € (0, 1] of these units to participate in the experiment. Denote T; = 1 if a
unit is sampled and T; = 0 otherwise. Sampled units are then assigned to treatment
or control D; € {0,1}. Let Y;(d) denote the potential outcome of unit ¢ for d € {0, 1}.



Since outcomes are only observed for participating units® we may write
Yi = TIDYi(1) + (1 — D)Yi(0)]

We focus on estimation and inference for the population ATE = E[Y (1) — Y (0)], model-
ing the n eligible units (X;, Y;(0), Y;(1))?, ~ F as an iid sample from a superpopulation
of interest. For example, the eligible units could be n = 1000 respondents to an online
advertisement to participate in an experiment with a budget constraint of 100 partic-
ipants. In this context, the variable T; € {0,1} models which of the n = 1000 units
we choose to include in the experiment. In some applications, the eligible units may
comprise the entire population of interest. For example, the units ¢ = 1,...,n may be
the entire population of villages in a country, which we sample to obtain the participat-
ing villages. To accommodate such applications, Section 10.1 in the appendix presents
design-based versions of our main results, targeting the sample average treatment effect
SATE = n~' " | Yi(1) — Y;(0) in the eligible population. Here, we define the SATE
over the entire eligible population ¢ = 1,...,n that we are allowed to sample from, not
just the smaller set of units that are chosen to participate in the experiment {i : 7; = 1}.

Our goal is to sample a representative subset of the eligible units and assign them to
treatment and control in a way that finely balances the baseline covariates (X;)?,. To
do so, we introduce a new family of finely stratified designs that generalize the principle
of matched pairs randomization to arbitary propensity scores p(z) = P(D = 1|X = x),
with continuous or discrete covariates in general dimension. We also use these new
designs for finely stratified sampling, allowing us to implement arbitrary heterogeneous
sampling propensities ¢(z) = P(T = 1|X = x), while finely balancing covariates between
the sampled and non-sampled units. The basic building block of our method is a matched
k-tuples design, which uses the baseline covariates to match units into homogeneous
groups of k, randomly assigning a out of k units in each group to 7' = 1 during sampling
or D = 1 during assigment. We formally define the method in the context of finely

stratified sampling in the next definition.

Definition 2.1 (Local Randomization). Let ¢ = a/k with ged(a, k) = 1. Partition
the eligible units into groups with |g| = k, so that {1,...,n} = (J, g disjointly. In
general, there may be one remainder group with |g| < k. Let ¢(X) € R? be a vector of

3If control outcomes are costlessly observed for all units, the sampling problem becomes trivial. We
still contribute novel assignment designs in this case.
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Figure 1: Sampling groups and variables for T3., ~ Loc(v, ¢) with ¢ = 3/8.

stratification variables, and suppose that the groups are homogeneous in the sense that

Y Y (X)) — 9 (X)]5 = 0p(1) (2.1)
9 4j€g

Require that the groups only depend on the stratification variable values 1., = (¥(X;))",
and data-independent randomness 7,, so that g = g(¢1.,,m,). Independently over all
groups with |g| = k, draw sampling variables (7;);c, by setting 7; = 1 for exactly a
out of k£ units, completely at random. For units in the remainder group with |g| < &,
draw T; iid with P(T; = 1) = a/k. We say that such a design implements ¢ locally with
respect to ¥(z), denoting T, ~ Loc(1, q).

Remark 2.2. Equation 2.1 was introduced in Bai et al. (2021) for matched pairs treat-
ment assignment, k = 2 (without stratified sampling). Bai (2022) justifies Equation
2.1 for p = a/k and dim(v) = 1 by stratifying on sorted covariate values. We extend
such results to multivariate stratification at both the sampling and assignment stages
(dim(v) # 1), deriving novel rates even for the classical case of matched pairs. In Section
3.2, we further extend this definition to allow T}., ~ Loc(v, ¢(v)), with non-constant
propensity ¢(1), characterizing the efficient ¢(¢)) in a model with heterogeneous sam-
pling costs in Section 4. Our theory uses novel asymptotics where group size k, and

number of propensity levels |L,| = [Image(q(-))| may grow with n.

7
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Figure 2: Assignment groups and variables for Dy, ~ Loc(i, p) with p = 3/4.

We discuss matching algorithms and their associated homogeneity rates in Section
2.1 below. Consider sampling and assignment propensities ¢ = a/k and p = a//k'. In

the rest of the paper, we study treatment effect estimation under a two-stage procedure:

(1) Sample eligible units 7., ~ Loc(¢, q).

(2) Assign treatments Dy., ~ Loc(1), p) to the sampled units {i : T; = 1}.

This two-stage procedure is illustrated in Figures 1 and 2, using data from an elec-
tion experiment in Turkey reported in Baysan (2022). Each color represents a different
group of units formed during sampling and assignment. For example, in Figure 1 we
form groups of size |g| = 8, randomly sampling 3 out of 8 units from each group to
“represent” that group in the experiment. The sampled units are shown in blue in the
figure on the right. In figure 2, we match the sampled units into groups of k' = 4,
assigning 3 out of 4 to D =1 in each group.

Section 3.2 presents the most general version of our method, allowing different
stratification variables v; and 1 to be used for sampling and assignment, as well as
varying sampling and assignment propensities ¢(z), p(z). Optimal choice of stratification
variables for sampling and assignment is discussed in Section 3. Our framework enables

unified asymptotics and inference for a wide variety of different designs, as shown in the

examples below.



Example 2.3 (Matched Tuples). Suppose n = 1000 individuals from a target popula-
tion sign up to participate in an experiment, providing basic demographic information
(X;)™,. There are only resources for 300 units to be enrolled, so ¢ = 3/10. Among these
300 units, p = 1/4 will be assigned to the more costly treatment and 3/4 to control. We
sample using the design T7., ~ Loc(¢, 3/10), which matches the 1000 eligible units into
homogeneous groups of 10 and randomly sets T; = 1 for 3 out of 10 units in each group.
We assign treatments D;.,, ~ Loc(v,1/4) to the ), T; = 300 sampled units, matching

them into homogeneous tuples of four and assigning 1 out of 4 in each tuple to D; = 1.

Example 2.4 (Complete Randomization). We say that variables T3, are completely
randomized with probability ¢ if T7., is drawn uniformly from all vectors ¢;., with t; =1
for exactly proportion ¢ of the units. Formally, we have P(T1., = t1.,) = 1/ (q’;) for all
such vectors. We denote T7., ~ CR(q) and Dy, ~ CR(p) for sampling and assignment,
respectively. Complete randomization may be obtained in our framework by setting ¢ =
1 and forming groups |g| = k at random, which automatically satisfies Equation 2.1. For
example, assigning 2 out of 3 units in each group to treatment gives a “random matched
triples” representation of complete randomization with p = 2/3. Proposition 9.15 in the
original version of this paper (Cytrynbaum (2021)) provides a formal equivalence result,

and our theory explicitly accounts for this extra randomness.

Example 2.5 (Coarse Stratification). The procedure in Definition 2.1 produces n/k
groups of k units that are tightly matched in ¢(X) space, suggesting fine stratification.
However, coarsely stratified designs with a fixed strata S(X) € {1,...,m} can also be
obtained in this framework by setting (X)) = S(X) and matching units with the same
S(X) value into groups at random. Coarse stratification was previously studied using
different methods in Bugni et al. (2018). We extend their results in Example 3.5 below,

allowing coarse stratification at both the sampling and assignment stages.

Remark 2.6 (Sampling Centroids). It’s also possible to reverse the order of our two-
stage procedure. For example, if ¢ = a/k and p = a’/k’ we can first match the eligible
units i = 1,...,n into groups of size k', forming the group centroids ¢, = (k') Zieg ;.
Next, we match these group centroids themselves into homogeneous groups of size k.
For each group of k£ centroids, we randomly sample a of the centroids, and their corre-
sponding groups of £’ units, into the experiment. Finally, we assign a’ out of k' units
in each sampled group to treatment. Intuitively, this procedure allocates more of the
finite “match quality” in the data set towards balanced assignment, making the assign-

ment groups as tight as possible. We conjecture that this procedure is asymptotically



equivalent to the one studied in this paper, but leave formal study to future work.

2.1 Matching Algorithms

One possibility is to treat the left hand side of Equation 2.1 as an objective function and
minimize it over all partitions of the units into groups of k. Denoting d(¢)) = dim(v)),
Theorem A.1 in the appendix shows that if F[|1)(X)|$] < oo for some o > d(¢)) + 1 then
the optimal groups satisfy

minn™ 303 [ = 0y} = Oyn¥ W) = o, (1) (2:2)

g i,j€g

If 4)(X) is bounded this becomes O,(n~2/(4¥)+1) sharpening the rate achieved under
a boundedness assumption in previous work on matched pairs (Bai et al. (2021)). For
k = 2, the optimal groups are computable in O(n?) time using an algorithm due to
Derigs (1988).* Efficient algorithms for computing the optimal groups for general k are
not available, and we expect the problem to be NP-hard.’

Iterative Matching - Instead of calculating the optimal partition, for £ > 2 we
iteratively apply Derigs’ algorithm to match units into larger groups. For fixed k, this
procedure can be shown to satisfy the same rate in Equation 2.2 above. There are many
ways to implement iterative pairing for each k. For example, £ = 5 can be obtained
by pairwise matching of 4-tuples to 1-tuples, or 3-tuples to 2-tuples and so on. This is
shown in the figure below, where each level of the tree represents a call to the optimal

pairing algorithm.

5 5
4/ \1 2/ \3
/N /N /N /N
2 2 1 0 1 1 2 1
I\ /A /A I\ /A /A /N
11 1110 10 1011 10

Before the jth algorithm call, we add a certain number of “empty centroids”, rep-
resented by the 0’s in the figure. We also prohibit certain types of matches in order to
guarantee the desired sequence of group sizes. For example, at the second level of the

tree on the left, we set the distance to +o00 between groups of size |g| = 2 and |¢'| = 1,

4We use the min-weight-matching implementation from the NetworkX 3.1 module in Python.
5See Karmakar (2022) for hardness results in a related problem.
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size |g| = 1 and |¢/| = 1, and size |g| = 0 and |¢/| = 0. There are many choices of
such cardinality trees for each k, not all of which can be feasibly implemented using
these type of constraints. We provide a canonical way of generating such sequences, as
well as the required constraints at each algorithm call, that is guaranteed to implement
the desired group cardinality k. Technical details are provided in Section 10.2 in the
appendix.

Large Experiments. This algorithm is highly tractable for small and medium
experiment sizes. For example, matching n = 500 units into 5-tuples takes 23 seconds on
a laptop computer, while n = 2000 takes about 24 minutes. However, larger experiments
quickly become intractable. For example, Domurat et al. (2021) has n = 87394, which
would take about 3.8 years to match using the algorithm described above. To enable
fine stratification in larger experiments, one possibility is to exploit the global shape of
the baseline covariate data to rule out matches between distant units. To do so, let vy
be the first principal component of the stratification variables (¢;)?_, and consider the

following procedure:

(1) Partition (¢;)", into K folds by (1/K)th quantile of the sorted projections v};.

(2) Separately in each fold, run the iterative Derigs (1988) procedure above.

Intuitively, we use the first principal component to sort units by their projection
along a natural “direction” through the dataset. This exploits the idea that good matches
are unlikely between non-adjacent folds: Figure 4 in the appendix gives a visual rep-
resentation. By parallelizing over K = 80 folds, a dataset of size n = 87394 can be
matched about 5 minutes. The original version of our procedure and this “PCA folds”
version are asymptotically equivalent for fixed K. We focus on the original version in
the theory that follows.

3 Asymptotic Theory

This section contains our main asymptotic results, showing nonparametric efficiency
gains from both finely stratified sampling and assignment. First, we state our main

assumption.

Assumption 3.1. The moments E[Y (d)?] < oo for d = 0,1 and E[[¢(X)|$] < oo hold
for some a > dim(¢)) + 1.

11



Previous work on fine stratification has required Lipschitz continuity of the outcome
function E[Y (d)](X) = ¢] and variance Var(Y (d)|y(X) = v), as well as boundedness
of the stratification variables 1/(X).® We provide a novel technical analysis that allows

all of these assumptions to be removed.

Estimation. Let 0 be the regression coefficient on D; in Y; ~ 1 + D;, estimated
in the sampled units {i : T; = 1}. This is just the usual difference-of-means estimator.
Before continuing to our asymptotic results, we state a variance decomposition for 0 that
will be used extensively in what follows. Let ¢(¢) = E[Y (1) — Y (0)[t)(X) = 9] denote
the conditional average treatment effect (CATE) and 03(¢)) = Var(Y (d)|(X) = 1) the

heteroskedasticity function. Define the balance function
1—p\ 2 p \2
b = Bl (SF) 4 Bvoweol ()L e

Suppose that sampling and assignment are both completely randomized, T}., ~
CR(q) and Dy, ~ CR(p), as in Example 2.4. Let ny = Y. T; denote the experiment
size. Our work shows that , /nT(é\— ATE) = N(0,V) with variance

V = Var(c(v)) + Var(b(¢;p)) + E {U%](;/}) + ig(wg] : (3.2)

We think of the first term as the variance due to treatment effect heterogeneity,

in particular, the heterogeneity predictable by the stratification variables. The second
term is the variance due to random assignment, which arises from the chance covari-
ate imbalances between treatment and control units created by complete randomization
Dy, ~ CR(p). The results in the next section show how stratified sampling and assign-

ment nonparametrically dampen the each component of this variance expansion.

3.1 Constant Sampling and Assignment Propensities

In this section we state a central limit theorem for ATE estimation for the simplest case
where the sampling and assignment propensities ¢ = a/k and p = a//k’ are constant.
This result quantifies the efficiency gains from stratification in each stage of the design.
Remarks 3.7 and 3.9 draw connections between our findings and classical results on semi-

parametric efficiency in the analysis of observational data. Section 3.2 below provides

6For example, see Bai et al. (2021), Bai et al. (2023).
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the most general version of the results in this section.

Theorem 3.2. Require Assumption 3.1. If sampling and assignment designs are locally
randomized 1., ~ Loc(¢,q) and Dy.,, ~ Loc(v,p), then ,/nT(é\— ATE) = N(0,V)

ai(¥) | o3(y)
p T 1—19]

V =qVar(c(v))) + E {

Comparing to Equation 3.2 above, the variance component Var(b(1); p)) due to co-
variate imbalance between the treatment arms is now asymptotically negligible. The
variance due to treatment effect heterogeneity Var(c(v)) is now dampened by the sam-
pling proportion ¢ € (0,1]. To see why, observe that the normalization \/m(é— ATE)
effectively holds the experiment size ny constant as we vary ¢q. Holding ny constant, the
number of eligible units n ~ ny/q grows as ¢ — 0. For small ¢, there are many eligible
units to sample from, allowing us to choose a highly representative sample of experi-
mental participants. Our theory shows that this reduces the variance due to treatment
effect heterogeneity that is predictable by the stratification variables. Another way to
understand this is that under finely stratified sampling, the first variance component
scales with the larger size n of eligible units, rather than the true experiment size ny.

This effectively “boosts” the experiment size for this component of the variance.

Example 3.3 (Matched Tuples). In Example 2.3 above, we sampled nr = 300 of
n = 1000 eligible units using the stratified design T}., ~ Loc(v, ¢) with ¢ = 3/10. Next,
we assigned 1/4 of the sampled units to treatment by D;., ~ Loc(¢,1/4). Theorem 3.2
shows that under this design \/ﬁ(@\ — ATE) = N(0,V) with asymptotic variance

7o) , ).

+

V = (3/10) Var(c(¢)) + E { 1/4 3/4

Nonparametric Regression by Design. If ¢ = 1 or sampling is completely
randomized T}., ~ CR(q)” then the asymptotic variance in Theorem 3.2 is
ot (1) o%@)}

V:Var(c(w))—l—E[ ) + -

This is exactly the Hahn (1998) semiparametric variance bound for ATE with iid ob-

servations (Y, D,v(X)).2 We achieve the semiparametric variance bound with a simple

"The latter statement follows from the more general results in Section 3.2.
8Recent work in Armstrong (2022) shows that this efficiency bound also holds in settings with

13



difference-of-means estimator, without the need for nonparametric re-estimation of the
known propensity (Hirano et al. (2003)) or covariate adjustment with well-specified out-
come models (Robins and Rotnitzky (1995)). We can interpret this result as saying that
finely stratified treatment assignment D;., ~ Loc(v),p) does nonparametric covariate

adjustment “by design.” See Theorem 3.12 below for a more formal equivalence result.

Representative Sampling. If sampling is locally randomized Ti., ~ Loc(v,q),
then the variance due to treatment effect heterogeneity decreases from Var(c()) to
g Var(c(e)). In this case, V' can be strictly smaller than the classical semiparametric
variance bound. Intuitively, by using the additional covariates (1(X;))’, to select a
representative sample, we finely represent the distribution of treatment effect levels
(c(;))i; in the larger eligible population into our experiment. More formally, consider
an oracle setting where we observe the treatment effect level ¢(v);) for each sampled unit
T; = 1, estimating the ATE by the sampled average 6 = (1/ng) ", Tie(;). Our analysis
shows that if 77., ~ Loc(¢), ¢) then

(1/n7) Z Tic(vi) = Bule(i)] + 0p(n”1/?).

Because of this, the sampled average (1/nr) >, Tic(1);) behaves like the infeasible average
E,[c(v;)] over all eligible units, including those not sampled into the experiment. This

nonparametrically dampens the variance due to treatment effect heterogeneity from
Var(c()) to ¢ Var(c(y)) for g € (0, 1].

Remark 3.4 (Comparison with Other Designs). For the case without sampling, we can
compare our results on fine stratification to other covariate-adaptive assignment designs.
Li et al. (2018) shows that under rerandomized treatment assignment, g is asymptot-
ically (almost) as efficient as interacted linear regression adjustment, effectively doing
linear regression “by design.” Bugni et al. (2019) show that coarsely stratified assignment
(X) € {1,...,m} is asymptotically equivalent to an interacted linear regression ad-
justment that includes all strata indicators as covariates. Harshaw et al. (2021) suggest
a novel Gram-Schmidt walk design with MSE bounded by a quantity related to linear
ridge regression. By contrast, we show that the fine stratification D;.,, ~ Loc(v, p) does

nonparametric regression adjustment by design.

Extending Bugni et al. (2019), the next example proves an equivalence between

covariate-adaptive randomization, including the designs considered here.
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coarse stratification and linear regression adjustment in the case where sampling and

asignment are both coarsely stratified.

Example 3.5 (Coarse Stratification). If Ty, ~ Loc(S,q) and Dy, ~ Loc(S,p) for
a fixed stratification S(X) € {1,...,m}, Theorem 3.2 shows that w/nT(g— ATE) =
N (0, Vs) with variance

(3.3)

Vs = qVar(c(9)) + E [0%(5) + 08(3)} :

D I—p

Alternatively, suppose sampling T3, ~ CR(q) and assignment D;.,, ~ CR(p) are
completely randomized (Example 2.4), and we instead estimate the ATE using ex-post
linear adjustment for the covariate imbalances due to both sampling and assignment.
To define the adjustment, let z; = (1(S; = k));"-;' denote leave-one-out strata indicators
and their de-meaned versions Z; = z; — E,[z|T; = 1]. Consider the linear regression
Y ~1+ D+ 2+ Dz and let 7 denote the coefficient on D and B the coefficient on DZ.
Define the sampled covariate mean zZp—_; = FE,[z|T; = 1] and eligible covariate mean

zZ = F,[z] and consider the doubly-adjusted estimator

-~

Ougj =T — B'(Zr=1 — 2). (3.4)
We study this estimator in the next theorem.

Theorem 3.6 (Regression Equivalence). Assume E[Y (d)?] < oo and P(S =k) > 0 for
all k € [m). If Tyn ~ CR(q) and Dy, ~ CR(p) then /iy (Baq; — ATE) = N(0, Vs) with

Vs the coarsely stratified variance in Equation 3.5.

This result shows that under coarsely stratified sampling and assignment, the simple
difference-of-means estimator @ behaves like the doubly-adjusted estimator gadj under
complete randomization. Theorem 3.12 in the next section generalizes this example to
the case of fine stratification and nonparametric double adjustment for both sampling
and assignment imbalances. The remainder of this subsection provides more intuition
for Theorem 3.2, connecting our results on fine stratification to the previous literature

on semiparametric efficiency.

Remark 3.7 (Efficient Influence Function). Consider expanding the difference-of-means
estimator 6 about the efficient influence function for the ATE. Denote the nonparametric

regression residuals ¢/ = Y;(d) — E[Y;(d)|¢;]. Under locally randomized sampling and
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assignment

~ Dje! 1—D,)é
0 = Eulc(vy)] + B, | =t + ( 0 _p)ez T, = 1}
+ Cova(Ti, c(vhi)) /q + Covi(Di, (1i)| Ty = 1) /¢, + Op(n ™).
San?gling Assig‘nrment
If T, =1fori=1,...,n then the first two terms are exactly the efficient influence func-

tion for the ATE. The third term is the estimator error due to correlation between the
sampling variables T; and treatment effect heterogeneity ¢(1);) among the eligible units.
The fourth term is the estimator error due to correlation between treatment assignments
D; and outcome heterogeneity among the sampled units. Without stratification, the
chance covariate imbalances produce by randomization contribute non-negligible asymp-
totic variance, and the errors \/n Cov, (T}, ¢(v;)) = N(0,v) with v > 0. By contrast,
we show that if T3, ~ Loc(¢, ¢) then the sampling errors \/n Cov,(T;, F(¢;)) = 0,(1)
for any function E[F(¢))?] < oo, and similarly for the assignment term. Because of this,
the unadjusted estimator 0 is first-order equivalent to the efficient influence function for
the ATE under local randomization if ¢ = 1. If ¢ < 1, the situation is even better, and

the first term behaves like the infeasible average E,[c(1);)] over all eligible units.

Remark 3.8 (Table One). Applied researchers often report tests of covariate balance in
“table one.” Consider testing for balance of a covariate F'(¢;). One common approach is
to report a p-value for the test that 5 = 0 in the regression F'(¢;) = a + BD; + ¢;, using
the normal limit /73 = N(0,v). By contrast, if Dy, ~ Loc(i, p) then /nf = 0p(1)
for any covariate E[F(1))?] < oo, showing that the level of such a test converges to
zero. Intuitively, this shows that fine stratification with respect to 1(X) balances any

square-integrable transformation F(¢) to order o,(n~'/2).

Remark 3.9 (Realized Propensity Score). For any set A with P(¢) € A) > 0 define the
realized sampling proportions in A by g4 = E,[T;|¢; € A]. If sampling is completely ran-
domized, the discrepancy between expected and realized propensities ¢—qs = Op(n_l/ 2),
so that ¢ is implemented with errors of order 1/4/n. This is illustrated in Figure 3, where
the realized sampling and assignment propensities widely diverge from their nominal lev-
els in certain regions of the space. Such fluctuations of g4 about ¢ increase estimator
variance. One way to fix this problem is to nonparametrically re-estimate the real-

ized sampling and assignment proportions ¢(¢’) and p(¢)) everywhere in the space, as in
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Figure 3: Covariates ¢; ~ Unif([0,1]?), n = 1000 and sampling and assignment propen-
sities ¢ = 1/5 and p = 2/3. For complete randomization, the realized propensities
(Remark 3.9) widely diverge from ¢ and p in certain parts of the space.

Hirano et al. (2003), using the propensity weighting

T,(D, — p)Y;
)G~ ()

For experiments, we provide a simpler solution, showing that fine stratification gets

é\ipw = En

the realized propensities right at design-time. In particular, our analysis shows that if
Ty., ~ Loc(1, q) then the gap between the realized and target propensities ¢ — qa, =
0,(n~/2), even for a shrinking sequence of sets with P() € A,) — 0 slowly enough.
Because of this, we think of the design 77., ~ Loc(¢, ¢) as a “local” implementation of

the propensity ¢ with respect to ¥(X).

3.2 Varying Sampling and Assignment Propensities

This section describes the most general version of our method, providing finely strati-
fied designs with heterogeneous sampling and assignment proportions ¢(z), p(z). The
asymptotics developed in this section allows us to formulate and solve the problem of

optimal stratification with heterogeneous costs in Section 4 below.
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First, we formally define the procedure. Suppose that ¢(z) € {a;/k; : | € L} for
some finite index set L. Similarly, suppose p(z) € {a;/k] : | € L'} with |L'| < co. Ex-
tending our definition, let 7}., ~ Loc(v, ¢(x)) denote the following double stratification

procedure:
(1) Partition {1,...,n} into propensity strata S; = {i : ¢(X;) = a;/k}.
(2) In each propensity stratum S;, draw samples (7;);es, ~ Loc(¢, a;/k;).

Equivalently, we partition each propensity stratum S; into groups g C S of size k;

such that S; = | | _; ¢ and the homogeneity condition

9geG;
n! Z Z |ty — yl5 =n~" Z Z Z |thi — ;|5 = 0,(1)
g ij€yg I gegyi,jeg

In practice, we simply run our matching algorithm separately in each propensity stratum
Si, and draw (75);e, ~ CR(a;/k;) independently for each g € G;. Treatment assignment
D1., ~ Loc(¢,p(x)) is defined identically, partitioning only the units {i : T; = 1}

sampled into the experiment.

Example 3.10 (Budget and Welfare Constraints). Consider a village level experiment,
where collecting outcome data is either high cost H or low cost L, depending on village
proximity and labor costs. Due to budget constraints, we decide to sample ¢(L) = 1/2 of
the low cost villages but only ¢(H) = 1/10 of the high cost villages. To do so, we match
the high cost villages into 10-tuples and the low cost villages into pairs using publicly
available covariates 1. We randomly sample one village from each 10-tuple and one
from each pair. Before assigning treatments, we collect additional survey covariates 1
in each sampled village T; = 1. We label the sampled villages as those likely to benefit
most M and least L from the intervention according to our prior. Local policymakers
insist on the targeted assignment propensity p(M) = 2/3 and p(L) = 1/3. We implement
this assignment propensity using matched triples on 15, assigning D = 1 to 2/3 of the
villages in each M-type triple and 1/3 in each L-type triple.

Before stating our main result, we extend the definition of our estimator to accom-

modate varying propensities. Define the double IPW estimator

q(¢i)p(s)

_ {ﬂ&ﬁ}__nLEG—QWE} (3.5)

0 = E, (Vi) (1 = p(3s))

18



If p(x) = p and ¢g(z) = ¢ are constant, then By = 6 + Op(n~'), where f is the

9 Then abusing notation

difference-of-means estimator studied in the previous section.
we denote both estimators by 6. The following theorem gives our asymptotic results
for fine stratification with varying propensities, extending the fixed propensity results
in Theorem 3.2 above. We begin with the special case ¥; = 1 = ¢ and ¢ = ¢(¢),

p = p(v), all non-random.

Theorem 3.11 (CLT). Suppose Assumption 3.1 holds. Assume sampling and assign-
ment Ty, ~ Loc(¥, q(1)) and Dy, ~ Loc(ib, p(¥)). Then /nr(6 — ATE) = N(0,V)

TR ERE I

If ¢ = 1 then this is exactly the Hahn (1998) semiparametric variance bound for
ATE with iid observations (Y, D, (X)) and propensity p(¢)). This shows that under
fine stratification the population IPW estimator is already semiparametrically efficient,
with no need to nonparametrically re-estimate the known propensities ¢(¢) and p(¢))
as in Hirano et al. (2003). Next consider the efficiency gain from stratified sampling.
The overall sampling proportion nr/n has ny/n = E[q(¢)] + 0,(1). Then defining g =
E[q(1)], local randomization reduces the variance due to treatment effect heterogeneity

from Var(c(v)) to g Var(c(y)) for g € (0, 1], just as in the constant propensity case.

Regression Equivalence. Theorem 3.11 shows that if ¢ = 1 then difference-of-
means is semiparametrically efficient. To the best of our knowledge, no such efficiency
bound is available for joint finely stratified sampling and assignment 77.,, ~ Loc(v, ¢(1))
and Dy, ~ Loc(¢,p(v)) with ¢ # 1. Instead, we show a direct equivalence between
unadjusted estimation under fine stratification and nonparametric regression adjustment
under an iid design. In particular, the asymptotic variance V' above is the same as that
achieved by a doubly-robust estimator that adjusts for covariate imbalances during both
sampling and assignment. To state the result, consider regression estimators mgy(1)) for
mq(v) = EY (d)]¢]. Define the doubly-augmented IPW (2-AIPW) estimator

TiD;(Y: — i (¥:)  Ti(1 — Di)(V; —

o ) 7o (1))
oy = Enliin (i) = Fo(Y)] + Bn | == 0/ a(@) (1 = p(v))

@ldj adjusts for covariate imbalances due to both sampling and assignment. We im-

9This is because E,,[D;] = p+ O(n~1) for stratified designs. It would be false for D; £ Bernoulli(p).
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plement the estimator using cross-fitting, similar to Chernozhukov et al. (2017). See the
proof for details. If ¢ = 1 this reduces to the familiar AIPW estimator for the ATE. The
next result provides an equivalence between doubly-robust nonparametric adjustment

under an iid design and unadjusted estimation under a finely stratified design.

Theorem 3.12 (Regression Equivalence). Require Assumption 3.1. Suppose the es-
timators |mg — mglay = 0,(1) are well-specified and consistent. If the design is id
E%Bernoulli(q(zﬂi)) and D; 1rl\slBernoulli(p(wi)) then w/nT(é\adj — ATE) = N(0,V) with

the variance V' the same as under fine stratification in Theorem 3.11.

Intuitively, Theorem 3.12 shows that finely stratified sampling and assignment
makes the unadjusted estimator 0 as efficient as a more complicated estimator that
adjusts nonparametrically for covariate imbalances during both sampling and assign-

ment.

Estimated Design Variables. We wish to formally accommodate the case where
design variables 1, ¢(¢), p(¢)) are estimated using previously collected data. To do so,
define the random element ¢ 1L (X;,Y;(1),Y;(0))", and let ¢ = (X, &), p = p(¢, ),
and ¢ = ¢(¢,&). For example, we could let & = (Mmg)a—o1 be regression estimates of
mq(x) = E[Y(d)|X = z] from a pilot experiment and set (X, &) = (mo(X), m1(X)).
Define c(¢,€) = E[Y (1) — Y(0)|¢,€] and o2(¢,€) = Var(Y(d)[s,€). The proof of
Theorem 3.11 shows that if 71, ~ Loc(¢,q(v,€)) and Dy, ~ Loc(i, p(¢,€)) then
V(0 — ATE)|¢ = N(0,V(€)) with conditional asymptotic variance

Vi = Bl (Va0 + 8 [ (T - 12t )]) w0

All expectations and variances are conditional on £&. The inference methods provided
in Section 7 are asymptotically exact conditional on £. Note that marginally over both

our experiment and the previous data &, the estimator is asymptotically mixed normal
V7 (0 — ATE) = Z, where Z has characteristic function Elexp(—t*V (£))].1°

Collecting Data After Sampling. In practice, experimenters may want to use
different stratification variables 1), for sampling and 5 for assignment with ¥ # 1.
For example, 1y may include publicly available administrative data, while 15 includes
additional survey covariates collected after sampling units into the experiment. To

accommodate this, next we state our most general version of Theorem 3.11. Suppose

10This mixed normal limit was also observed by Cai and Rafi (2023) in a setting with iid treatments.
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Assumption 3.1 holds and let sampling and assignment 7., ~ Loc(¢1, ¢(z)) and Dy, ~

Loc(thg, p(x)). If q(z) = q(1)1), require 1; C 1hy. Otherwise, require (¢,q) C 1. Then
,/nT(g— ATE) = N(0,4V) with ¢ = F[q(X)] and asymptotic variance V = Vj 4+ 1}

%:Var(c(X))+E[ . (U%(X)+ %(X) )}

¢(X) \ p(X) — 1—=p(X)
N Rl (C.9 RV L var
Vo £ [ AN (0 un)| + B | Valb(Olnp)| (3)

The variance V' does not have a simple form like in the special cases considered above if
1 # y. Instead, we expand V relative to the efficient variance V;, which we conjecture
is the semiparametric efficiency bound in this setting. If ¢y = 1y = ¢, and ¢ = ¢(¢),
p = p(v) then V' can be rearranged into the form in Theorem 3.11. The requirement that
the stratification is increasing!! 1; C 1)y is subtle. We defer this technical discussion to

Remark 10.1 in the appendix.

Optimal Stratification Variables. Inspecting the variance V5 in Equation 3.7
shows that the minimal dimension efficient stratification variables are 1] = ¢(X) and
¥y = (c(X),q(X),b(X)). In this case, V5 is identically zero, and V' = V, the conjectured
semiparametric efficiency bound. We include ¢(X) in ¢} to satisfy the subvector condi-
tion (11, q) C q. If q(x) = q(¢1), we can just take 15 = (¢(X), b(X)) under the weaker
condition ¥; = h(1y) for some measurable h. In practice, these optimal ¥} and v} are
not known. This suggests letting v (X) be a small subvector of the baseline covariates
expected to be most predictive of treatment effect heterogeneity, and 19(X) a subvector
expected to be predictive of outcomes.'? If ¢(X) = F(1;(X)) for some function F, then
the choice 11 (X) is asymptotically optimal. If none of the baseline covariates predict
treatment effect heterogeneity, so that ¢(X) is constant, then completely randomized
sampling with ¢ = 1 is efficient. We discuss pilot estimation of ¥} and v in Section
6.2.

Remark 3.13 (Curse of Dimensionality). Setting 11(X) = 19(X) = X in Equation 3.7
also minimizes the asymptotic variance V. However, there is a curse of dimensionality
when matching on many baseline covariates. In particular, our analysis shows that
if F]Y(d)|X = x| is Lipschitz continuous, then the finite sample variance converges
to the asymptotic limit at rate n Var(d) = V + O, (n=2/(dm)+D) “which may be slow

HTn fact, we just require that ¢; = h(1)2) for a measurable function h.
12Since b(X;p) < E[Y (1)|X]/p + E[Y (0)|X]/(1 — p), we should prioritize predicting outcomes in the
arm assigned with lowest probability.
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even in moderate dimensions. Because of this, for fixed n the variance Var(f) may
be U-shaped in the dimension of the stratification variables, since matching on many
irrelevant variables reduces match quality on the relevant variables. This motivates the

search for stratification variables ¥ (z) and () of small dimension that minimize V.

Remark 3.14 (Sampling Subordinate Assignment). Suppose the sampling propensity
q is constant, p = 1/2 and consider a matched pair ¢ = {i,j} formed during treat-
ment assignment. For a well-matched pair with [¢; — ;]2 small, the balance function
difference |b(1);) — b(¢);)| will also be small as long as b(¢)) is continuous. This can be
shown to reduce the variance due to random assignment. However, if sampling propen-
sity ¢(10) is not constant, then estimator variance is determined instead by the weighted
balance function b(v))/q(¢). If q(¢;) # q(v;), e.g. because ¢ and j lie just across the
boundary between different sampling propensity strata, then the weighted difference
1b(10:)/q(¢i) — b(1;)/b(1;)| may be large even if |¢; — 1|2 is small. Such boundary ef-
fects are asymptotically negligible, as shown by our theory, but can significantly inflate
finite sample variance in small experiments with many sampling strata and highly pre-
dictive covariates. One way to prevent this issue is to match units separately within
each sampling stratum {7 : ¢(¢;) = a/k} at the assignment stage. We implement this

modification in our empirical application in Section 8 below.

4 Optimal Stratified Designs

In this section we formulate and solve the problem of optimal stratification in sur-
vey experiments, characterizing the optimal sampling and assignment propensities for
budget-constrained experimentation with heterogeneous costs. We show how to imple-
ment these optimal propensities using fine stratification and prove that such a design is
efficient. For simplicity, in what follows we restrict to the case with stratification vari-

ables 11 = 13 = 1) and sampling and assignment propensities ¢ = ¢(¢)) and p = p(v).

4.1 Budget-Constrained Sampling Problem

In Section 3, we presented asymptotic results of the form \/nz(d — ATE) = N(0,V)
normalized by the experiment size ny = ), 7T}, which is the typical normalization in
the previous literature. However, observe that the experiment size ny varies with the

sampling propensity ¢(¢)) in our setting, making this normalization unsuitable for our
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current task of optimizing over ¢(¢) to find the efficient sampling propensity. Because
of this, in what follows we instead normalize by the number of eligible units n. Since
np/n % Elq(1)], this just removes the multiplicative factor E[g(t)] from our previous
results, so that v/n(d — ATE) = N(0,V(q, p))

Vian) =Vl + F | o (f(%) ! 10—%” .

With this fixed normalization in hand, consider minimizing Equation 4.1 over all
sampling propensities ¢(¢)). Clearly the unconstrained solution is ¢*(v) = 1, making
the experiment as large as possible. More generally, we can formalize the problem of

experimentation with heterogeneous costs subject to a budget constraint.

Costs. Define C'(1; p) to be the known, potentially heterogeneous cost of including

a unit of type ¥(X) = ¢ in the experiment. One natural cost specification is

C(;p) = Cs(¥) + p()CL() + (1 = p(¥)) Co (). (4.2)

For example, in a development economics context Cs(1)) could be the “sampling cost” of
paying volunteers to collect outcome data in a village ¥; = 1, while C}(¢)) and Cy())

are the marginal costs of assigning treatment and control, respectively.

To finish setting up the problem, define the ex-ante heteroskedasticity function

g~ S0 o) "
p(¥)  1-p)

We interpret 6%(1); p) as the expected residual variance from sampling a unit with ¢; =

1 into the experiment, prior to realization of its random treatment assignment D; €

{0,1}, and similarly for the expected costs in Equation 4.2 above. For fixed assignment

propensity p(v), the asymptotic variance objective can be written V(¢) = Var(c(¢))) +

E[6%(v;p)/q(¥)]. Then the budget-constrained variance minimization problem with

budget B can be written

: a*(¢; p) , s
pin B | T s Bl - B (44

The next theorem characterizes the interior solutions to this problem. We assume
that inf, 03(¢) > ¢ > 0 and costs C(¢;p) € [Cy, C,,] C (0, 00).
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Theorem 4.1. Define the candidate solution

- o(Wsp)C(¥sp) 12
Elo(¢;p)C(¥;p)' 2]

¢ (¢;p) = B (4.5)

If supy, q*(¢) < 1, then ¢* is optimal in Equation 4.4.

If the feasibility constraint sup,, ¢* (1) < 1is violated, the optimal sampling propen-
sity may not have a simple analytical form. Remark 6.5 below provides a rounding
procedure that can be used to restore feasibility in this case. To build intuition for the

form of the solution, consider the following special cases, suppressing dependence on p.

(a) Homoskedasticity. Suppose ¢3(1)) = o2 constant for d € {0,1} and p(x)) = p. Then
the optimal propensity ¢*(¢) = B - C(v)""/?/E[C(¥)"?] has ¢*(¢)) o< 1/1/C(1).
This provides a simple heuristic for sample allocation with heterogeneous costs.

(b) Homogeneous costs. If C'(1) = 1, then E[q(¢))] < B constrains the total proportion
of sampled units. In this case write the budget constraint B = g. The optimal
solution has form ¢*(v) = go(v)/E[a(v)], with sampling propensity proportional
to the ex-ante standard deviation. In particular, we would like to oversample
(¢*(v) > @) units of type (X ) = ¢ that have larger residual standard deviation

than the average E[a(1)], and undersample in the opposite case.

Optimal Spending. Under optimal sampling, the total amount spent on units of
type ¥ is C(v)q*(¥)dP(v) o /32(¢)C()dP(v). This shows that we should spend
more on units with larger ex-ante variance and larger per unit cost. However, since the
optimal propensity undersamples high cost units, spending grows as /C(v), instead of

linearly as it would if ¢(¢)) = ¢ were constant.

4.2 Globally Optimal Stratification

The main result of this section studies implementation of the globally optimal stratified
design, subject to the budget constraint. In particular, we show efficiency of a finely
stratified implementation of the jointly optimal sampling and assignment propensities ¢*
and p*. In this section, we restrict to the case with costs C'(¢;p) = C(¢) not depending
on p. See Remark 4.4 for discussion of the general case.

First, we characterize the optimal assignment propensity. For any fixed sampling

propensity ¢(¢), the global minimizer of Equation 4.1 is the conditional Neyman allo-
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cation p*(¢) = o1(¢)/(01(¢¥0) + 00(¢)). In some cases, we may only be interested in

implementing a constant assignment propensity p* € (0,1). If ¢ is also constant, then

v = /Bl (Bt + \/E[aaw)_l (4.6

Compare this to the classical Neyman allocation oy /(01+00) with 04 = SD(Y(d)). In our

setting, only the residual variances 03(¢)) = Var(Y (d)|¢)) enter p*, since the fluctuations
of Y'(d) predictable by ¥ (X) do not contribute to first-order asymptotic variance under
fine stratification.

The jointly optimal sampling and assignment propensities are obtained by plugging
the conditional Neyman allocation p*(v) = o1(¢)/(01(¢) + 00(¢))) into the formula for
q*(¢; p) above. This gives ex-ante variance 6%(¢)) = (01(¢)) +00(¢))? and jointly optimal
sampling and assignment propensities
(01 (¥) + 00(4))C ()12

TP =R T ooy 0

01(¢)

S O e

The propensities p*(¢) and ¢*(¢) will generally need to be discretized in order to
implement them using fine stratification. To do so, we provide novel asymptotics with
both the number of distinct propensity levels L,, as well as the number of units in each

group |g| = k, growing with the sample size n.

Definition 4.2 (Discretization). Let ¢} (¢) and p (1) take values in the finite approx-
imating propensity set {a;/k; : | € L, } with levels L,. Suppose that |¢} — ¢*| = 0o(1)
and |p5 — p*|ee = 0(1). Define maximum group size k, = max;c;, k and require that
En|Ln| = o(n'= """ for Bll¢(X)]°] < cc.

If 1/(X) is bounded, the final condition simplifies to k,|L,| = o(n). For example,
one way to satisfy Definition 4.2 is to round the optimal propensities to the nearest a/k,
for some sequence k, — oo, setting ¢ (v) = argmin{|¢* (V) —a/k,| : 1 < a < k,—1,k, =
|n'/27¢|} and similarly for pZ(¢). The main theorem of this section shows that such

discretizations are asymptotically efficient.

Theorem 4.3 (Optimal Stratification). Suppose Assumption 3.1. If T1., ~ Loc(¢, ¢ (1))
and Dy, ~ Loc(, p(1)). Then /n(8 — ATE) = N(0,V*)

Vi=Var(e(y)) + min o E L](ib) <f((?/)¢)) ! 10_8%2&))}

EIC(4)q(4)]=B
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The design in Theorem 4.3 minimizes the asymptotic variance over all sampling
and assignment propensities, subject to the budget constraint. If we set ¢ = 1, then
V* = ming<,<; Vi (p), minimizing the Hahn (1998) semiparametric efficiency bound for
the ATE over all propensities scores. As noted above, Armstrong (2022) shows that this

bound also applies to the designs in this paper for the case ¢ = 1.

Remark 4.4 (General Costs). For the specification in Equation 4.2, the restriction to
costs C'(v;p) = C() is without loss of efficiency if the marginal costs of assigning
treatment and control are similar C; =~ Cj, or if sampling costs are much larger than
the cost difference between treatment arms Cs > |C — Cy|. We leave joint optimization
of q(v), p(¢)) with general costs C(;p) to future work. However, for optimization of
the sampling propensity ¢(1) alone with fixed propensity p(v), e.g. p = 1/2, we can
accommodate general costs C'(¢; p). We simply use the design 7}, ~ Loc(v¢, ¢’ (v;p)),

discretizing the optimal sampling propensity from Equation 4.5.

5 Optimal Covariate-Adaptive Randomization

In this section, we derive the globally optimal covariate-adaptive randomization for
treatment assignment with p = 1/2, showing that it takes the form of a novel alternating
design. In the case ¢ = 1 and p(X) = a/k fixed, Bai (2022) showed that if the b(x)
were known, then matching units into strata of size k according to their sorted b(X;)
values minimizes MSE(| X1.,) over all stratified designs. By contrast, here we show that
if b(z) were known, the class of stratified designs itself would generally be suboptimal.
To see this, consider the case p = 1/2. Define the complete graph K, with vertices
{1,...,n} and edge weights w;; = b(X;)b(X;). The Max-Cut optimization problem asks
for a partition of the vertices into disjoint sets F;y U Ey = {1,...,n} such that the weight

of cut edges between F; and Ej is maximized

max b(Xl)b(XJ)]l(Z € El,j S Eo) s.t. E(] L E1 = {1, ce ,n} (51)

For example, see Rendl et al. (2008) for an overview. Let Ef, E} solve the Max-Cut
problem in Equation 5.1. Define the optimal treatment allocation di.,, = di.,(X1.,)
by df = 1(i € EY) for 1 < i < n. Define the alternating design P*(D1.,|X1.,) that
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alternates between dj,, and its mirror image 1 — dj.,, by
P*(Dl:n = di:n|X1:n) = P*(Dltn =1- dT:n‘Xltn) = 1/2

with Dy, 1L Wi, X7, for the full data Wi, = (X;,Y;(1),Y;(0))",. Our next theorem
shows that the the alternating design P* is globally optimal over the set of all covariate-
adaptive designs with fixed treatment probability P(D; = 1) = 1/2. We denote this set
of designs by Py = {P: P(D; = 1) = 1/2, Dy, 1L Wi,,| Xy, }. For simplicity, suppose

n = 2m for an integer m.

Theorem 5.1 (Optimal Design). The design P* has MSEP*(§|X1:TL) < MSEP(/9\|XM)
for all P € Pyj,.

The inequality is strict if Problem 5.1 has a unique solution up to permutation of
set labels. In particular, note that P* is not a matched pairs design. Nevertheless, b(x)
is not known, so neither the globally optimal design, nor the optimal stratified design
from Bai (2022) are feasible. We also caution against plug-in approaches that use a
pilot estimate of b(X;). Section 6.2 below shows that such approaches are equivalent to
regression adjustment with regressions estimated in the pilot instead of the main sample,
which may perform poorly if the pilot is small. For these reasons, we do not further

pursue finite sample optimal designs in this paper.

6 Design with a Pilot Experiment

In this section, we study a procedure that uses pilot data to estimate and implement the
solution to the optimal stratification problem derived in the previous section. We show
that this feasible version of the optimal design is asymptotically efficient, achieving the
budget-constrained optimal variance of Theorem 4.3. In particular, for the case ¢ = 1
our procedure minimizes the semiparametric variance bound over all propensity scores,
providing the first asymptotically efficient solution to the question of design using a
pilot study (Hahn et al. (2011)). The methods in this section are also relevant when
observational data from the target population or a closely related previous experiment
are available. Small pilot considerations and potential robustifications are discussed in
Remark 6.3 below. Pilot estimation of the optimal stratification variables ¢* is discussed

in Section 6.2 below.
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6.1 Feasible Optimal Stratification

Fix stratification variables ¢y = 15 = 1 and consider estimating the optimal design
for the budget-constrained problem in Equation 4.4. This amounts to using pilot or
proxy data to estimate the efficient sampling proportions ¢*(¢)) and treatment propensity
p*(¥). As a proof of concept, we first state our result under large pilot asymptotics,
allowing consistent estimation of the heteroskedasticity functions o4(1)). We show that
the feasible estimated optimal design is asymptotically efficient in the sense of Theorem
4.3. Fixed pilot asymptotics and small sample considerations are discussed in Remark
6.3 below.

In Section 4 we derived the optimal propensities

W) )W)
) = B T ooy P T

o1(v)
a1(¥) + oo(y))

The sampling propensity ¢*(1) is optimal provided the feasibility condition sup,, ¢*(¢)) <
1 is satisfied. Consider pilot heteroskedasticity estimates'® 5%(¢) for d = 0,1. Define
the propensity estimates'*

- (01(¢) +5o(1)C(1h) 12

W) =bg G Tawncer? P

)
51(0) +0(0)

In practice, we may find q(¢;) > 1 for some j. This could be because the condition
supy ¢*(¢) < 1 is violated and the optimal sampling problem does not have an interior
solution, or just due to statistical error. However, we can transform ¢(v)) into an admis-
sible sampling propensity by an iterative rounding procedure, described in Remark 6.5
below. Suppose we have done so and let ¢, (%) and p, (1)) be a sequence of discretizations
of q(¢) and p(1), satisfying the conditions in Definition 4.2. We require the following

technical conditions, including consistency of the pilot heteroskedasticity estimates.

Assumption 6.1. Require pilot estimation rate |65 — 03|a.y = Oy(n™") for some r > 0.
Require the variance regularity condition infy, oq(v)) > 0 and (01/00)(¢) € e, cu] with
0 < ¢ < cy <oo. Assume the interior solution condition sup, ¢* (1)) < 1. Require
discretization rate ky|L,| = o(n'~@mW)+D/ay gnd k, = w(n'/*2). Assume the moments

ElY(d)'] < oo, E|Y(X)|3* < oo for ay > dim(¢)) + 1, and E[|mq(¢)|*?] < oo for

13Tn practice, we use a modification of Fan and Yao (1998) to estimate variance functions. See
appendix section A.2 for details.

Note in g(1)) the average is taken over the main experiment covariates, allowing for covariate shift
between pilot and main experiment.
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ay > 1/r. Assume costs 0 < C(v) < oo for all 1.

Our main result shows that finely stratified implementation of the optimal propen-

sity estimates is asymptotically fully efficient.

Theorem 6.2 (Pilot Design). Impose Assumption 6.1. Suppose Ty., ~ Loc(¢, ¢, (1))
and Dy, ~ Loc(¥, pn(¥)). Then /n(6 — ATE) = N (0, V*)

V* = Var(c(v)) + oo, B L](iﬁ) <(f(($)) ! 10_82?3/}))1

E[C(4$)q(4)]=B

For intuition, it is also helpful to consider certain special cases of Theorem 6.2. If
we fix ¢ = 1, the design Dy.,, ~ Loc(v, pn(v)) asymptotically minimizes the Hahn (1998)

variance bound over all propensity scores

V* = min Vi(p) = Var(e(¥)) + min B {‘;1(%) + 1‘?2@)] . (6.1)

If p* is a consistent pilot estimate of the optimal constant propensity p* in Equation
4.6, then the design Di., ~ Loc(, D) has /n(d — ATE) = N(0, V) with

. . ot (¥) | a3(¥)
V —Var(c(w))—l—prer%(l)’ri)E{ 1p + 10—p1

Remark 6.3 (Small Pilots). For small pilots, the asymptotic results in Theorem 6.2
requiring consistent estimation of the variance function ¢2%(1)) may not reflect finite
sample performance. In practice, we may instead consider an inconsistent variance ap-
proximation using the squared residuals from a linear regression. Let &% be residuals
from regressions Y (d) ~ 1+ in {D; = d}. For pilot data W, compute residual stan-
dard deviation estimate 5; = E,,[(6%)%]'/? and form the estimated optimal propensity
p* =351/(51 + Sp), rounding it to a close rational number p = a/k. By Equation 3.6, if

Dy., ~ Loc(1, p) then conditioning on the pilot data \/ﬁ(é\— ATE) Wi, = N(0,V)

V = Var(c(¢))) + E [UI? + jofbﬁ) Wl;m}

The rounding of p* to p = a/k adds robustness. For example, if p* = 1/2 and our pilot
estimate p* = .57, we would round to p = 1/2 except in very large experiments. See

the discussion of discretization in Remark 6.4 below. In practice, this procedure could
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be further robustified by constructing a confidence interval for p* and checking that it

excludes a baseline choice such as p = 1/2, though we leave this to further work.

Remark 6.4 (Discretization). Consider a pilot estimate p(¢)) = .637. This could be
rounded to any of p=2/3, 3/5, 13/20, 63/100 and so on. If ¢ is bounded, Assumption
6.1 requires that k, = o(y/n) for the rounding scheme a/k,. This condition gives some
quantitative guidance about discretization fineness. For example, if n = 400 we might
rule out p = 13/20. In our simulations and empirical application, it’s often possible to
choose a reasonable number of discretization levels just by inspecting the histogram of

the estimated p(¢) and g(¢)) to see how much heterogeneity is needed.

Remark 6.5 (Feasible Sampling). In practice, we may find that q(z;) > 1 for some j,
violating the sampling constraint. To restore feasibility, we can iteratively set g(¢;) = 1
for such j and recompute the optimal propensity for the remaining units. To that end,
define an index set J = ) and implement the following iterative rounding procedure. (1)
Find the largest q(v;) > 1. Set q(¢;) = 1 and add j to J. (2) Recompute the sampling

propensity according to

B—(1/n)> 0, Ci) (@1(¢) + G0(1:))C ()12

(i) = 1= |J|/n Eu (@1 () + o () C () 2[1 & J]

Vi J

If max!", q(¢;) < 1, stop. Otherwise, return to (1). This procedure satisfies the in-
sample budget constraint E,[q(1;)C(1;)] = B after each iteration and terminates with
max;_; ¢(¢;) < 1.

Remark 6.6 (Optimal Stratification Trees). Tabord-Meehan (2022) suggests using pilot
data to estimate a stratification S and assignment propensity ﬁ(g) over a set of tree

partitions S € 7 of the covariate space. If S = 5(¢) then in our notation their Theorem
3.1 implies that \/n(6 — ATE) = N(0,V)

2 2
V = Var(c(v)) + 151[1612 <E[Var(b(¢;p*(5’))|5)] +F Zi((g)) + . iﬁiﬂgJ) )

The optimal propensity p*(S) = 01(S)/(01(S) + 00(S)) with 03(S) = Var(Y(d)|9).

The display shows that the optimal stratification tree chooses a compromise between

two different forces. In the first term, it tries to minimize the variance due to covari-

ate imbalance by choosing strata S that predict propensity-weighted outcomes well,

minimizing E[Var(b(y; p*(5))[S)]. In the second term, it tries to minimize the resid-

ual variance by choosing strata S such that p*(S) is close to the optimal propensity
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p* () = 01(¢)/(o1(¥) + 00(¢))). By contrast, we implement a discretized consistent
estimate p,, (1) of the optimal propensity p*(¢) using fine stratification. This makes the
middle term above asymptotically lower order and globally minimizes the residual term,
without any first-order tradeoff (Equation 6.1). Of course, if S = S(X) uses different

covariates than our stratification variables 1, then the efficiencies cannot be ranked.

6.2 Estimating Stratification Variables

Section 3 showed that the stratification variables ¢f = ¢(X) and ¥} = (¢, b)(X) were
asymptotically efficient for both sampling and assignment. This suggests setting 1, (X) =
c(X) and 9(X) = (¢(X ),/b\(X )), using pilot estimates of the various regression func-

tions. In our notation, the design D;.,, ~ Loc(b,p) was proposed in Bai (2022) for the

case with iid sampling.

Regression vs. Matching on Estimated Functions. Our first result is nega-
tive, suggesting that for small pilots such an approach would be dominated by not using
the pilot data at all at the design stage, drawing treatments iid and doing regression
adjustment in the main sample. For simplicity, set ¢ = 1 and let Dy, ~ LOC(/B, p) be
the design with pilot-estimated stratification variables. Let 0 be the difference of means
estimator formed using the data Wi, = (D;, X;, Yi(D;))™,. Separately, define iid treat-
ments D; ~ Bernoulli(p) and let gadj be the cross-fit AIPW estimator in Theorem 3.12,
estimated using the alternate data Wi, = (D;, X;, Y;(D,-))?:l with regression estimators
1mq(¢). Define b(X) by plugging in mg(t)) to the formula in Equation 3.1. Then with

¢, = (p — p*)'/? the estimators 9 and é\adj have identical expansions

0 = E,[c(X:)] + Ea[(Di — p)(b—0)(X:)]/cp + Ry + Op(n ™)

~

Oagj = Eulc(Xi)] + Eul(D;s = p) (b= b)(Xi)l/ep + Ra

The residual terms v/nR,, /nR, = N(0,v) for v > 0 and are mean-independent
of the first term. Denote the imbalance terms B, = E,[(D; — p)(b — b)(X;)] and B, =
E,[(D; —p)(b—b)(X;)]. These terms control estimator error due to covariate imbalances

between the treatment arms. With pilot regression error r2°" = maxg |4 — mqgl|2.4 and

main

main sample regression error r;

= maxy ||Tg — Mall2,p, it’s easy to show that

VnB, = O,(rF"") and /nB, = O,(r™*m™).
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We expect pilot estimation error to be larger 774t > rmai if the pilot is much smaller

than the main sample.

Robustified Approach. The discussion above showed that, for small pilots, the
design Dy., ~ Loc(g, p) behaves like a noisy version of the AIPW estimator HAA, with
regression adjustments estimated using the pilot instead of the main experiment. How-
ever, the Bai (2022) approach could still dominate if e.g. b is estimated consistently
from a large observational dataset or a larger previous experiment with closely related
covariates and potential outcomes. The large pilot asymptotics in Bai (2022) can be
extended to show that the two-stage sampling and assignment design 77., ~ Loc(c, q)
and Dy, ~ Loc(('c\,g),p) achieves the optimal variance Vi in Equation 3.7. Another
natural idea is to robustify the Bai (2022) approach, setting 77.,, ~ Loc((/c\,g, V'), q) and
Dy, ~ Loc((c, /b\, Y'), p) for stratification variables ¢’ expected to be predictive of both
treatment effects and outcomes ex-ante. This can then be combined with the methods
in the previous section, setting ¢ = (E,g, Y') and proceeding exactly as in Section 6.1.
The efficiency of such designs under fixed pilot asymptotics is described by Equation 3.6.
Conditionally asymptotically exact inference, conditional on the pilot data, is available

using the methods in Section 7.

Remark 6.7 (Imbalance Term vs. Residual Variance). We noted earlier that under
completely randomized sampling and assignment , /nT(@\— ATE) = N(0,V) with

V = Var(c(X)) + Var(b(X)) + E {"%;X) + "foﬂ .

The middle term Var(b(X)) is the variance due to covariate imbalance, and the third term
is the residual variance. We can think of Var(b(X)) as the “easier” term. We can make
this term asymptotically negligible by any one of the following: (1) fine stratification
on ¥(X) = X under very weak assumptions for dim(X) small (2) ex-post propensity
reweighting under a smoothness condition (3) ex-post regression adjustment under well-
specification (4) the Bai (2022) design with a large enough pilot, or any combination
of these methods. By contrast, after treatments have been assigned, neither regression
adjustment nor propensity reweighting can help us further minimize the semiparametric
variance bound 22(X) 52(X)

Virlp) = Var(e(X)) + B | 5] 4 12000

In this sense, the residual variance in this expression is the “harder” quantity. To affect it,

we need to change the law of the data-generating process by changing the treatment and
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sampling proportions at design-time, as we have implemented in the previous sections.

7 Inference Methods

This section provides new methods for asymptotically exact inference on the ATE under
two-stage locally randomized designs. To do so, we generalize pairs-of-pairs'® type meth-
ods to accommodate designs with both finely stratified sampling and assignment, as well
as varying propensities ¢(), p(¢). Our inference methods enable applied researchers to
report smaller confidence intervals that fully reflect the efficiency gains from all of our
proposed designs.

For each assignment group g € G,, define the centroid ¢, = [g]|* Y ic g Vio Let
v : G, — G, be a bijective matching between groups satisfying v(g) # g, v* = Id,
and the homogeneity condition £ % 966 g — Yu(g)|3 = 0p(1). In practice, v is obtained
by matching the group centroids 1, into pairs using the algorithm in Section 2. Let
Gr ={gUv(g) : g € G,} be the unions of paired groups formed by this matching. Define
a(g) = > e, Di and k(g) = [g|. Define the propensity weights w; = (1 — pig:)/(pigi)?
and w) = (1—q;(1—p;))/(q;(1—p;))?. Finally, define the variance estimator components

- _ 1
h=nTt ) oo 2 YiDD;(wle))!”?

9€0y, i#jEg
1
~ V(1 — DT — D)%) 1/2
To=n">" IS Z YiY;(1 = Di)(1 = Dy)(wiw})
9egy, i#jeg
~ _ k _
vy =n" Z —(9) Z Y.Y;Di(1 = D;)(qiq5) "
9€Gn a(k B a) h,j€g

Our inference strategy begins with the sample variance of the double-IPW estima-
tor (Equation 3.5), which is consistent for the true asymptotic variance under an iid
design, but too large under stratified designs. We correct this sample variance using the
estimators above, which measure how well the stratification variables predict observed

outcomes in local regions of the covariate space. Define the variance estimator
T3(D; —p(l/)i))}/;) o

— V1 — Vg — 21)10. (71)
q(vi)(p — p?)(¥)

15 Also known as the method of collapsed strata, as in Hansen et al. (1953). See Abadie and Imbens
(2008) and Bai et al. (2021) for recent analyses.

V= Var,, (
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Our main result shows that V is consistent for the limiting variance of Theorem

3.11, enabling asymptotically exact inference.

Theorem 7.1 (Inference). Assume the conditions of Theorem 3.11. If sampling 1., ~
Loc(v, q(1)) and assignment Dy, ~ Loc(v, p(v)), then V =V + op(1).

By Theorem 7.1 and the CLT in Section 3, the confidence interval C' = [@\j:
V1/2¢,_ o9/ with ¢, = ®(a) is asymptotically exact in the sense that P(ATE €

C) =1—a+ o(1). Importantly, note that the scaling is by number of eligible units n,

not the smaller experiment size ny = ). T; < n.

8 Empirical Results

In this section, we quantify the performance of each of our designs on N = 9 real DGP’s
from experimental papers covering a range of fields in applied economics. Our theoret-
ical results showed separate variance reductions from each of the following: (a) finely
stratified treatment assignment, (b) finely stratified sampling (c) the optimal propensi-
ties ¢*(¢) and p*(¢)) (infeasible), and (d) consistent pilot estimates g(1)) and p(¢)) of the
optimal propensities (feasible). To quantify the marginal efficiency gain from each of
our proposed methods in finite samples, we simulate unadjusted ATE estimation under

the following designs:

CR: Complete randomization Ty, ~ CR(¢;) and Dy, ~ CR(p), with ¢} a dis-
cretization of the budget-exhausting sampling propensity ¢* = B/E,[C(i;)] and
fixed assignment propensity p.'¢

CR, Loc: As in CR but with stratified assignment D;., ~ Loc(v, p).

Loc: Stratified sampling and assignment 77.,, ~ Loc(v, ¢;) and Dy.,, ~ Loc(¢, p).
Hom: As in Loc but with sampling propensity g;,,, ,(¢) a discretization of
Gom (W) = B - C(p)"Y2/E[C(1))"/?], the optimal sampling propensity assuming
homoskedasticity. This is feasible but may be misspecified.

Pilot S/L: As in Loc, but with 7., ~ Loc(¢,qx(v)) and Dy., ~ Loc(v, D),
where gi(¢)) and py are pilot estimates of the optimal design as in Section 6. We

consider pilots of size (S) nyior = 100 or (L) npier = 400.17

16In particular, we let ¢; = a/k, using the minimal k such that ¢} - E,[C(v;)] € [.95B, 1.05B].
"Variance functions 02(¢)) are estimated using a modification of Fan and Yao (1998), see appendix
section A.2 for details. The pilot data has p = 1/2, ¢ = 1 and treatments assigned by matched pairs.
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We evaluate each of these designs on data from experimental papers published in
the AER between May 2021 and November 2022. We exclude papers for which data
is unavailable or that do not fit into our framework for various reasons, e.g. having
multiple interventions on the same unit with a time series structure. The included papers
are Abebe et al. (2021), Baysan (2022), Casey et al. (2021), Dellavigna et al. (2022),
Domurat et al. (2021), Hussam et al. (2022), and Lowe (2021). We additionally include
data from Banerjee et al. (2021), a study with significant treatment effect heterogeneity
as recently analyzed by Chernozhukov et al. (2023), as well as data from the Oregon
health insurance experiment, reported in Finkelstein et al. (2012), for a total of N = 9.

For each paper, we impute missing potential outcomes for all units, defining the
imputation Y;(d) = Y;(d)1(D; = d) + Y;(d)1(D; # d). Following the empirical exer-
cise in Bai (2022), we use the matching-based imputation Y;(d) = Y (d) with j(i) =
argmin,, p _q [t — ¥;la."® Let Ny denote the size of the original experiment. Using this

full panel of imputed potential outcomes, we do the following:

(1) Draw (Y;(0),Y;(1),¢;) for i = 1,...,n with replacement from (Y;(0), Y;(1),1;)2,.

(2) Randomize T3., and D;., according to one of the designs (a) CR (b) CR, Loc (c)
Loc (d) Hom and (e) Pilot S/L.

(3) Reveal outcomes Y; = T;D;Y;(1) + Ti(1 — D;)Y;(0), form the estimator f and
confidence interval C' = [6 + \71/201_0[/2/\/5} for o = 0.05.

Since the ATE for the imputed DGP (Y;(0), Y;(1), ;)Y is known, we can compute
the standard deviation (SD),'” coverage probabilities, and percent reduction in confi-
dence interval length for each DGP and design. The goal of this exercise is to quantify
the marginal variance reduction from each of our methods on the type of DGP’s that
occur in applied economics research, isolating the separate efficiency gains from finely
stratified assignment, finely stratified sampling, as well as implementation of the optimal
propensities from Section 4.

Descriptions of each paper, including the treatment and outcome variables, our
choice of stratification variables v, level of aggregation, and other parameters are pro-
vided in Section A.1 in the appendix. Experiment sizes n are as in the original papers,
ranging from n = 91 for Casey et al. (2021) to n = 1903 for Finkelstein et al. (2012).

18Model-based imputation of Y;(d) = mqa(¢;) + o2(¢;)ed with Eled|yy;] = 0, Var(ef|i;) = 1, and
ed ~ N(0,1) yields qualitatively similar results.
19 A1l of our designs and estimators have E[f — ATE] = 0, so we do not report MSE.
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Design, Paper A. Ban. Bay. C. De. Do. F. H. L.
CR 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
CR, Loc 0.81 048 0.51 088 0.55 0.93 0.79 0.73 0.87
Loc 0.75 045 039 0.84 047 088 0.74 0.70 0.76
SD Hom. 0.72 046 044 0.79 0.58 0.86 0.85 0.68 0.90
Pilot S 0.72 045 0.55 081 0.57 1.01 0.75 0.71 0.75
Pilot L 0.70 0.42 0.52 0.81 0.52 087 0.65 0.68 0.71
CR 0 0 0 0 0 0 0 0 0
CR, Loc -11 -49 -41 -6 -36 -4 -4  -10 -11
Loc -12 -48  -38 -5 -33 -4 -14  -15  -11
7ACT Hom. 21 44 47 6 40 -8 -8 -16 -10
Pilot S -19 47 -23 -5 -23 3 -8 -15 21
Pilot L -21 -52 31 -5 -30 -9 27 -18 24
CR 095 095 095 094 096 095 094 094 0.96
CR, Loc 096 096 099 096 098 096 0.96 0.98 0.96
Loc 098 097 1.00 096 1.00 0.97 0.97 0.97 0.98
Cover Hom. 097 098 098 097 0.97 096 096 0.98 0.95
Pilot S 097 098 099 096 099 095 0.97 0.98 0.97
Pilot L 097 097 099 097 0.99 096 0.97 097 0.96
n 1451 903 550 91 446 1000 1903 116 770
dim(2)) 8 6 3 3 3 4 6 4 3

Table 1: Empirical Results
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The one exception is Domurat et al. (2021) (Ny = 87394), for which we set n = 1000 for
Monte Carlo tractability. Baseline treatment proportions are set to p = 1/2, except for
Lowe (2021) with p = 2/3 and Finkelstein et al. (2012) with p = 1/3. We use the large
experiment version of our method with folds of size 200 (Section 2.1) and implement

sampling subordinate assignment (Remark 3.14).

Costs and Discretization - Our theory showed that efficiency can be improved by (1)
sourcing a large pool of units willing to participate in the experiment and (2) choosing a
representative experimental subsample from this pool. If the marginal cost of including a
unit is zero, step (2) is trivial, and we just take as many units as possible. The marginal
cost C'(¢) of including different units is not reported in the papers in our sample. To
understand the potential variance reduction from representative sampling with fixed ¢ as
well as the varying optimal propensity ¢*(¢) in the types of DGP’s that occur in applied
economics research, we specify non-zero costs C(¢) = 1(|¢p]2 < k) + 51(|¢)|z > k) with
x = Median]_,|1;|» and B = 1.5. This results in feasible constant sampling proportions
q ~ 7/10. For example, if 1); were village location relative to an urban center, this
would correspond to higher cost of collecting data in rural villages which, anecdotally,
is a common feature of experiments in development economics. We discretize gj,,, (1)
and ¢* (1) by choosing g () to minimize discretization error E,[(qr — ¢*)?(3);)] over the
set {¢ :q(¢¥) € a/10 : a = 1,...,10} subject to a constraint on the number of distinct
propensity levels L,, = [Image(qy)|, with L, < 2 for n < 500, L,, < 3 for 500 < n < 1000
and L, <4 for 1000 < n < 2000.

Results. Our main results are presented in Table 1, with papers listed by initials of
the first author. The largest change in standard deviation (SD) is in the contrast between
complete randomization CR and finely stratified assignment CR, Loc, with an average
of —27% across the papers in our sample. This improvement is particulary striking in
papers like Baysan (2022) and Banerjee et al. (2021) with highly predictive baseline
covariates. The average marginal change in SD attributable to finely stratified sampling
(from CR, Loc to Loc) is smaller at —6%. Recall that stratified sampling reduces
the variance component Var(c(v)) — ¢ Var(c(¢)), with ¢ = 7/10 in our simulations.
Larger reductions may be expected for smaller ¢ (more eligible units). Using the optimal
sampling proportions ¢;,,, (1), which assume homoskedasticity, reduces the variance for
some studies but increases it for others, resulting in +4% change on average. This is not
surprising considering that many of these studies have considerable heteroskedasticity.

The change in SD between Loc and Pilot S is +4% on average, while for the case with
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a large pilot the change in SD from Loc to Pilot L is —5% on average. This shows that
with a large pilot, closely related previous experiment, or observational data from the
same population, the feasible estimates of the optimal designs in Section 4 can be used to
increase efficiency. However, our empirical results suggest this may not be appropriate

when only a small pilot study is available.

Next we discuss the performance of our inference methods (Section 7). Coverage
is close to nominal, but somewhat conservative in finite samples. This is due to two
different forces. First, match quality between groups g and v(g) in the collapsed-strata
variance estimators v; and v, is worse than match quality within groups, which results
in ¥; and 7y in Section 7 being conservative. This effect is most severe for designs
with highly predictive covariates. Second, match quality at the sampling stage Ti., ~
Loc(v, q(1)) is generally better than match quality at the assignment stage, since more
units are available during sampling. However, our variance estimators can only only use
the “thinned out” outcome data available for the units 7; = 1 included in the experiment,
which underestimates match quality during sampling. This effect will be most severe
for small sampling proportions ¢ — 0 and in DGP’s with significant treatment effect
heterogeneity.

The change in confidence interval length %ACI is slightly conservative but broadly
reflects the efficiency gains in the first panel. This shows that our inference methods are
able to take advantage of the reduction in variance from both finely stratified sampling

and assignment, as well as designs with varying sampling proportions.

9 Recommendations for Practice

Our empirical results show robust variance reductions from fine stratification at both
the sampling and assignment stages. When choosing stratification variables 1), we rec-
ommend including baseline outcomes, if available, and a small set of other variables
suspected to be predictive of outcomes and treatment effect heterogeneity. In particu-
lar, if experimenters have pre-registered measuring treatment effect heterogeneity with
respect to a certain variable, then it is natural to include this variable in 7. Fine strat-
ification methods increase the value of collecting baseline survey data, insofar as extra
investment in the baseline survey process allows us to measure variables expected to be
most predictive of outcomes and treatment effect heterogeneity. Our theory in Section

3 showed that the efficiency gains from stratified sampling are larger the more eligible
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units we have, since this helps sample more representative experimental units. Because
of this, sourcing a large pool of candidate units for the experiment can improve precision,
even if the experimental budget constraints do not allow all of these units to ultimately

be included in the experiment.

The feasible sampling design ¢}, (¢) (assuming homoskedasticity) had mixed effects
in the empirical application. Relative to the simpler Loc design with constant propensity
q, the ¢;,,, (1) design reduced variance for some DGP’s but increased it for others. Aside
from potential misspecification, there is a finite sample tradeoff between (R) better
optimization of the residual variance by using varying sampling propensity ¢(¢) and (M)
worse sampling and assignment matches due to having many different ¢(1)) strata. For
experiments with highly predictive covariates, effect (M) may dominate, so that a design
with constant ¢(i)) = ¢ may be preferable. However, if costs are very heterogeneous,
then the residual variance effect (R) will dominate, and ¢;,,,(¢) can produce significant
efficiency gains. The estimated optimal designs from Section 6 performed well in our
empirical application for np;, = 400, but were generally too noisy for n,;,+ = 100. In
the absence of a very large pilot or related previous experiment, one alternative is to
use observational data to calibrate the ex-ante variance function 52(¢) appearing in the
optimal design ¢*(¢). This could improve on the design ¢}, (1), which unrealistically
assumes perfect homoskedasticity, without the added noise associated with estimating
the ex-ante variance 6%(¢) from a small pilot.

Finally, the inference methods in Section 7 were slightly conservative in finite sam-
ples, but still allow researchers to report smaller confidence intervals that reflect the

efficiency gains from finely stratified sampling and assignment.

References

Abadie, A. and G. W. Imbens (2008). Estimation of the conditional variance in paired
experiments. Annales d’Economie et de Statistique, 175—187.

Abaluck, J., L. H. Kwong, A. Styczynski, A. Haque, A. Kabir, E. Bates-Jeffries, E. Craw-
ford, J. Benjamin-Chung, S. Raihan, S. Rahman, S. Benhachmi, N. Zaman, P. J.
Winch, M. Hossain, H. Mahmud Reza, A. All Jaber, S. G. Momen, F. L.. Bani, A. Rah-
man, T. S. Huq, S. P. Luby, and A. M. Mobarak (2021). The impact of community
masking on covid-19: A cluster-randomized trial in bangladesh. Working Paper.

Abebe, G., S. A. Caria, and E. Ortiz-Ospina (2021). The selection of talent: Experi-

39



mental and structural evidence from ethiopia. American Fconomic Review.

Armstrong, T. (2022). Asymptotic efficiency bounds for a class of experimental designs.

Armstrong, T. and M. Kolesar (2021). Finite-sample optimal estimation and inference
on average treatment effects under unconfoundedness. Econometrica.

Athey, S. and G. W. Imbens (2017). The econometrics of randomized experiments.
Handbook of Economic Field Experiments.

Bai, Y. (2022). Optimality of matched-pair designs in randomized controlled trials.
American Economic Review.

Bai, Y., J. P. Romano, and A. M. Shaikh (2021). Inference in experiments with matched
pairs. Journal of the American Statistical Association.

Bai, Y., M. Tabord-Meehan, and J. Liu (2023). Inference for matched tuples and fully
blocked factorial designs.

Banerjee, A., A. G. Chandrasekhar, S. Dalpath, E. Duflo, J. Floretta, M. O. Jackson,
H. Kannan, F. N. Loza, A. Sankar, A. Schrimpf, and M. Shrestha (2021). Selecting
the most effective nudge: Evidence from a large-scale experiment on immunization.
NBER Working Paper.

Baysan, C. (2022). Persistent polarizing effects of persuasion: Experimental evidence
from turkey. American Economic Review.

Billingsley, P. (1995). Probability and Measure. Wiley.

Breza, E., F. C. Stanford, M. Alsan, B. Alsan, A. Banerjee, A. G. Chandrasekhar,
S. Eichmeyer, T. Glushko, P. Goldsmith-Pinkham, K. Holland, E. Hoppe, M. Kar-
nani, S. Liegl, T. Loisel, L. Ogbu-Nwobodo, B. A. Olken, C. Torres, P.-L. Vautrey,
E. Warner, S. Wootton, and E. Duflo (2021). Doctors’ and nurses’ social media ads
reduced holiday travel and covid-19 infections: A cluster randomized controlled trial
in 13 states. Working Paper.

Bugni, F. A., I. A. Canay, and A. M. Shaikh (2018). Inference under covariate-adaptive
randomization. Journal of the American Statistical Association.

Bugni, F. A., I. A. Canay, and A. M. Shaikh (2019). Inference under covariate-adaptive
randomization with multiple treatments. Quantitative Economics.

Cai, Y. and A. Rafi (2023). On the performance of the neyman allocation with small
pilots.

Casey, K., A. Bakarr Kamara, and N. F. Meriggi (2021). An experiment in candidate
selection. American Economic Review.

Chernozhukov, V., D. Chetverikov, E. Duflo, C. Hansen, and W. Newey (2017). Double

40



/ debiased / neyman machine learning of treatment effects. American Economics
Review Papers and Proceedings 107(5), 261-265.

Chernozhukov, V., M. Demirer, E. Duflo, and I. Fernandez-Val (2023). Generic machine
learning inference on heterogeneous treatment effects in randomized experiments, with
an application to immunization in india. Working Paper.

Cochran, W. G. (1977). Sampling Techniques (3 ed.). John Wiley and Sons.

Cytrynbaum, M. (2021). Designing representative and balanced experiments by local
randomization. Working Paper.

de Chaisemartin, C. and J. Ramirez-Cuellar (2021). At what level should one cluster
standard errors in paired and small-strata experiments?

Deeb, A. and C. de Chaisemartin (2022). Clustering and external validity in randomized
controlled trials.

Dellavigna, S., J. A. List, U. Malmendier, and G. Rao (2022). Estimating social prefer-
ences and gift exchange at work. American Economic Review.

Derigs, U. (1988). Solving non-bipartite matching problems via shortest path techniques.
Annals of Operations Research 13, 225-261.

Domurat, R., I. Menashe, and W. Yin (2021). The role of behavioral frictions in health
insurance marketplace enrollment and risk: Evidence from a field experimen. Ameri-
can Economic Review.

Fan, J. and Q. Yao (1998). Efficient estimation of conditional variance functions in
stochastic regression. Biometrika 85(3), 645-660.

Finkelstein, A., S. Taubman, B. Wright, M. Bernstein, J. Gruber, J. P. Newhouse,
H. Allen, and K. Baicker (2012). The oregon health insurance experiment: Evidence
from the first year. QJFE, 1057-1106.

Fogarty, C. B. (2018). On mitigating the analytical limitations of finely stratified exper-
iments. Journal of the Royal Statistical Society: Series B 80(5).

Folland, G. B. (1999). Real Analysis: Modern Techniques and Their Applications. Wiley.

Hahn, J. (1998). On the role of the propensity score in efficient semiparametric estima-
tion of average treatment effects. Econometrica.

Hahn, J., K. Hirano, and D. Karlan (2011). Adaptive experimental design using the
propensity score. Journal of Business and Economic Statistics 29(1), 96-108.

Hansen, M. H., W. N. Hurwitz, and W. G. Madow (1953). Sample Survey Methods and
Theory. Wiley.

Harshaw, C., F. Savje, D. A. Spielman, and P. Zhang (2021). Balancing covariates in

randomized experiments with the gram-schmidt walk design. Working Paper.

41



Hirano, K., G. W. Imbens, and G. Ridder (2003). Efficient estimation of average
treatment effects efficient estimation of average treatment effects using the estimated
propensity score. Econometrica 71(4).

Hussam, R., E. M. Kelley, G. Lane, and F. Zahra (2022). The psychosocial value of
employment: Evidence from a refugee camp. American Economic Review.

Imai, K., G. King, and C. Nall (2009). The essential role of pair matching in cluster-
randomized experiments, with application to the mexican universal health insurance
evaluation. Statistical Science.

Kallus, N. (2017). Optimal a priori balance in the design of controlled experiments.
Journal of the Royal Statistical Society: Series B.

Karmakar, B. (2022). An approximation algorithm for blocking of an experimental
design. Journal of the Royal Statistical Society: Series B.

Kasy, M. (2016). Why experimenters might not always want to randomize, and what
they could do instead. Political Analysis, 1-15.

Kasy, M. and A. Sautmann (2021). Adaptive treatment assignment in experiments for
policy choice. Econometrica 89(1).

Krieger, A., D. Azriel, and A. Kapelner (2019). Nearly random designs with greatly
improved balance. Biometrika.

Li, X., P. Ding, and D. B. Rubin (2018). Asymptotic theory of rerandomization in
treatment—control experiments. Proceedings of the National Academy of Sciences.
Lin, W. (2013). Agnostic notes on regression adjustments to experimental data: Reex-

amining freedman’s critique. The Annals of Applied Statistics 7(1), 295-318.

Lohr, S. L. (2021). Sampling Design and Analysis. Routledge.

Lowe, M. (2021). Types of contact: A field experiment on collaborative and adversarial
caste integration. American Economic Review.

Rendl, F., G. Rinaldi, and A. Wiegele (2008). Solving max-cut to optimality by inter-
secting semidefinite and polyhedral relaxations. Mathematical Programming.

Robins, J. M. and A. Rotnitzky (1995). Semiparametric efficiency in multivariate regres-
sion models with missing data. Journal of the American Statistical Association 90,
122-129.

Rosenberger, W. F. and J. M. Lachin (2016). Randomization in Clinical Trials. Wiley.

Tabord-Meehan, M. (2022). Stratification trees for adaptive randomisation in ran-
domised controlled trials. The Review of Economic Studies.

Wang, X., T. Wang, and H. Liu (2021). Rerandomization in stratified randomized

experiments. Journal of the American Statistical Association. Working Paper.

42



Yang, Z., T. Qu, and X. Li (2021). Rejective sampling, rerandomization, and regression

adjustment in survey experiments. Journal of the American Statistical Association.

10 Appendix

10.1 Finite Population Estimands

If the eligible units {1,...,n} comprise the entire population of interest, then we may be
interested in estimation and inference on the sample average treatment effect SATE =
E,[Y:(1) — Yi(0)], or the average conditional treatment effect (ACTE) E,[c(¢;)], studied
in Armstrong and Kolesar (2021). Note that both estimands are defined over the full
population of eligible units, not just the smaller set of experiment participants {i : T; =
1}. For the SATE, suppose T, ~ Loc(#, q) and D, ~ Loc(t), p) and define the residual
treatment effect variance o2(y)) = Var(Y (1) — Y(0)]2)). Under the same conditions as
Theorem 3.2, we have \/E(g— SATE) = N(0, Vsarg) with
oi(¥) o)

Viare = E + — g (¥)] . 10.1
SATE ) T, (¥) (10.1)

The final variance component E[o2(¢))] is not identified, as in the case of SATE esti-
mation under complete randomization. Setting v» = 1 and ¢ = 1 recovers the classical
results in that setting. Observe that Vsarg decreases as the residual treatment effect
heterogeneity o2(1)) increases. The negative sign reflects a competition between two
opposing forces. To see this, let Y; = Y;(1)/p + Y;(0)/(1 — p) and consider the error

decomposition
§ — SATE = Cov,,(T;, Yi(1) — Y3(0)) /q + Cov,(D;, Y; |T; = 1).

The first term parameterizes the errors due to correlation between the sampling vari-
ables and treatment effects, and naturally increases with o2(1) = Var(Y (1) — Y(0)[¢).
The second term is increasing in Cov(Y (1), Y (0)|¢)), or equivalently decreasing in o2(1)),

and larger in mean square, resulting in a net negative dependence on ¢2(¢)). As ¢ — 0,

the relative variance® due to sampling increases, exactly cancelling the E[o2(1))] fac-

20The normalization /7 (§ — SATE) by experiment size ny = 2, T; holds the number of sampled
units fixed.
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tor due to assignment in the limit. Conservative inference for the SATE under strat-

ified sampling and assignment can be based on either of the lower bounds o2(¢)) >

ot (¥) + 0§ (¥) — 201(¥)oo (1) = 0.

The average conditional treatment effect ACTE = E,[c(v)] is more difficult to
motivate from a policy perspective. One potential application is a structural model of
the form Y (1) — Yi(0) = () + €;, with systematic component ¢(¢;) mediated solely
through observables 1) and transitory shock component €;.2! Intuitively, in this model
the ACTE acts like a “denoised” version of the SATE. If the ¢; are uncorrelated, the
ACTE estimated at time ¢ is the best predictor of the SATE for a policy implemented
at time ¢4 1. The proof of Theorem 3.2 shows that \/%(5— E,[c(¥:)]) = N(0,V.) with
identified variance V., = E[o}(¢)/p + 02(¥)/(1 — p)] > Vsare-

10.2 Details of Matching Algorithm

Write n = lk+¢ for some integer [ and 0 < ¢ < k. First, match a remainder group of size
0 and set it aside. Then suppose without loss that n = (k. Let J be the minimal positive
integer such that 27 > k and let Zj;ol a;27 with a; € {0,1} be the binary representation
of 27 — k > 0. Before the jth call of Derigs’ algorithm, add [ singleton groups of fake
units g = {F;} of type j to the dataset if and only if a; = 1. Let R(g) denote the real
units in a group R(g) C [n] and F(g) the fake units so that g = R(g) U F(g). Before
the jth call to Derig’s algorithm, set d(g, ¢') = +oo if either of the following occur: (1)
F(g)NF(g") # 0 or (2) |[F(g)UF(g")| > 0but |F(g)UF(g")] # 3., a;. Otherwise, set
the distance d(g, ¢') = |2/_1R(g) —@R(g/) 2. Compute the optimal pairing at each step. After
J steps, remove all the fake units by setting g = R(g). The binary representation trick
is inspired by Karmakar (2022), who studies a related matching problem. However, the
algorithm in his paper does not seem to guarantee groups of the correct cardinality for

larger k.

Figure 4 shows PCA Folds for the “large experiment” version of our algorithm. We
use the data from Finkelstein et al. (2012), with K = 4 folds and n = 1903 samples.

2nference on a more general denoised SATE parameter in a model with transitory shocks is studied
in Deeb and de Chaisemartin (2022).
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Figure 4: PCA Folds

10.3 Remarks

Remark 10.1 (Increasing Stratification Condition). At a high level, the condition
1 C 1y allows us to ignore the complicated effect of first-stage sampling on the joint
distribution of sampled stratification variables (¢y;);1,—1. To see the problem, observe
that if ¢ = 1/k then T; = T; = 1 implies that 4, j cannot have been matched together
during sampling, since otherwise only one of them would have T" = 1. Then, for instance,

we expect these units to be some distance from each other, so that

Pl — gl <€) > P([Yn; — byl <e|Ti =T; = 1). (10.2)

If E[Y;(d)|¢1 ;] # 0, such changes to the joint distribution will show up in the conditional
variance Var(é\wl:n, Ti.,) in complicated ways that depend on the details of the matching
algorithm. However, we can use the fact that the assignment stratification “partials out”
Yi(d) so that, to first order, only the residuals u; = Y;— E[Y;(d)|12,] enter this conditional
variance. If ¢y C 1), the residuals u; are less affected by selection on 9, ;. For example,
under this condition we can show that Efuu;|T; = T; = 1] = Efw;u;] = 0. We conjecture
the theorem may be true without this condition if the effects in Equation 10.2 are lower
order, but leave the detailed study of this issue for specific matching procedures to future

work.
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Online Appendix to “Optimal Stratification of Survey
Experiments”

Max Cytrynbaum

Empirical Application Details

This section provides descriptions of each paper and implementation details for our

empirical application in Section 8. In all cases, we normalize the stratification variables
so that Var(¢;;) =1 for j =1,...,dim(¢).

(1)

Abebe et al. (2021) estimates the effect of an application incentive on the ability
of applicants for clerical employment in Ethiopia. We let Y be the authors’ index
of cognitive ability, D be the application incentive, and 1(X) be gender, age, work
experience in years, self-reported gpa and previous wage, and indicators for being

born in Addis Ababa, speaking Amharic, and studying engineering.

Banerjee et al. (2021) estimates the effect of various strategies to promote child-
vaccination on the number of children completing the full vaccination sequence. We
let Y; be the number of children receiving the measles shot over the full trial period
in village ¢ and D; whether the village received the SMS reminder intervention.
We let v include village population, the proportion of individuals in the baseline
survey of that village who were in a “scheduled caste”, a “backward class”, who
received nursery education or less, the proportion of vaccine completions among

older children, and proportion who had a vaccine card.

Baysan (2022) estimates the effect of political information campaigns about con-
centration of executive power in Turkey on voter polarization. Data is at the ballot
box level, while assignment to information campaigns is at the neighborhood level.
We let Y; be the vote share of “No” votes, averaged over ballot boxes in a neigh-
borhood, in the 2017 referendum. We let D be whether the village was exposed
to any information campaign, and ¢ include the village-level average vote share
for the CHP in the 2015 election, a measure of turnout, and the number of ballots

collected.

Casey et al. (2021) estimates the effect of increased information given to polit-

ical parties about voter preferences over candidates on whether the most voter-



preferred candidate was selected to run by the party. We let D be assignment
to the treatment package at the party-constituency level, Y whether the most
preferred candidate was selected, and let 1 include competitiveness of the race,
candidate professional qualifications index, and candidate public service motiva-

tion index.

Dellavigna et al. (2022) estimates the effect of employer gifts and other “social
preference” related interventions on worker productivity. We study the first exper-
iment in the paper and let D = 1 if the worker received either a positive gift or an
in-kind gift and D = 0 for no gift or a negative gift. We let Y be worker output in
the last working period. We let 1 be total productivity during the first 8 periods
of the trial (excluding the final gift period), gender, and age.

Domurat et al. (2021) estimates the effect of informational interventions about
Covered California insurance policies on takeup of insurance. We let D = 0 for
the control group and D = 1 if assigned to any of the letter campaigns in arms 3,
4, or 5. Y is an indicator for insurance takeup. 1 includes a measure of household

income, mean age, household subsidy size, and an indicator for being Latino.

Finkelstein et al. (2012) reports the effect of winning the 2008 Oregon Medicaid
lottery on various health and public service utilization outcomes. We use data
from wave one, restricting to single person households. We estimate an I'TT effect
with Y the number of emergency department (ED) visits in the post-period and D
an indicator for winning the lottery. We let v include gender, age, any visits to the
ED in the pre-period, number of visits in the pre-period, total SNAP benefits in the

pre-period, and indicators for ever being on SNAP or having a chronic condition.

Hussam et al. (2022) estimates the value of employment on measures of psychoso-
cial wellbeing. Treatment assignment is at the block level in the refugee camp,
with a sample of five individuals chosen in each block. We aggregate by taking
the mean of outcomes and covariates in each block. We let D = 0 if the block
was randomized to cash only and D = 1 if it was randomized to employment.
Y is the endline mental health index, and v includes the baseline mental health
index, average gender (in [0, 1]), proportion who had a family member killed, and

a measure of sociability.

Lowe (2021) estimates the effect of collaborative and adversarial intergroup contact
on cross-caste friendships using randomization to different teams in a cricket league
in India. We let Y be number of other caste friends at endline, D be whether the



person is assigned to a mixed caste team, and 1 include number of other caste

friends at baseline, age, and a measure of cricket ability.

A.2 Heteroskedasticity Function Estimation

The theory in Section 6 requires heteroskedasticity function estimates g3(¢)). Our sim-
ulations and empirical application using a modification of Fan and Yao (1998). In
a setting without outcomes ¥ = m(X) + %(X)e, they propose (1) use local lin-
ear regression to estimate m(X) and (2) use local linear regression to project esti-
mated residuals (Y — m(X))? on X. In our setting, we let 17,(1) = Y;D;T;/p;q; and
(1) project Yi(1) ~ 1; to estimate mq(1y;). Next, we (2) project weighted residuals
&(1)2 = (Y; — m(y))2DiT; /pig; ~ 1; to estimate 5%(v);), and similarly for d = 0. We
tested linear ridge regression, RBF-kernel ridge regression, and random forests for each
regression step, with hyperparameters chosen by cross-validation in all cases. Kernel
ridge estimated o2(1)) the most precisely in dimensions dim(¢)) = 1,2, while forests
were superior in higher dimensions. Our simulation and empirical results are presented
using random forest regression. Pilot data is drawn from a stratified experiment of the

specified size with p = 1/2.

A  Proofs

A.1 Matching

Theorem A.1 (Matching). Consider triangular arrays (¢; )", C R? and (p; ), C Q
with levels p;,, € L, = {a;/k;} and k, = max{k, : a;/k; € L,}. For any sequence of
subsets S, C [n], there exists a sequence of partitions (G, )n>1 of Sn such that G, = U; G,
and G, partitions S, N {i : p;, = a;/ki} with |g| = ki for all but one non-empty group
g € Gui. The partition G, satisfies the homogeneity rate

_ 1 n % -
WY g 2 i = il < (L e s ) - O/ Rl L)) (A
9€Gn g 1,j€g
Let G, be the optimal partition of S, N {i : pin = a/ki}, solving the minimization

Gry = argmin [0~ Y > dhin — Ul

Gni 9€Gn1 1-j€g



subject to the group size constraint |g| = k;. Then G} = U, G, satisfies the homogeneity

rate in Equation A.1.

Proof. First, note that for any partition G,

%Z ‘ ‘ Z |1/Jzn ¢jn|2 (1\/max|w7,n| Z

9€Gn 1,5€9 geg

2
Z ¢i,n - 2ﬂj,n
ijeg 1V maxiy [¢inl2 |,

9]

Clearly, |1;,,/(1V max? ; [1;|2)]2 < 1 for all 1 <i < n. Then by recentering, it suffices
to show the claim for ;,, € [0,1]? for all 1 <7 < n as n — oco. Consider blocks of the
form B = {30, xpey, : xx € [sr/m, (s, + 1)/m]} for indices {s;}¢_, C {0,...,m —1}.
Fix an ordering of these blocks (Bl)}idl such that B; and B;;; are adjacent for all [.
Intuitively, this forms a “block path” through [0, 1], see Bai et al. (2021) for a picture.
Define (i) = min™\ {l : ¢;., € Bi}.

Algorithm - Fix p, € L, and form groups (g, s)?_; of units g, s C {i : pin = pa =
fa/ka} by induction as follows. (1) Form groups of size k, arbitrarily among {7 : I(i) = 1,
and p,(X;, &) = pa, possibly using external randomness ,. This process results in at
most one partially completed group with |g, | < kq. While |g, | < ko, do the following:
(2) increment | — [+ 1 and (3) add an unmatched unit ¢ with {(i) = [+ 1 to this group.
If |gas'| = ka, stop. If |gas| < k. and there are unmatched units in Bjy4, goto (3). If
|ga.s/| < ko and there are no unmatched units in By, 1, increment [ and go to (1). Suppose
that g, is completed with a unit from By. Then repeat the process above starting with
the next group g,s+1 and the units in block By. Since there are n < oo units, this
process terminates. Repeat this for each a = 1,...,|L,|. By construction, this creates
groups G, = {gas: 1 <a < |L,|,1 <s <n} with the ordering property

1(1) <U(j) Vi€ gas:J € Jasy s<8 a=1,...|Ly,] (A.2)

Fix an indexing of all within-group pairs (past)f 1k ={(4,7) 11 # J; 1,] € Gast

and denote po st = (fast, Jast). Define By gr = {l(iast) = l(jast)}, the event that a pair



is in the same element of the block partition. With this notation, we have

[Ln| n
71 Z Z W}zn ¢]n|2 = nil sz ! Z |1/}’L,TL - ¢j,n|§
9EGn ng a=1 s=1 1,j€Ya,s
|Ln| n k2—kq
nty o k) Z [Wiasoin = Vi 31 (9as # 0)
a=1 s=1

(1) Suppose E,s; occurs. Then d,; = |¢i“’t,n — Q/)jaysyhnb < maxlﬁdl diam(By, | - o) <

v/d/m on this event. Then we may bound

|Ln| n k2—kq Lol m K2k
_1zzk ' Zdast ast (gas @ SanZZk ! Z ga,s#@)
a=1 s=1 a1 s—1
|Ln| n J
_W;;Mgw 0 <

The final inequality since the double sum exactly counts the number of units in the
sample (by group) Z'L”| Yo ko1(gas # 0) = [Su] < n.

(2) Now consider the terms where E, 5, does not occur. Fix any such pair (ia.s¢, ja,st)-
Without loss, suppose the block membership [(iqs¢) < [(jast). For l(igs:) <1< 1(jast),
define a sequence z; as follows. 2, . ,) = Vi, oms 2(ass) = Ciesem and 2 € By chosen
arbitrarily otherwise. Note that for x € B; and y € B;,1, by construction of the con-
tiguous blocks |z — y|s < 2v/d/m. Then by telescoping and triangle inequality, on the

C
event Ep

1(Ja,s,t)—1 2\/_
>

dast = Vi s = Vjorml2 < |21 — 22 < g [(Ja,s,t) — Uia,s,e)]

I=l(ia,s,t)

Note also that if z,y € [0,1]¢ then |z — y|3 = d(|z — y|o/Vd)? < Vd|z — 1y, using < ¢



for 0 < ¢ < 1. In particular, we have d; ,, < Vd - dgy.

|Ln| n k2 —kq ILnl n k2—kq

—1 1 1

n E :E :k E : dast ast < \/C_ln § § k § daSt]l ast
a=1 s=1 a=1 s=1

| Ln| k2 ka n | Ln|

2 gy 2 2 Miass) = Uiasa) Z
mnk “e “e Bisa) mnk

a= t=1 s=1

oo
2 _
Z fm ko < 2Vd|Lp|Fopn " md!

The second inequality follows by the ordering property in equation A.2 above, since for
eacht = 1,... k%> —k,, the intervals ([I(ias¢),!(Jast)])"; are non-overlapping, and there

are at most m? blocks. Summarizing the above work, we have shown that

[Ln| n |Ln| n k2—kq
_lzzk ' Z W}Z” ¢]n|2<n—122k ' Z dast llSt +dast]l(Eacst)
a=1 s=1 %,7€Ja,s a=1 s=1
2\/_|Ln|knm -1
<ot

1/(d+1)

Setting m =< (n/(|L,|kn)) gives the rate

|Ln| n
1 Z Z k! Z [Vin — Vjnl3 = O ((n/(|Ln|En))_z/(d+l)>
a=1 s=1 1,j€Ga,s

This finishes the proof of the first statement. The second statement follows by optimality

of G, and comparison with the groups just constructed. O]

A.2 Balance

Lemma A.2 (Stochastic Balance). Let (F,),>1 such that treatment groups G, (hn(W;))1, €
F. for a sequence of functions (hp)n>1 and F, 1L 7. Let Dy, ~ Loc(¥n, p,) and
Ty, € {0,1}" such that {i : T; = 1} = Ugeg,g. The following hold

(1) EE,[T;(D; — pa(Xi)) (W) Fa] =
(2) Var(Ey[Ti(Di — pn(X))) ha(Wi)]| F) < 2070 En[Tihn (W3)?] < 207y [hn (W5)7]
(8) Suppose 3 (Fy)n>1 satisfying the conditions above. If sup,,s, E[h,(W)?] < co then



E,Ti(D; — pu(Xi)ha(W3)] = Op(n=Y2). If (hy(W))ns1 is uniformly integrable
then En[T3(D; — pn(Xi))hn(Wi)] = 0p(1).
(4) The variance Var(\/nE,[T;(D; — pn(X:)))ha(W)]|Fn) is bounded above by

-1 -1 N )2 —-17. L \2
nt Y Lol Y (ha(Wi) = ha(Wi)? + 0 k| Lo - miax h, (W)

9€Gn 1,J€Y

Proof. First, by assumption {i: T; = 1} = | | 5 g, so E,[Ti(D; — pin)ha(W;)] is

_1 Z Z pz" ” l) = n_l Z ZZ(DZ _pa>hn(Wl)]l<Z € ga,s)

g€Gn €9 a=1 s=1 =1

By Lemma C.10 and our measurability assumptions
E[(Di = pa) hn(Wi) (i € a,6)[Fn] = hn(Wi) E[(Di — pa)1(i € gas)|Fn] =

By linearity, this shows the claim. By Lemma C.10, Var(E,[(D; — pin)ha,(W;)]|F,) is

|Ln|

ety Z ZCOV )P (W)L(i € gas), (D; — par)hn(W)L(j € Gar,sr)|Fn)

a,a’ s,s'=1 14,j

|Ln|

— n—?Z Z Zh J1(i € gus)1(J € gar.s) Cov(D;, D;|Fy)
a,a’ s,s'=1 1,j

[Ln] n n

=023 3N ha(W )1(4,5 € ga,s) Cov(Dy, D;|Fy)

a=1 s=1 14,5

The final equality follows from Lemma C.10. By triangle inequality and the covariance

bound in Lemma C.10, this is bounded above by

ILn| n n
n N D ha(Wi)*1(i € o) +Z|h (W)L, j € gas)ky " L(s #n)
a=1 s=1 Li=1 i#£j
[Ln]
<n7E,[T, +Zk ZZIh D (W))IL(i, j € gas)
s=1 i#j
|Ln| ] 2
SnilEn[Tih +n Zk Z(Z’h ‘1269a8)>
s=1 i=1



Continuing the calculation, by Jensen’s inequality the second term is equal to

2

|| Lol n
n_QZk Z kY (W, <Y kaky Y B (W) = 0T By [Tihn (Wi)?]
1€Ga,s a=1 s=1 1€ga,s

This completes the proof of (2). Claim (3) follows by applying (1), (2) with (F,),>1 any

sequence satisfying the conditions, followed by Markov inequality (Lemma C.2). For the
final part of (3), let ¢, — oo with ¢, = o(y/n) and define hy, = h,(W;)1(|h,, ( D] < en).
Consider the expansion E,[T;(D; — pin)hn(W:)] = Eu[Ti(D; — pin) (hn(W3) — by (W5))] +

EATi(D; — pin)in(Wi)] = Ay + By We may write |4y < By [[hn(Wi) — (W)
B[l (W L([An(W3)| > €)]. Then we have B[[A,]] < Ellhn(Wo)L(Jhu(W)] > c2)] =
0 as n — oo by uniform integrability. Then A, = 0,(1) by Markov inequality. By the
first part of (3), Var(B,|F,) < 2n  E,[h,(W;)?] < 2n71c2 = o(1). Then B, = 0,(1) by
conditional Chebyshev.

For the final identity (5), note that from Lemma C.10 for s # n and p, = q./ka

> ha W) Cov(D;, D;|F,) = Z B

4,J€Ga,s 1€Ja,s
Qa(ka - Qa)
da\Pa = Ha) E —NDh (W .
+ kfg(ka_l) z‘ng ( ) n(Wl) n(Wj)

Note that —2ab = (a — b)? — a® — b%. Then the second sum is

,9€a,s 1,9€9a,s
= > (ha(W3) = ha(Wi)? = (ke = 1) D ha(W;)?
%,7€Ga,s 1€J9a,s

Substituting in the first display above, the diagonal terms cancel. For the claimed

constant, note that max,e1)p(1 — p) < 1/4 and max;s2 25 < 2, so q];g((]jj—f‘ < kL

Aggregating over (a, s) gives

|Ln| | n—1 n
M) Z = I (W) 4 3 (W16 € ga.)



The second term 1is

|Ln| n |Ln| n
n_IZZh 1(i € gon) <n? maxh ZZ]IZGQM
a=1 i=1 a=1 i=1

< n Yy |Ln| - m@f B (W;)?

This finishes the proof. O

Lemma A.3 (Balancing). Suppose Ti., ~ Loc(¢1,q(x)) and D;., ~ Loc(is, p(x)) with
(V1(X),q(X)) € o(¥2(X)), and 11,19, q, and p possibly dependent on & L Wi.,. Sup-
pose El|11(X)]|*] < oo for a; > d(v2) + 1 and E[|y2(X)|*] < oo for ag > d(s) + 1.
If E[f (vo(X),p(X), £)?€] < oo &-a.s. then

E[Ty(D; — p(X0)) f (2(X:), p(X,), €)] = 0p(n~"/?)

If E[g(¢1(X), q(X),€)?I€] < 00 €-a.s. then En[(Ti—q(X,))g(t1(X,), 4(X,), €)] = o,(n~1/?).
Suppose further that k| Ly| = o(n'~("D/(01092)) - Then E,[T;(D;—p,(X3)) f(¥2(X5), €)] =

0,(n"Y%) and E,[(T; — ¢.(X;))g(¥1(X3),€)] = 0,(n"Y2) under the same conditions.

Proof. We begin with the first claim. Fix a sequence ¢, with ¢, — oo and ¢ =

0((kp|Ly|) %@+ p2/(d+1)=2/a2)  Work on the assumed almost sure event and fix £. De-
note Z = (¢o(X),p(X)). Define Ly(Z) = {9(Z) : Elg(Z)?|€] < oo}. By assumption,
f(Z,€) € Ly(Z). Our strategy is to approximate f(Z,&) by Lipschitz functions. Define
the spaces L, = {9(Z2) € La(Z) = |9lip V |9l < ¢} and let g, € L, be such that
El(gn(Z) — f(2))?] < 2infyer, E[(9(Z) — f(Z))?]. We claim that |g, — f[3, — 0. Let
e > 0 and note that by Lemma C.5 there exists a function |h|;, V |h|ee < oo with
|h — f13,, < €. Since ¢, — 00, there exists N such that ¢, > [hlsp V || for all n. > N.
Then for n > N we have |g, — f|35 ; < 2infyer, |g— fI5 2 < 2|h—f]3 ; < 2e since h € L,,.
Since € was arbitrary, this shows the claim. Summarizing our work so far, we found
9u(2,€) such that E[(f(Z,€) — gu(Z,©)YI€] = (1), |ga(Z,€) — gu(Z,6)| < ealZ — 2,
and [g,(+,&)|e < ¢, &-a.s. Now we expand

ELTi(D; — pi) f(Zi,€)] = En[Ti(D; — pi)(f(Zi,€) — 9n(Z3,6))]) + En|Ti(Di — pi)gn(Zi, §)]

Denote these terms A, B,,. Let F,, = 0((¥2) 1.0, (Pi)1:m> T, 71, €). Since (Y1, q) € a(1hy),



we have G, f(Zi)1n, 9n(Zi)1.n € Fp. Then by Lemma A.2 E[A,|F,] =0 and

Var(vnE[Ti(D; — pi) (f(Zi,€) = 9n(Zi, )1 Fn) < 2E4[(f(Zi,€) — 9n(Z:,€))*] = 0p(1)

The equality by conditional Markov (Lemma C.2) since E[E,[(f(Zi, &) —gn(Zi,€))?]|€] =
|f — gul3., = o(1) &-as. as shown above. Then A, = o0,(n"'/?), again by conditional
Markov. Next consider B,. By Lemma A.2, we have E[B,|F,] = 0. Using the claim

and Lemma A.2, we calculate

Var(v/nBa| F) <n*12| |Z 9u(Zi,€) = 9u(Z},€))* + 1" k| Lu| max g, (Z;, €)°

7'369
n _IZ S 12— Zi 4+ 0 | Ll
||”Eg
% *1Z| |Z‘¢21 Vail5 + [pi — pil*) +n k| Lalc?
2,J€9

= ch0p(n* 2 (1] (k| L)) + 07 k| Ly, = 0, (1)

The second to last equality since p; = p; for any 4,5 € g, Vg and by Theorem A.1,
using the fact that max? , [ty ;]? = 0,(n**?) by Lemma C.8. The final equality follows
by our choice of ¢,. Then B, = 0,(n~'/?), again by conditional Markov. This finishes
the proof. The conclusion for sampling variables follows by the same proof, setting
T;,q; — 1, D; — T; and p; — ¢; and ¥ — ;. The second set of claims follows by
setting Z = 1o(X) and p; — p;,, in the above proof. O

A3 CLT

Assumption A.4. Consider the following assumptions

(A1) E[Y(d)?*] < oo and 11,1, q,p as in Theorem 3.11 with ¢;,p; € [0,1 — 8] C (0,1).

(AQ) E[Y(d)4] < 0o and pmpensities ﬁzn = @n(Xzagn)) a\i,n - a\i,n(Xiafn)7 pi = p(Xz)7
and q; = q(X;) for & A o(Wip, 7,74 7,). Dins0i € [0,1 —0] € (0,1) and
a\i,n7%’ 2 0. Also En[(pz,n _pi) ] = Op( ) and En[(az,n - QZ)Q] = Op(l)-

Theorem A.5 (CLT). (1) Suppose Assumption A.4 (A1) holds. LetTy., ~ Loc(¢q,q(x))
and Dy, ~ Loc(12,p(z)). Define ¢1; = E[Y;(1) — Yi(0)[¢14,4i,&]. Then /n(Ey,[c1,] —

10



ATE)|¢ = N(0, V1) with Vi = Var(cy4]€). Define
Uy = q;l(E[}/;(l) — Yi(0)[¥16, @i, €] — E[Yi(1) — Yi(0)|v2, pi, €])

and Fon = (& Tny (V1.0) 105 (¢)1:m, 7). Then /nE,[Tiw]| Fon = N(0, V1) with asymp-

totic variance

Va = E[qi_lVar(E[Yi(l) — Y;i(0) w20, i, §]|91,45 @i5 §)|€].-

Deﬁne the residuals 6? - Y; d)_E[Y;(d)w}?,hpla f] and g” = 0-(57 T, Ttv Td7 (¢27i)1:n7 (pi)lz'm )
Then /nE,[T;Die} /(pig;) + Ti(1 — D;)e? /(1 — pi)qi)]|Go. = N(0,V3) with variance

‘/33 — B Va’r(}/l(l)|¢2,zapw§) + Va‘r<YZ(0)|¢2,Z7p27§)'£:| )

4iPi (1 — pi)

(2) Alternatively, suppose Assumption A.4 (A2) holds. Define the residuals €} = Y;(d) —
E[Y;(d)|X]. Let ¥rn = Ypn(X) for k = 1,2. Let Ty, ~ Loc(¢1n,qn(x)) and Dy, ~
Loc(¥a.n, pu()) and define Gon = 0(mpn, &ny Xim, 7, 74). Then /nE,[T;Die} | (DinGin) +
Ti(1 — Dy)e) /(1 = Din)Tin)]|Gon = N(0,V3) with variance

1 2(X, 2(X,
%:E|: (Ul( 1)+ 00( l) >:|
q(Xi) \ p(Xi) 1 —p(X;)
Proof. First consider (1). Define Hy,, = o(§) and Hy,, = o(&, (c14)i=1x) for & > 1.
Claim that (Hy.n, c1x —ATE)g>; is an MDS. Adaptation is clear. For the MDS property,
Eleyi| Ficin] = Elewilé, (cir)i=11-1] = Elei|€] = E[Yi(1) — Yi(0)[¢] = ATE by tower
law and independence. Similarly, E[(c1; — 0)%|Fi—1,,] = E[(c1; — 0)?|€] = Var(cy4/€).
To finish, we show the Lindeberg condition. Note that by conditional Jensen inequality
Var(c;|€) < E’[cfl\f] < E[(Y1 — Yp)?] < oo. Then we have (c¢1; — 0)*1((c1; — 6)* >

ne) — 0 &-a.s., so by dominated convergence as n — 0o

En[El(cri — 0)*1((cri — 0)* > ne®)[€] = El(c1i — 0)*1((c14 — 0)* > ne?)[€] = 0

Then the Lindberg condition is satisfed, so by Theorem C.4 /n(E,[c1;] — ATE)| =
N(0,V1) with the claimed limiting variance. Consider the second claim. Define Fj,, =
0(Fons (V2)im1:ks (Di)iz1k) for k > 1. Claim that (Tyug, Frn)r>1 is an MDS. Adaptation
is clear from the definitions. Next we show the MDS property. Note that Ti., € Fo,
since T, = G(7", (¥14)1m, (¢i)1:n, ™). Note the crucial fact that (A, B) 1L C —

11



A 1l C|B. By randomization we have (ugt1, (V1)1 (¢i)1:n, &5 (V2,0)im1:k5 (Di)iz1:k) L
1 (7%, 7,). Combining this with the crucial fact, gives conditional independence from

(7, )

E|Tis1uni1| Fen) = Tepr Elugs |75 (V1.0) 105 (@) 1005 Ty (V2.)im1:k, (Pi)im1:k, €]
= T Elues1|(V1,) 1m0, (@) 10, (V2,0 im1:k5 () i=1:4, ]

Next, note that since (X;)7; are iid and £ 1L X7, we have f(Xp11,€) 1L g(X_rs1),§)[€

for any functions f,g. Let Q(X—(kﬂ),f) = ((%,i)z’;ﬁkﬂ, (Qi)i;ék-i-lafa (¢2,i)i:1:kza (pi)izlzk)
and f(Xki1,&) = ugy1, giving conditional independence

E[Ukﬂ\(%,i)l:n, (%’)lzna (wz,i)izhk, (Pi)i:l:k, f] = E[Uk+1|¢1,k+1, k41, 5]
= qkle[YkH(l) — Y51 (0) Y1 k15 Qg €]
- q;;ilE[E[Yk—H(l) — Y51(0) | Y2 k11, Drt1, €|, Y1 kg1, qega] = 0

The final equality by tower law since o (&, 91 k11, @k+1) C 0(Y2 41, Dr+1,€) by the in-
creasing stratification assumption. This shows the MDS property. Next, we com-
pute the variance process ¥, = Zle E[(Tyu;)?|Fi—1,). By the exact argument above
E(Tiui| Fio1n] = TiE[Z 1,5, €], so that E[Tiuf|Fio1,n] = TE[E[U}|Fim10][Fio1,0] =
T, Eu?|in i, ¢y €], since (14, ¢, &) € Fon € Fi—1n In particular, we have shown that

Ykn € Fon for all k,n, satisfying the variance condition of Proposition C.4. We have

Yo = B GEN Y1, 6, €] = E(T; — @) E[wi ¥, 43, )] + Enlgi E[u? ¥, ¢, €]

Call these terms A,,, B,,. By conditional Jensen and Young’s, we have E[|E[u?|¢1 ;, i, ]]] <

Elui] < E[(Yi(1) = Yi(0))*] < > yoq E[Yi(d)?] < oo. Then A, = 0,(1) by Lemma A.2._

For the second term B,,, we have

E[By|€] = E[Ey|q: E[ui |V, ¢i, E]]|€] = Elgi Bl ¢, ¢i, €]|€]
= E[qz_l V&I‘(E[i/;(l) - )/1(0>|1/)2,z7p17 §]|¢1,i7 qis 5)‘5]
Moreover, similar to the calculation for A,,, conditional Jensen and Young’s show that
E|E[uf|¥1, 1, §1I€] S 2aco E[Yi(d)?] < 00, s0 By, — E[By[€] = 0,(1) by conditional

WLLN. Then we have shown ¥, — E[B,|{] = 0,(1), with the claimed limit. Finally, we
show the Lindberg condition in Equation C.1. Let A; = Y;(1) —Y;(0). By the propensity

12



lower bound and Young’s inequality T7ui < 20 2(E[A;¢14, @i, §* + E[A| Y4, piy §]%)
v;. Note also that E[v;] < E[E[Ai|v14, iy E)? + E[Ai|Ye:, i, €7 < 2E[AZ] S E[Y(1)2 +
Y (0)?] < co. The second inequality is conditional Jensen. Then for € > 0

nt Z B[T?u1(T?u? > ne)| Fon) <n? Z E[vil(v; > ne®)| Fon) = Cy

i=1 i=1

As in the conditional independence arguments above, we have

n! Z Evil(v; > ne®)| Fon] =n"" Z Elvill(v; > ne?) |78, w0, (¥14) 15 (¢)1m, €]

i=1 i=1

= n_l Z E[Ulﬂ(vz > ne )‘(1/11 2)1 M (Qz)l n7£ - Z E Uz Uz > ne )W}l i> iy ]
i=1 i=1
Then E[C,] = E[E[C,|¢]] = E[v;l(v; > ne*)] — 0 as n — oo since v; > 0 and
E[v;] < oo. Then C, % 0 by Markov inequality. This finishes the proof of the Lindberg

condition. We skip the proof of the final claim, since it is similar to the proof of claim (2).

Next we show claim (2). Define Gy, = 0(Gon, (€7, €} )i=11). Then claim that
(Zim, Gin)iz1 is an MDS with z;,, = T;Di€e; / (DinGin) +Ti(1—D;)€) /(1 —Pin)Gin)- Adap-
tation is clear. Next we show the MDS property. It suffices to show E[e¢|G;_;.,] = 0.
Again we use the fact (A, B) I C = A 1L C'| B. Then note that E[e!|G;_; ] is equal

to

Elef |, &, Xan, 70,7, (6], €] )izria] = El€]| X1, (€], € )iz1:-1] = Elef|Xi] = 0.
The second equality by the fact with A = ¢4, B = (X1, (€2, €})iz1:-1), and C =
(T, &n, T8, 7). ThethlrdequahtybysettlngA—e B=X;,and C = (X_;, (€2, €})i=1.i-1))-

This proves the MDS property. Next we analyze ¥y, = n~ ' S5 E[z 22 ,|Gi—1,), the vari-
ance process. By the exact reasoning above, E[(¢4)%G;_1.,] = E[(¢9)?|X;] = 03(X;).

=n"' ZTD 02X ) Prnin)? + T(1 — D)oZ(X) /(1 = Pion)Gin)?
so that ¥y, € Gy, for all k, n, satisfying the variance condition of Proposition C.4.
EoTiDio% (X)) BimtGin)?] = En[(Ty = Gin) + Gin) Dio*(X3) ) (PinGin)?] = R + R?

13



By our propensity lower bounds we have D;0%(X;)/(DinGin)? < 6 10%(X;) with E[o?(X)] <
00, s0 D;03(X;)/(DinGin)? is uniformly integrable. Then R. = 0,(1) by Lemma A.2.
Similarly, R} = E,[((D; — Pin) + Din)01(Xs) /D; nGin]) = RS + R, and RS = 0,(1) by the
same argument. Then X, = E,[03(X;)/DinGin] + 0p(1).

| Bl (X:) /BinGin — 07 (X3) /piai]] < 67| En[0 (Xi) (4 — @i )P + Gion(Pi — Pin))|
< Ba[o? (X012 (Bal(@i = @)1 + Bul(pi = Din)*1'"?) = 0p(1)0y(1) = 0,(1)

Then B, [T:Di03(X0)/(Binin)’) = Balo? (X)/piai] + 0p(1) = Elo?(X)/piai] + Opln 1)
by Chebyshev inequality. By symmetry, the same holds for the D = 0 term. Putting
this together, we have shown that ¥, = E[0?(X;)/(pig:) + 02(X:)/(1—pi)qi] as claimed.
Finally, we show the Lindberg condition. Note the bound |z;,|? < 26 4((e})* + (€))?) =
v;, with Efv;] < Var(Y (1)) + Var(Y(0)) < co. Then for € > 0 we have

:n_IZE[zin » > ne?)|Gon) < _IZEU’L (v; > ne?)| Fon

i=1

ZE% vz>ne)|7rn,§n,X1n,T Td ZEvz UZ>TL€)|X]

=1 =1

The inequality from the upper bound just stated. The second equality from the condi-
tional independence reasoning above. Then E[L,] = E[v;1(v; > ne*)] — 0 as n — oo
since E[v;] < co. Then by Markov inequality L, 2% 0, which finishes the proof. O

Proof of Theorem 3.11. Define ¢;; = E[Y(1) — Y(0)|[¢14,¢:,€] and co; = E[Y(1) —
Y (0)|t2,i, pi, €] Define by; = E[Y(l)Wszi,fK(l—Pi)/pz')m+E[Y(O)|¢2,i7pz’,5](1%/(1—
pi))Y? and € = Y;(d) — E[Y;(d)[124, pi, &]. Define the o-algebras Fy,, for 1 < k <4

Jrl,n = 0<w1,1:n7 qi:n, 67 7Tn) FZ,n = U(Fl,na Tl:n) «FB,n = O—(‘FQ,na w2,1:mp1:n)
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and Fy,, = 0(Fs, D1.n). We expand our estimator by projection

0 — é\: (9 _ E[é\lfl,n]) + (E[é\‘fl,n] — E[§|f2,n]) + (E[é\’fln] - E[(/g\lf?),n])

+ (E[0]Fs0] — B[O Fun)) + (E[0]Fun] — 6)
(D; — pi)T;

qi\/ Pi — p?

T —q T
= En[cl,i — 6’} + En [ ) ¢ Cl,i:| + En |:_(CQ’Z' — Cl,i):| + En

% [

by ;

5 [DiTieZl L (0- DT

} =A,+B,+C,+5,+R,
Didi (1—pi)g

We wish to apply Lemma A.3 to show that /nB,, v/nS, = 0,(1). It suffices to check
integrability. In the notation of the lemma, define g(1,,¢;,&) = c1./q;, and note that

by our propensity bound, Young’s inequality, and contraction

B[l /qf|€]] < 072Elel,) S BLY | BY ()i, ¢, 61 < ) BY(d)?]
d=0,1 d=0,1
This shows E|ci,;/q}|¢] < oo &-a.s. Similarly, E[biiqﬁ(pi(l —p;)) €] < oo &-a.s. Then
V/nBy,\/nS, = 0,(1) by the lemma.

The conditions of Theorem A.5 are satisfied by assumption. Then /nA4,|{ =
N(0, V1) with Vi = Var(ey 4|€), v/nCy|Fon = N(0, V2) with Vo = E[q; " Var(co|w14, g, €)|€],
and /nR,|Fi, = N(0,V3) with V5 = Elg; ' (of,p;" + 08,(1 — pi))|¢] for 03, =
Var(Y (d) |12, pi,&). Then by Slutsky and Lemma C.6, we have Vil — ATE)|¢ =
N(0, V1 4 Vy + V3).

To finish the proof, we use algebra to reformulate the variance V' = V; +V,+ V3. By
the law of total variance Var(c(X)|€) = Var(E[c(X)|¢1, q, &]|€) + E[Var(e(X)|¢1, q, &) €],
with E[c(X;)|114,¢i,&] = c1;. Then since € 1L Wy,

Vi = Var(c(X)) — E[Var(¢(X)[¢1, ¢,€)[€]-
Next, by the law of total variance

Var(c(X;) Wu, i, €) = E[Var(c(X) ’%,m i, &) Wlm qi, ]+ Var(E[ce(X) |1/12,¢, i, €] Wlm 4, €)
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Using this equality and applying tower law gives

= E[Qz ! VaT(E[C(X)WQumf]Wl,i, q@'af)’ﬂ
£l - E[q;lE[Var(dXﬂ%mPi,f)Wu;%f“f]
&) — Blg; Var(e(X)|¢2, i, €) €]

‘/é = E[ —1 V&I‘(CQ zWu,%f)E]
= Elg; ! Var(c(X)| ¥4, ¢, €)
= Elg; ! Var(c(Xi)| Y14, ¢, €)

AISO Var( ( )Wud%f) :Var(E[de)‘Xu5]’w2,17p175)]+E[Var< ( )’Xzaf)’w2z>pu€]
Using this fact gives

El(qipi)~'o131€] + Ellai(1 — pi)) " o5,1¢]

El(gipi)~ Var(ml( Xi) o, 03, €)[€] + [(szﬂflE[U%(Xi)Wz,i,pi,5”5]

Bl(q:(1 — pi)) " Var(mo(Xo) [va, i, €) €] + El(ai(1 — pi)) ™ Elog (Xi) a6, iy €][€]
El(qips) ™" Var(ma (X) [0, pi, ©)I€] + Bl(ai(1 — pi)) ™" Var(mo(Xy)[thai, pi, €)1¢]
El(gipi)~ ot (Xo)|€] + El(a:(1 — pi))~ o5 (X) |¢]

The final equality by tower law and since ¢; € o (2, pi, &) by construction. Putting this

all together, we get total variance

Vi+Va+ Vs = Var(e(X;)) — E[Var(e(Xi) ¢, i, §) €]

+ Elg; " Var(e(Xo) Y1, 4:, €)|§] — Ela; " Var(c(X) 2,4, pi, €)I¢]

+ El(qipi) ™" Var(ma (Xo) [z, 02, €)I€] + El(q:(1 — p)) ™ Var(mo(Xo) vz, i, €)I€]
+ El(gips) " o1 (X3)[€] + El(a:(1 — pi) " o5 (X)[¢]

=T+ L+ T3+Ti+T5+ 16+ 17+ T

Note that Ty + T3 = E[g; *(1 — ;) Var(e(Xy) |14, ¢, €)|€]. Also note that

- var(C(Xi”wQ,iapia f) —i—p;l Val"(m1(X¢)W2,z'7Pi,f) + (1 - pi)fl Vaf(mo(Xi)WQ,z',Pi,f)
= pfl(l — p;) Var(mq (X;) |[¢2, 03, §) + pi(1 — pi)~! Var(mo(X;)|¥2, i, §)
+ 2 Cov (m (X5), mo(Xs) 1024, 0i, ) = Var(b(Xy; pi) |2, pi €)
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Then we have Ty + Ts + Ty = Elq; " Var(b(X; p;) |24, pi, €)|€]. Then as claimed

V= ZTk = Var(c(X)) + Elg; ' (1 — ¢;) Var(c(X;)[¥1.4, @i, €) €]

o1 (X) . a%(XQ) M '

Di I —p;

+ Elg; ' Var(b(Xi; pi) [, pi, €)|€] + E [qz‘_l <

Finally, note E,[T;] = E,[T;—¢]+ En[q:)] = 0,(n™Y?)+ E,[¢;] = E[q|¢] +0,(n"'/?). The
second equality by Lemma A.3, and the third by conditional Chebyshev (Lemma C.2).
Then \/n7(0 — ATE) = /n(E,[T}])/*( — ATE) = E[q;|¢]"/2\/n( — ATE) + 0,(1) =
N(0,Elq(X,€)] - V) by continuous mapping theorem and Slutsky. This finishes the
proof O

A.4 Optimal Design

Proof of Proposition 4.1. Define V(q) = E[52(¢)/q(v)]. Define the sets
Q' ={g €R": |glos < 00,4 >0, E[C()q(v)] < B,V(q) <00}  Q=9QN{0<qg<1}

and recall the candidate optimal solution ¢*(¢) = B - &(¥)C(¢)~Y?/E[a()C(¥)/?].
Let t € [0,1] and ¢1,92 € Q'. By convexity of y — 1/y on (0,00), for each ¢ € 1) we

hawv
o P W) o)
t(¥) + (1= t)e(v) — a(¥) 0(¥)
Taking expectations of both sides gives V' (tq1 + (1 —t)q2) < tV(q1)+ (1 =)V (ga), so V' is

convex on {¢ > 0} and @’ is convex. We claim that ¢* € Q. First, ¢* € (0, 1] by assump-
tion. Since supye, ¢* < 1 we have E[5(¢)C(¢)/?] > 0. By Holder E[5(¢)C(1)"/?] <
E[c%(¥)]V2E[C(1)]'? < co. Then we have V(¢*) = B'E[o(¥)C(¢)/?]? < co. Also
clearly E[C(1)q*(1))] = B. This shows the claim. Next, suppose that ¢* +tA € Q' for
some t € [0,1] and |A| < M. Since ¢* € Q', by convexity of @', ¢* +t'/A € Q' for
all 0 < ¢ <t. Then dV[A] = limsup,_o+ t1(V(¢* +tA) — V(¢*)) is well-defined. We
claim that this limit exists. Under our assumptions ¢* > ¢; > 0 for some ¢, so that for
any v and all t < ¢?/2M < co

’tl ( W) 52(1#))' __ @A)l _ MIO' ()]
¢ () +tAW) ¢ (@) ((¢*)? + g tA)(¥) = qf —t

_ M)
M —  2¢
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Since ||a2||; < oo, dominated convergence implies

1[4 = i V(g4 00) V() = B [ SO0
_ M: 7)2 & 1/2]% _
E{@wwo] (1/DE [C() AW E [0(4)C )2 =0

The last line since ¢* +tA € Q' implies B = Elq*(¢))C () + tA(W)C(y)] = B +
tE[A(Y)C(1)], so that E[A(Y)C ()] = 0. Let ¢ € @', so that A = g—¢* has |A], < oo.
Then by convexity V(q) —V(q*) > dVg-[q — ¢*] = 0, showing that ¢* = argmin .o V' (q).
Since ¢* € Q by assumption, it is optimal over Q@ C Q' as well. O

Proof of Theorem 6.2. Suppose that Ty, ~ Loc(¥,q,(v)) and Dy, ~ Loc(i, p,(¥)).
Similar to the proof of Theorem 3.11, define o-algebras Fi,, = 0(V1n, T, &n)s Fom =
0(Fins 1), and Fs,, = 0(Fan, D1.4). Next, expand the estimator

T — Qi

Z?’L

Ty(D; — Din)

G/ Din(1 = Pim) blabs )

=6 = Blo(w) =+ B |[“= ()] + £

D;Tiel (1 — D;)T;e?
+
plnqln (1 pln)qln

+ E, { ] A+ B,+C,+ R,
Our main task is to show that v/nB,, /nC, = 0,(1). We do this by modifying the
proof of Lemma A.3.

(1) Balancing Argument - Note that the term C,, has

. Ti(Di - ﬁn(%)) ml(%’) mo(%)
(%‘E{ () (@@»*1—@@»

Recall ¢(9) = B(ov(¥) + ou())C(8) 2/ El(r(9) + 00())C()?]. Under our as-
sumptions, it’s clear that inf,, ¢*(¢) > 0. Consider the term above involving m; (). We
have E[mi(¢)?/q*(¥)?] < E[mo(1)?] < co. Then the construction in Lemma A.3 pro-
vides functions h,, € Lo(¢)) with |hyiup V |hnleo < ¢, and |hy, — (m1/q*)|2.4 — 0. Define
Fn = 01, n, T, 7). Note that G, (¢* (Vi) 1, (Gn(¥05) ) 1m0, (Pr(¥3) )1 € Fn. Then by
Lemma A.2 E[C,;|F,] = 0. We can expand C,,; as

B [P () - ) = (= ) )

>:| = Cnl + Cn?-

and write C,; = Ty1 + T + Tr3. Consider the first term. By construction, |g, — @l <
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1/k,. Then by Lemma A.2 we have E[B,;|F,] = 0 and

Var(vnTu|Fo) S Enlma(:)*(@n — @) (i) /Ba(0)] S 0o(1) En[ma (1:)7] = 0,(1)

Again by Lemma A.2 we have
Var(vVinT| Fa) S Ealmi ()G — ¢")? () /Pa()?) < maxema () Bal(@ — ¢)° (v3)]

The final expression is o0, (n**2=%") +O(n?2/ %>), using Lemma C.8 and the bound from

Lemma C.1. This is 0,(1) under our assumptions. Consider the final term 7},3

T.—E, [Ti(Dz’A— Pa(¥i)) ((ml(%‘) B hn(wi)) (%))] T T

D () q* (i)

As above E[T,4|F,] = 0 and Var(y/nTh4|Fn) S Eul(ma(v:)/q* (W) — ha(1:))?] = 0,(1)
by Markov inequality since |h, — (m1/q")|2,x — 0. Finally, by the last part of Lemma

A.2 we have E[T,5|F,] = 0 and

var(\/_Tn5|~’r _1 Z ‘ ‘ Z ))2 +n_1En|Ln|m%1th(wz)2
9EGn g 4,J€G =
Sy, |Zrm 0+ 0 o Lo i o (41)2
9€Gn 9 1,jE€g

< cpmax [¢if3 - O((n/kn| L)) + 07 | Lol Oy (c)

— Op(c2n2/a1 2/(d+1) (k.n|LnD2/(d+1)) _ 0p(1)

The first inequality by Lipschitz continuity, the second inequality by Theorem A.1. The
final equality holds if k,|L,| = o(n Sy ) and ¢, = O(n?/*1=2/+D) (k| L)% @+ with
¢, — oo. This finishes the proof that /nB, = 0,(1). An identical proof shows that
VnCy, = 0,(1).

(2) CLT Argument - By the previous argument, we have /n(6 — 6) = /nA, +
VRR, + 0,(1). /nA, = N(0,V}) with V; = Var(c(¢))) by vanilla CLT. We want to
apply Theorem A.5 to the term y/nR,,. The moment bound is satisfied by assumption.
For condition (a2), set y,(¥) = ¢, p; = p}, and ¢; = ¢f. The propensity lower and
upper bounds follow from our assumptions on o4(¢). Condition (c) is shown in Lemma
C.1. Then by Theorem A.5 /nR,|Fs,, = N (0, V) with Vo = E[(¢ip;) ot (v:)+ (¢ (1—
py)) o2 ()] by Theorem A.5. Then by Lemma C.6, /n(A, + R,) = N(0,V; + V3).
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Applying Lemma A.2 with h, = 1 shows that Var(E,[(T; — Gin)]|Fin) < n7 k| L.
Then E,[T}] = Eu[Gin] + Op((kn|Lyn|/n)Y?) and E,[Gin] = En[@] + O(1/k,), since | —
Gnloo = O(1/k,) by discretization. Finally, E,[¢;] = E.[q] + 0,(1) by Lemma C.1.
Putting this all together, we have E,[T;] = E,[¢]]+0,(1) = E[¢]+0,(1), so that \/m(ﬁ—
ATE) = /n(E,[T}))"/*(0 — ATE) = Elg*(¢)]"/>\/n(0 — ATE) + 0,(1) = N(0, E[g"(¢3;)] -
V') by continuous mapping theorem and Slutsky. This finishes the proof. The conclusion
for Theorem 4.3 follows by setting ¢ = ¢* and @, = ¢}, so that the error T, above is

identically zero. O]

Proof of Theorem 5.1. Fix P € Pyjp. By the fundamental expansion of the IPW esti-
mator, 0 = E,[c(X;)] + 2E,[(D; — 1/2)b(X,)] + 2B, [Dsel + (1 — D)%) = A, + B, + C,.

Then by the law of total variance

Var(0|X1.,) = Var(B, + Co|X1) = E[Var(B, + C| X1, D1 )| X1:0]
+ Var(E[Bn + Cn‘Xlzna Dl:n”Xl:n) = E[var(cn‘Xlzna Dl:n)lesn] + Var(Bn’Xlzn)

The last line follows since E[C,,| X1.,, D1.,] = 0. One can show E[Var(C,,| X 1., D1.n)| X1m] =
(2/n)E,[c3(X;)+02(X;)], which does not depend on P. Then argminpep, . Var(9|X1 n) =
argminpep, , Var(By|Xi.,). Denote Z; = D; —1/2. Then n ?Var(B,|X1.,) is equal to

E[(Zipbin)l = Y PldinlX1n)(Z1b1)? > min  ((D; — 1/2)1,,b1)?

di1:.n,€{0,1}"
d1;n€{0,1}" Lin { }

Let d},, = di,,(X1.,) be a vector achieving the RHS minimum. Define P* € Py, by
P*(d;.,| X1n) = P*(1 — d},,| X1.n) = 1/2. Then

n’ PIGI%?/Q Var(B ‘Xl n) = ((dT:n - (1/2)]1n),b1:n)2 = EP*[(Dlzn - (1/2)]1n)/b1:n)2]

= n?Varp: (B, X1.,) > n® min Var(B,|X1.,)
PEP, 5
The final equality since P* € Py, by construction. Then equality holds throughout, and
P* € argminpep, , Var(B,|X1.,) = argminpep, . Var(§|X1:n). Next, we characterize the
optimal vector d,,. Observe that (d; —1/2)(d;—1/2) = (d;—1/2)(d;—1/2)—1/4+1/4 =
—(1/2)1(d; # dj) + 1/4. Then argming, ¢ o130 ((di:n — (1/2)1,,)'b1:n)? is equal to

argmin Z —1/2)(d; — 1/2)b;b; = argmax Z]l(di # d;)b;b;

di: ne{o 1}” 1 ] 1 dl:ne{ozl}n ’L;ﬁ]
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The latter problem is equivalent to Max-Cut with edge weights w;; = b;b;, as claimed.
m

A.5 Inference

Proof of Theorem 7.1. First, consider the sample variance. The second moment is

<Ti(Dz‘ —p(¥))Y; >2
q(v:)(p — p*)(¥)

Consider the first term

-5 [ s ]

E, [TD Yi(1)2/(piq})] = EnlTi(Di — pi)Yi(1)?/ (pig])] + Enl(Ts — ¢:)Yi(1)?/ (pig})]
EoY;(1)?/(pia:)] = EnlYi(1)?/(piai)] 4 0,(1) = E[Y;(1)?/(pigi)] + 0p(1)

The first equality is by Lemma A.2, and the second by WLLN. Then by symmetry
E,|T;(1-D;)Y:(0)?/(1—p;)?q?] = E[Yi(0)?/(1—pi)qi]+0,(1). Then the sample variance in
the theorem converges in probability to v = E[Y;(1)%/(p;q:)]+E[Y:(0)?/(1—p;)q;] — ATE?.
With V' the limiting variance of Theorem 3.11, simple algebra shows that

v =V = Emi;(1 - pigi) /pias] + E[mg(1 = :(1 = pi))/(0:(1 = pi))] + 2B [mymoi).
Then the conclusion follows from the consistency results in Lemma A.6. O

For variables A;, B; € o(W;), consider the matching corrections

1
P~ -1
v =N Z Z AzB]Dsz
9egy al9) iijeg
~ 1 .
Vo=n Z (k Z A;B;(1—-D;)(1 - D)
9€Gy, #JEQ
@\10 = nil Z Z A B D )
gegn 1,J€Y

Lemma A.6 (Inference). Suppose E[A?>+B?| < co. Then ¥y % Elqip E[A:|:)| E[B;|vi]],
To = Elgi(1 — pi) E[A|[Wi] E[Bili]], and i = Elq E[A; ] E[ B[]

Proof. First, we show the homogeneity condition n~* D gecy Dijeg Vi — ;|3 = o(1) also
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holds for the matched groups G% = {gUv(g) : g € G,}. Note that we may write

D SpIIR SEE DU ST

geGy i,j€g 9€EGn i,jEgUV(g)
=) > D W=l @n) D 0D i — ¢f31(i5 € g or i € v(g))
9€Gn i€g,jcv(g) 9EGn i£j

The second term is o(1) by Theorem A.1. By Young’s inequality, the first term is

S i — Ol 1By — Yo 3+ 1) — sl3

9€Gn icg,jev(g)

< ot Z k:(g) Z |77bz — &g@ + k*nt Z W_}g - &V(y)@

9€Gn 1€g 9€Gn

The second term is o(1) again by Theorem A.1. The first term is

2007 k(o) D0 k(o) S — v B < 207t 30 3 i — sl = of1)

9€Gn i€g Jj€yg 9€Gn i,jEg

again by triangle inequality, Jensen, and Theorem A.1. This finishes our proof of the

claim.

Define A; = v,(¢;) + €@ with E[el|¢;] = 0 and similarly for B;. Denote v;, = v,(1;)

and vy = vp(¥;). Let ¢, — 0o be any sequence. By Lemma C.5, there exists sequences

(22),>1 and (28),>1 of functions with |22, < ¢, and |22 — v,]24 = o(1) and similarly

for b. Observe that |z%]24 = O(1) since v, € Lo(¢)). For matched groups g = g1 U go

with assignment propensities a;/k; and ay/ks in each group, define the group weight

wy, = 1/(a1 + az — 1) and variance estimator

v =n"! Z w, Z A;BiD;D;1(i # j)

gegy 1,j€9

— Y wy S (ma(W) + €6 (my(t) + €)DiD; = Ay + By + Co + Ry

9€3y, 1,J€g
i#]

22



Consider A,,. Noting a;b; + b;a; = —(a; — a;)(b; — b;) + a;b; + a;b;, this is

n~! Z w, Z (ViaVjb + VjqUip) D D = n! Z wy Z (ViaVib + VjqUjp) D; D

9€Gy 1<j€g g9€gy 1<jeg

—n ! Z w, Z (Via — Vja)(vip — vjp)D;D; = A} + A2,

gegy i<jEg

Denote 28, = 22(1);), 28, = 28 (¢;) and let k = max,cg |g|. Expanding (via —vja) (vip —v;)

and by Young’s inequality and Jensen inequality we have

a a a a b b b b
|(Uia — Zin + Rin — Zjn + Zjn - Uja)(vib — Zin + Rin Zjn + Zjn - Ujb)|
a a a a 2 b b b b 2
5 ‘Uia — Zip + Zip, — Zin + Zin — vja’ + ‘vib — Zin T Zim — Zin + Zin — U]'b)’

5 |Uia - qun‘2 + |Zian - ;Ln‘2 + |Z]C'Ln - Uja|2 + |Uib - zzbn’Q + ‘an - ;)n’2 + ‘Z;)n — Ujb 2'
Then by triangle inequality we have shown |A,5| < |A%,| + |A%,| with

ALl ST 0D via — 2P + |z — 2P + 125 — vial?
geGy i<jeg
S22k Y Y v — AT Y Y =3
geGy i€g geGy i,J€9g

= Z%En[Tiwia - Z’an|2] + Op(l) S EnHUia - an|2] + Op<1) = Op(1>‘

: : ~1/2 -

For the second to last inequality, set ¢, = o(r, Y ) for n~! > ooy Dijeg Vi — Uil =
O(ry), as guaranteed by Theorem A.l. The final equality is by Markov, since |22 —
Va(¥)]2.4 = 0o(1). Then by symmetry A%, = 0,(1) and A,» = 0,(1). Next consider A,

nil Z Wy Z (’UmUZ'b + Ujavjb)DiDj = nil Z ngDiUianb ( Z Dj + Z D]>

geGy 1<jEg geGy 1€g JEGI>i jEgj<i

=n"! Z Wy Z Diviavib(a(g) - 1) = En[TiDiUiavib] = En[Tz(Dz - Pi)Uz’a"Uib]

9€Gy; i€g

+ B (T — ¢:)piviavin) + En[@ipiviavin] = E[qipiviavip] + 0p(1).
The first equality by re-indexing, the third since w, = (a(g) —1)™' = (a; + az — 1)7*

and since G partitions {i : T; = 1}. The final equality follows by WLLN and Lemma
A2, since E[|qipiviqva|] < E[v2]Y2EWE])Y? < E[A2)V2E[B?Y/? < 0o by assumption.
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Next claim that R,, = 0,(1). It suffices to verify conditions of Lemma C.7 for

Ug = Wy Z e?egDiDj]l(i #7)=w, Z e?egDiDj]l(ij €9)
h,jEg i#]
Define F,, = o(¢1., 7", ), so that GZ € F,. Note that u, I uy|F, for g # ¢
by Lemma C.9. We also need to show Elu,|F,] = 0 for each g € G/. Note that
Elu,|F,] = E[Euy|F.F,] with F, = o(F,,7%) and Dy, € F,. Repeatedly using
the fact that (4,B) 1L C = A 1L C|B, we have Ele}e’|F,] = Ele}el|v;,v;] =
Bl Ele}|€h, i, v5] |5, 5] = El€SEle} 1|1, 1b;] = 0. Then apparently E[uy|F,] = 0 for
all g € G¥. Finally, Lemma C.7 requires the condition %degz Ellug|1(|ug| > ¢,)|Fn] =
0p(1). Observe that for any positive constants (aj)j; we have >, ax1(> ", ar > ¢) <
my_, arl(ar > ¢/m) and abl(ab > ¢) < a®L(a® > ¢) + b*1(b* > ¢). Let ¢, — oo and
let k = maxgegy |g|. Using the indicator function facts above, for any group g € G,

Ellug|1(|ug| > ¢,)|Fy] is bounded above by
J-"n]

E | lellefni # 5)1 (Z\€a!|6b\l #J)>cn>

1,JEQg 1,]€9
<) E {yeguegu (le¢]|€k] > ca/k?) ]—"nl
i,j€Y
i#j

The first line by triangle inequality and since w, < 1. The inequality by the first

|

indicator function fact. Using the second indicator fact, this is bounded above by

<) E [(e?)2]l €l)? > ¢, /k?) } +k3ZE[ > > e, [k?) | F,

k?’:ZgE{(e})?]l ()2 > ¢,/k?) }+k3§gE{ 02> e /k?) | ]

The last line again uses the fact that (A, B) 1L ¢ = A 1L C|B, combined with iid
sampling and independence of (7%, m,) from the data Wi,,. Then since G” is a partition

of {T; = 1} C [n], we have
i

—ZE|u9|]l |ug| > cn)| F] <—Z > E[ (€)% > o /K?)
For ¢ = a, taking an expectation of the RHS gives k*E[(¢f)*1 ((¢7)? > ¢, /k?)] = o(1)

9ear 1=1 c€{a,b}
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as n — oo since E[(e?)?] < E[Var(A|¢)] < Var(A) < oo and similarly for ¢ = b. Then
by Markov inequality %degﬁ Ellug|1(|ug] > ¢,)|Fn] = 0,(1), so R, = 0,(1) by Lemma
C.7. An identical argument shows that B,,C,, = o0,(1). Then we have shown that
U1 = Elviqvapiqs] + 0p(1). By symmetry, v = Elvivin(1 — pi)ai] + 0p(1).

Next, consider the cross-term estimator.

@\10 = nil Z Wy Z A,LBJD,L(l — D])

9€Gn 1,j€9
=0 Y wy > (i + €)(my; + ) Di(1 — Dy) = Ay + By + C + R,

9€Gn (VST

Let F,, = o (1.0, 7%, m,) as before. Note the equality a;b; + bia; = —(a; — a;)(bi — b;) +
a;b; + a;b;. Then the conditional expectation E[A,|F,] is equal to

_1ngZE bD 1-D ngZijk]; 1(i # j5)

9€Gn 1,J€9 9€Gn (IS

Expanding using the fact above gives

1 a(k — 1 a(k —a e a
=n ngk’Ek’ Zvv +vv =-n ngﬁ'zwi—vﬂ-)(vf—vf)

gegn l<]€g gEQn 'L<j€g
_ alk —
+n lzwgkék Zvv +UU =T+ Ty
g€Gn z<j€g

First consider T},;. By Young’s inequality we have

Tl 073037 o — ol — o8 < (20) 7 Y0 D ol = of P o [l — ol

g€Gn 1<jEg 9€Gn 1,J€9

The form of each expression is identical to our analysis of Al above. Then T, =

0p(1) by the same argument. Next consider T,2. By counting, it’s easy to see that
Zi<j€g(va§’ +vivh) = (k- 1) D icq U v?. Then setting w, = k/(a(k — a)) gives

a(k —
N = R R D v =0T ) D el
gng ieg gng Zeg

= En[Tszvf] = En[qivaf] + EL[(T; — g )Uavb] Elqviqvip) + 0p<1)

The third equality since G,, partitions the units {7; = 1}. The final equality follows from
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Lemma A.2. Next consider

alk—a L 1
A, — E[A,|F) = Zng ( —Dﬂ—ﬁ)ﬂ(l#])En Zug

9€Gn 1,5€G 9€Gn

We have Eluy|F,] = 0 for all g € G, by the calculation of E[A,|F,] above. Also, note
uy AL ugy|F, for all g # ¢’ by Lemma C.9. Then by Lemma C.7, it suffices to show that
%deg% El|ug|1(|uy| > ¢,)|Fn] = 0,(1) for some ¢, — oo with ¢, = o(n'/?). It’s easy to

see that w, < 2, so we have

|ugl < j{:/u@|v

1,J€9

D1- D) - H=S 16 £0) < ¥ letle

4,J€9

Then using the indicator function bounds in our analysis above, E||u,|L(|uy| > ¢,)|F]

is bounded above by

> Il (Z 7|01 > cn> |fn] < kY E(lof oL ([of o] > cu/ (R)?) | F]

<k’ Z (B [lof P ([of 1 > ea/(R)?) [Fa] + B [[07P1 ([0 > en/(K)?) | Fa])
<K Z (B [ PL (i > en/(B)?) 1] + E [[02)21 (ol > o/ (K)?) |44])

Then %degv Ellug|1(|ug| > ¢,)|Fn] is bounded above by

B =D D (B0 PR (o > en/(R)?) [] + B [ofPL (|0} > e/ (R)?) [wi])

geQ“ i€g
= KB [TE[of PA([vf [ > e/ (k)*)[0i]] + B[ TiB[[07 P07 2 > en/ (k)]
< B [E[lof PL([f* > e/ (k)*)[0al] + En B[] PA([0]* > cn/(k)?)|44]]

BllofPL(lvi* > ¢/(k)?)] — 0 as
n — oo by dominated convergence. Then by Markov inequality, we have shown that
%degn Ellug|L(Jug| > cn)|Fnl, so A, — E[A,|F,] = 0,(1) by Lemma C.7. Next, note

that B, Cy,, R, = 0,(1) by the exact argument used in our analysis of ;. Then we have

Taking expectation of the final line gives

c=a,b

shown that 079 2 E[q;viqvi] as claimed. O
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Secondary Online Appendix to “Optimal Stratification of
Survey Experiments”

Max Cytrynbaum

This secondary online appendix is not intended for publication. It contains our

theoretical simulation results, as well as other non-essential supporting material.

B Simulations

This section presents simulations exhibiting the finite sample properties of our method.
Our asymptotic results show separate variance reductions from each of the following: (a)
finely treatment assignment, (b) finely stratified sampling and assignment, (c) using the
optimal propensities ¢* (1) and p*(¢) (generally infeasible), and (d) using pilot estimates
q(¢) and p(¢) of the optimal propensities (feasible). In particular, designs (a)-(d) are
weakly increasing in asymptotic efficiency. To quantify the marginal efficiency gain from
each of our proposed methods in finite samples, we simulate unadjusted ATE estimation

under the following designs:

CR: Complete randomization T, ~ CR(q;) and Dy, ~ CR(p), with ¢; a dis-

cretization of the budget-exhausting sampling propensity ¢* = B/E[C(v)].??

CR, Loc: As in CR but with stratified assignment D;., ~ Loc(v, p).
Loc: Stratified sampling and assignment 77.,, ~ Loc(v, ¢;) and Dy.,, ~ Loc(¢, p).
Hom: Asin Loc but with g},,,, . (¢) a discretization of ¢j,,,, (1)) = B-C(¢) 72/ E[C ()",

the optimal sampling propensity assuming homoskedasticity. This is feasible but

may be misspecified.

Opt: Asin Loc but with ¢} (¢) and p;* discretizations of the optimal propensities
from Section 4, using oracle knowledge of the heteroskedasticity functions o2(v)
(infeasible).

Pilot S/L: As in Opt, replacing the unknown optimal propensities ¢} (¢)) and pj
with g, (1) and pj, estimated from a pilot of size (S) nyior = 100 or (L) npy0e = 400.

21n particular, we let ¢; = a/k, using the minimal k such that g} - E,[C(1;)] € [.95B,1.05B].
23For simplicity, we focus on the optimal constant assignment propensity under fine stratification
(Equation 4.6).



Variance functions o2(1)) are estimated using a modification of Fan and Yao (1998),

see appendix section A.2 for details.

Discretization - In each of the designs with varying propensities we discretize by
choosing ¢x(-) to minimize E,[(gr — ¢*)*(1;)] over the set of discretizations {q : ¢(¢)) €
a/10:a=1,...,10} subject to number of propensity levels L = |Image(q)| < 3.

Theory Predictions. Our results predict that there will be large variance re-
duction from stratified assignment, design CR to CR, Loc in the notation above, if
¥ predicts outcomes Y (d) well. Similarly, there will be large variance reductions from
stratified sampling (CR, Loc to Loc) if ¢ predicts treatment effects Y (1) — Y (0) well,
from Loc to Hom if costs are heterogeneous and heteroskedasticity is mild, and from
Hom to Opt if there is significant heteroskedasticity. Moreover, the confidence intervals
from Section 7 should have close to nominal coverage. Let Y;(d) = mg(1);) + o3(1;)e?
with Eled]i;] = 0 and Var(ef|i;) = 1 for d = 0,1, and denote v = dim(¢)). To test the

predictions of our theory, we simulate data from the following DGP’s:

Model 1: Outcomes mgy(¢)) = Byt and my () = B + ' Q¢ with By = 0, B =
3-vec(l/m :m € [v]), and @ = (1/2)11" with ¢ ~ Unif(|—1,1]"). Costs c(¢)) =
1(¢y < 0) + 10 - L(xyy > 0), budget constraint B = 4, and baseline treatment
proportions p = 3/8. Residuals e? ~ N(0,I,) with 62 = 1 and 0? = 9.

Model 2: As in Model 1, but ¢(y) = 1(¢»y < 0) +4 - 1(x1 > 0), budget constraint
B =1, and p = 1/2. Heteroskedasticity functions o2(¢)) = 5 and o?(¢)) = 5+ 30 -
[613/v and € ~ Unif([~1, 1))

Model 3: As in Model 1, but c(v)) = 1/2 + 10 - ||¢||3/v, B = 2, and 02(¢)) = 2.

Model 4: As in Model 1, but with gy = 2 - vec(1/k : k € [v]) = (2/3)p1, and
Q = 211'. Costs as in Model 3 and heteroskedasticity as in Model 2.

Model 5: As in Model 1, but with my(¢) =5 g(B)) for By = f1 = 10 - vec(1/m :
m € [v]) and g the Cauchy CDF, p = 1/2, and c3(¢)) = 2.

Model 6: As in Model 1, but outcomes mq(¢)) = 45" _ sin(¢y,) + 21’ and
mo(y) =237 _ cos(¢,) and ¢ ~ Unif([—, 7]”), with p = 3/10 and o3(¢)) = 6.

Table 2 presents our main results, computed using 1000 Monte Carlo repetitions,

discretizing propensities to level £ = 8 in all cases. “SD” denotes estimator standard



n = 800, dim(¢) =2

n = 400, dim(¢y)) = 6

Design, DGP 1 2 3 4 5 6 1 2 3 4 5 6
CR 1.00 1.00 1.00 1.00 1.00 1.00|1.00 1.00 1.00 1.00 1.00 1.00
CR, Loc 096 094 081 0.87 0.56 0.62|0.89 0.96 0.86 0.92 0.66 0.76
Loc 090 093 074 084 054 0.58|0.89 094 0.81 0.86 0.67 0.73
SD Hom. 093 091 074 089 0.55 0.58 | 0.88 0.93 0.81 0.88 0.66 0.74
Opt. 0.80 087 0.72 0.79 0.56 0.55|0.81 0.90 0.68 0.76 0.64 0.59
Pilot S 0.87 091 0.68 0.83 0.56 0.52|0.78 0.86 0.75 0.73 0.66 0.57
Pilot L 0.82 087 0.70 0.77 0.56 0.52 |0.78 0.90 0.74 0.70 0.65 0.56
CR 0 0 0 0 0 0 0 0 0 0 0 0
CR, Loc -7 -3 -18 -12 42 -35 -7 -3 -9 -6 -30 -18
Loc -9 -6 -24 -13 -42 -40 -9 -5 11 -7 -29  -20
%ACI Hom. -14 9 -26 -14 -45 41| -13 -8 -10 -5 -33 -23
Opt. 21 -12 30 -24 45 47| -21 -9 24 -21 -33 -43
Pilot S 21 -12 29 -22 43 46| -20 -11 -21 -22 -30 -40
Pilot L 21 -13 30 -24 44 46| -21 -11 -23 -25 -32 -40
CR 095 095 095 095 095 095|094 094 094 095 095 094
CR, Loc 095 095 094 095 0.96 0.96|0.96 095 0.96 0.96 0.97 0.97
Loc 095 095 095 096 0.95 0.96|0.95 095 097 096 097 0.97
Cover Hom. 092 095 096 095 0.95 0.90|0.94 094 097 097 0.95 0.96
Opt. 092 096 095 096 0.95 087|094 095 097 096 096 0.94
Pilot S 094 095 096 095 0.95 0.95|0.96 096 0.95 0.96 0.96 0.96
Pilot L 094 096 094 095 095 096|095 095 095 096 0.96 0.96

Table 2: Simulation Results



deviation relative to design CR.>* “%ACI” is percent change in confidence interval length
relative to the length under CR, using the asymptotically exact confidence intervals from

Section 7 for all designs.

Results. Our simulation results agree with the theory predictions above. For
example, Models 5 and 6 show large variance reductions from stratified assignment,
but not from stratified sampling since 1) is not predictive of treamtent effects Y (1) —
Y (0) in these models. By contrast, stratified sampling significantly reduces variance in
Models 1-3, where v is predictive of treatment effects. The simulation results also show
efficiency gains from incorporating costs C'(¢) into the sampling propensity ¢}, (%), even
without knowledge of the true heteroskedasticity function, as in design Hom. Models
2 and 4 have significant heteroskedasticity, and show further variance reduction from
incorporating oracle knowledge of 02(1)) into the globally optimal sampling propensity
¢*(¢)) in Opt. Design Pilot S is less efficient than Opt due to noisy estimation of o3(¢))
using a small pilot, while Pilot L is almost optimal. The results also show approximately
nominal coverage, and the confidence interval shrinkage in panel 2 reflects the efficiency

gains in panel 1.

C Supporting Theory

Lemma C.1 (Propensity Convergence). Suppose that [6;—03|5, = Oy(n™") ford =0, 1.
~ * ~ * 7.2 -

~ * P -~ o % -2 b k
PTOOf. We have |pi,n - D ‘g,n S 2’pz,n - pz|%,n + 2|pz —D; |%,n < O(l/kn> + ‘pl - D ‘g,n by

discretization, and similarly for |, — ¢;]3,,- Then it suffices to bound [p; — p;3,,. Note

R 52 — o2)2(¢ L .
04 — Ud‘%,w = /¢ %WD(W <q 1’03 - 02 %,d; = Op(n™").

Then |p; — p;l3,, is equal to

E.[(01:/(01 + 00i) — 013/ (015 + 002‘))2] < f2En[((01i — 01i)00i + 01:(Coi — UOi))2]

4c
< Eul(on — 013)%05:] + Eu[07:(Goi — 00:))?] S 00 — 00l3,, + |01 — 013,

The last expression is equal to Y, o, [0a — 04l3, + Op(n™2) = Op(n™") 4+ Oy(n=/?)

24Note that E [5 — ATE] = 0 for all designs and estimators, so we only report standard deviation.



by conditional Markov inequality. Next consider |§ — ¢*|3,,. Denote C; = C(1);). Define
[ = En[Cl/Q(ﬁli + 00;)] and p = E[C’-l/2(01i + 0¢;)]. Using &, 1L Wi, by conditional

K3 7

Chebyshev E,[C}*5 4] = E[C}*64/€,] + O,(n~Y/2). Then we have

3 (3

(n — 10)* Y (EalC%64) — BIC! 5 4l60) + BIC! 5 4l6,] — EIC;04))?
d=0,1

< (EC5 4] — EIC6416))? + |Cloc Bol(Gai — o)) = Op(n™") + Op(n™")

d=0,1

The first inequality is Young’s, the second by Young’s and Jensen. Define v; = C' —t 2(8U+

6'\02') and V; = 0;1/2((711' + O_Oi)-

T— a3, = CE@ e — vi/ )] S () 2 (Eul05] (10 = pn) + pn Eu[ (@ — 0:)%])
S (1= pn)® + Eu[(0 — 0:1)%] = Op(n7") + Op(n'7?)

The first inequality is Young’s, the second using our bounded variance assumption. The

final equality follows from work above. This finishes the proof. O

C.1 Regression Equivalence Propositions

Proof of Proposition 3.6. First, consider the regression Y ~ 1 + D + Z + Dz defining
7 and B Define the within-arm regression coefficients ay, = Var,(Z|D; = d,T; =
1)t Cov, (%, Yi(d)|D; = d,T; = 1) for d € {0,1}. E.g. by the calculations in Lin (2013),

we have a = oy — 0 and
7 =0 (a1/p+do/(1 - p) En [(D; — p)&|Ti = 1]

Consider oy, for instance.

E,[D;T}] E,[D/T;]?

By Definition 2.1, we have E,[D;T;] = E,[(D; — p)T;] + pE.[T; — q] + pqg = pg+ O(1/n).
Similarly, we expand E,[2;7/D;T;] = E,[%%(D; — p)Ti] + pE,[z:Z(Ti — q)] + paEy[2i7]
and F,[z2/D;T;] = E,[Z/(D; — p)T;] + pE,[Z:(T; — q)] + pgE,[Z]. It’s easy to check that
the conditions of Lemma A.2 are satisfied, so that E,[%:Z.D;Ti] = pgE,[Z:7] + Op(n~1/?)
and E,[%D;Ti] = pqE,[%] + O,(n~1/%). Putting these facts together gives Var, (%] D; =



L, T; = 1) = E,[z2] — E.[Z]E.[Z] + O,(nY?). Similarly, E,[|T; = 1] = E,[z] +
O,(n"1%) so
E,[ZiZ] — EnlZ]EnlZ] = Enlzizi] — Enlzi] En2|Ts = 1] — Eplzi| Ti = 1] B, [2]
+ Eylz|T; = UEL[Z|T; = 1] = Eu[zi2]] — Eu[z]Ea[2] + Op(n™'/?)
= Var(z) + O, (n"/?)

Similar reasoning shows that Cov,(Z;,Y;(d)|D; = d,T;, = 1) = Cov(z,Y(d)) +
O,(n~12) if E[Y(d)}] < oo. Note that Var(z) = 0 by the assumption that P(S =
k) > 0 Vk € [m]. Then we have ag = Var(z)~!Cov(z,Y(d)) + O,(n"'/?). Recall
z = (1(S = k));™7'. For a function f(X) € L;(X) define v(f) = Var(z)~! Cov(z, f(X)).
Then it’s easy to see that v(f)'z = E[f(X)|S] — E[f(X)|S = m]. Now by above
work 3 = @, — @g = Var(z)™L Cov(z, Y (1) — Y(0)) + O,(n2) = 4(c) + O,(n"/2).
Similarly, a;/p + @o/(1 — p) = Var(z)~' Cov(z, Y (1)/p + Y (0)/(1 — p)) + O,(n~Y?) =
v(b)(p — p)~/2 + O,(n"1/?). Then by the fundamental expansion of the IPW estimator,

we have

=0 @fp+ 8o/ (1 = ) B, (D1 = )3T = 1] = By | HED ) 0,07

(Di - P)Zz'

=0 —~(b)E, . d Q)} +0y(n7") = B, [e(X5)]
q\/pP—p

—5(¢) B, [Zl(—_

q

Tz‘(Dz'—P)
q\/p — p?

(c(Xi) — 7(0)'%)] + B, (b(Xs) = (b)) | + Rn+ Op(n™")

LD 20 x5 - E[bw)]
q\p—p

+ R, + Op(n™h)

The first line uses E,[z|T; = 1] = E,[z]/q + O(n™!) and E,[(D; — p)E,[z|T; = 1]] =
O(n™') by stratification. The second line uses the probability limits established above
and that E,[(D; — p)z] = O,(n~Y?) and E,[(T; — q)z] = O,(n~/?). The final equality
follows from the characterization of Var(z)~! Cov(z, f(X)) above and since E,[(D; —
p)ED(X;)]S; = m]] = O(n ') and E[(T;—q)E[c(X;)|S; = m]] = O(n™ 1) by stratification.
The final expansion is identical to that in the proof of Theorem 3.11. The conclusion

then follows by the same argument. O]



Proof of Proposition 3.12. First we discuss cross-fitting. Denote Z; = (W, D;,T;). Let
I U Iy = [n] be a random partition with |I;| < n and (I3, I5) € o(nm,) for randomness
T AL Ziym. The estimator has form E,[F(Z;,m))]. Use the cross-fitting pattern

I(7) = I, if i € I5 and similarly for ¢ € I;. We may rearrange the summand of /Q\adj as

T:D;Y; _ Yi(1—D)T; | . _ Z (D i (1) _ (1— Di)mo(wi))
4ipP; ¢i(1 — pi) T (Y) — mo(vs) 4; pi (1 —pi)
— DO HC DR () — a(wh) o (P (09) = (1)
_ Ti(Di — pi) (m1(¢i ) mo(%‘)))
4; Di (1—pi)
Continuing the calculation, this is
. T;D;Y; B Yi(1 - D;)T; o (T — qi) N Ti(Di — pi) >
g ¢:(1— pi) z W qi(pi — pi)'/? o)
(Ti — @) T;(D; — pi) DiTie; (1 - D)T;e}
; ~ (W) — LD,
= c(¢i) + " ———(c=0)(¥) e _pg)m( b) (i) + P g

Consider the term Ty, = n™' Y., ¢ (T; — ¢i)(¢c — ©)(¢s, Z1,). By Lemma C.9 with
m=2,g=1and h, 7, =1 we have Z;, Il Z,|m,. Then applying Lemma C.9

E[nT?,|m, Z1,) =n' Y Elg;” D2 (e — ) (i, Z1,)2|7n, Z1,)
i€l
=0t Bl (1 - 4i) (e — @) (i, Zn,)* |0, Z,)
i€l

=n"'|1] /(1 — ) ¥)/a(¥)(c = (¥, Z1,)*dP(¥) < le = AZp,) |20 = 0p(1)

Then y/AiTh,» = op(1). Then by symmetry yABu g7 (T — ¢)(c — 2] = op(1). Sim-
ilarly, \/nFE, [#( b)(1h)] = 0,(1). The claim now follows from vanilla CLT,

)1/2
noting that ny/n 2 Elq]. O



C.2 Lemmas

Lemma C.2 (Conditional Convergence). Let (G,)n>1 and (An)n>1 @ sequence of o-

algebras and RV’s. Define conditional convergence

A, =0,0,(1) <= P(|A,| > €|G,) =0,(1) Ve>0
A, =0,0,(1) <= P(|As] > sn|Gn) = 0,(1) Vs, = o0

Then the following results hold

(i) Ay =o0,(1) <= A, =0,6,(1) and A, = O,(1) < A, = Oy, (1)
(i) El|An]|Gn] = 0,(1)/Op(1) == An = 0,(1)/0y(1)
(iti) Var(An|Gn) = 0p(c)/Op(c) = An = E[An|Gn] = 0p(cn)/Op(cn)-
(iv) If (An)nz1 has Ay < A < 00 Gy-a.5. ¥ and A, = 0,(1) = E[|A,|Gn] = 0,(1)

Proof. (i) Consider that for any ¢ > 0
P(|An| > €) = E[1(|An] > €)] = EIE[L(|An] > €)[Gul] = E[P(|An| > €]Gn)]

If A, = 0,(1), then E[P(|A,| > €|G,)] = o(1), so P(|A,| > €|G,) = 0,(1) by Markov
inequality. Conversely, if P(|A,| > €|G,) = 0,(1), then E[P(|A,| > €|G,)] = o(1) since
(P(]An| > €|Gn))n>1 is uniformly bounded, hence UL Then P(]A,| > €) = o(1). The
second equivalence follows directly from the first. (ii) follows from (i) and conditional

Markov inequality. (iii) is an application of (ii). For (iv), note that for any € > 0
E[|An]|Gn] < €+ E[|Au|1(|An| > €)|Gn] < €+ AP(|An| > €|Gn) = € + 0,(1)

The equality is by (i) and our assumption. Since ¢ > 0 was arbitrary E[|A,]|G,] =
op(1). O

Definition C.3 (Conditional Weak Convergence). For random variables A,, A € R?

and o-algebras (F,),, G define conditional weak convergence
AFo= AlG < E[""|F,] =E[e""G] +0,(1) VteR

We require a slight modification of the martingale difference CLT in Billingsley

(1995), allowing the weak limit to be a mixture of normals.

8



Proposition C.4 (MDS-CLT). Consider probability spaces (2, Gn, P,) each equipped
with filtration (Fin)k>0. Suppose (Yin)i_y is adapted to (Fin)k>o and has E[Yyn|Fr—1.n] =
0 for all k > 1 with n — oco. Make the following definitions

k k
2 2 9
Sk: n — Z kan Ok,n = E[Yk,n"Fk*l;n] Ek,n — O-kﬂ’l,
j=1 ijl

Denote S,, = S, and X, = X,,. Suppose that Uz,n € Fon for all k,n and X, =
0?2 + 0,(1) with 6% € Fy,,. Also, suppose for each € > 0

3 BVl 2 O1Fn] = (1) c
k=1
Then Ele™|Fon] = e 277 + 0,(1).
Proof. We modify the argument in Theorem 35.12 of Billingsley (1995).
E [e“S" — e’%t%z]ﬁm] = E[e"Sn (1 — ¢33 | Fy

+ E[e_%t%2 (e%tQEneitS" — 1)|Fo.n)
For the first term, by conditional Jensen inequality

|E[eits"(1 _ e%t22ne—%t2g2)|‘7_—07n” < E[|(1 _ ethZn 1t202)||.7:07n]

= |(1 = ex"Fre37")| = g, (1)
The first equality since %,,, 02 € Fo,,. Since ¥, = 02+ 0,(1), the second equality follows
by continuous mapping. The second term has

1t2 2|

|E[e—%t202 (e%ﬁzneitsn _ ]-)lf(),n” — 3t E[(e%tQZneitS" o ]-)lf(),n”

1 Z ztSk_Lne%tQEka"(eitYk’” N 6—7t20kn)|]:0 n]
k=

IN

e %tQ 2 1t22n ZE |€ztSk 1"E[ ity _ 67%t20%’"|Fk—1,n]||f0,n]
k=1

— o317 1t22nZE|E Wen _ o —3t%0} 2"|.7:k 1n]||]:0n]—0p(1)Z



The first equality since 02 € Fy,,. The second equality by telescoping. The first in-
equality by triangle inequality and since X, € Fon, Zkn < 2pn, and Sip_1, € Fro1n
for 1 < k < n. The final equality by continuous mapping since ¥, — 2. We want
to show that Z, = O,(1). Fix € > 0 and let I}, = 1(|Ys,| > €). Note the facts
e — (1 41z — (1/2)2%)| < (1/6)|z]> A|z|? and |e* — (1 + 2)| < |z|%€/*! for real z, complex
z. By the MDS property and E[Y;?, |Fi—1,] = 0%,,, combined with these facts

2 1

|Ble™in — 73" %kn| Fioy o] < B[tYinl* A [1Yinl? + (1/4)t 0t 02" 0n| Fiy ]
< (P At 4 1P+ 275 B (e Yinl? + [Yin 2 Tion + 070 [ Fi10]
= An,t(eal%,n + E“Yk,n|2[k,n’}—k—l7n] + E[Ulinlfk—l,n])

Then we have

n

Zy < Any Y Eleot,, + El[Yinl* Tun| Fio1n) + Elof ol Fimt.n) | Foun)
k=1

= Ana(€Sn + LY) + Any Y Elof o[ Fom] < Ani(€Sn + L, + Sa(€ + L))
k=1

To see the final inequality, note that o}, < o}, maxj_, o}, and We have o} , =
E[Yﬁn\fkq,n] < 62+E[Yk2’nfk7n‘./t'k,1’n] < 62+Z;L:1 E[an[j’nl.ﬂ,l,n]. Taking max}_, on
both sides gives maxp_, o}, < ¢ 4+ 30| E[Y? [;n|F; 1] Then 30 Eloy | Fon] <
Soiet Blod (€ + 30 B2 Ll Fi—in))| Fon] = Sn(€? +L5). Note that since £, = o2,
we have A,,;,%, = Oy(1) and L, = 0,(1) by assumption. Since e was arbitrary, this
shows Z,, = 0,(1). O

Lemma C.5 (Lipschitz Approximation). Let Z € R be a random variable. Define
L=A{9(Z) € La(Z) : |gliip V |gloo < 00}. Then L is dense in Ly(Z).

Proof. Let 1(Z € A) P-measurable for non-empty A. Define f,(z) = (1 + nd(z, A))™!
with d(z,A) = inf,ca |z — ylo. The function z — d(z, A) is 1-Lipschitz (e.g. reverse
triangle inequality). Then |f,(2) — fu(y)| < n|z —yls for any 2,y € R? and |f,|e < 1 s0
fn(Z) € L. Observe that f,(z) — 1(z € A) pointwise as n — co. Then by dominated
convergence [(f,(z) — 1(z € A))?dP(z) — 0, since the integrand converges pointwise
and is dominated by 2 € L;(Z). Then bounded Lipschitz functions are dense in the set of
indicator functions of measurable sets. Next, consider a simple function ), a;1(Z € Ay)
with |ag| < oo for all k. If g,x(2) = (1 + nd(z, A;))™! the same argument shows that
Yok Gnk(Z) = > al(Z € Ax) = 0in Ly(Z). The left hand sum is bounded Lipschitz,
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showing that the Lipschitz functions are dense in the set of simple functions in Ly(Z).
The bounded simple functions are dense in Ly(Z) (e.g. Folland (1999)), so bounded
Lipschitz functions are dense in Ly(Z) by transitivity. O

Lemma C.6 (Asymptotic Independence). Consider a probability space (2,G, P) with
o-algebras F = Foo and Fnp C Fopr1 € G foralln > 1 and 0 < k < m — 1. Let
Xni be Fy p-measurable random variables for all n and 1 < k < m. Suppose that
X k| Frg—1 = Lg|F, as in Definition C.3. Then (Xp1,..., Xpm)|F = (L1,..., Ln)|F,

with jointly independent limit.

Proof. By Levy continuity, it suffices to show E[e® (XinmXma)| F] — [T, Eletbr| F]
for all t € R™. We work by induction on k. By assumption, E[e?¥Xn1|F] & Elel1|F]
for all £ € R. Assume by induction that the conclusion holds for 1 < k < k' < m. Then

E[ei Zﬁ':—ll te Xn,k |f‘] — E[ei 22;1 thn,kE[eitk/+1Xn,k/+1 |f-'n k’] |./_"]

— E[eizg;l t Xk (E[eitk’ﬂXn,k’H |Fn k’] _ E[eitk’ﬂl’k’ﬂ |]_-]) |]_—]
o E'+1
+ Eletw+1lus| FlElet Xk teXnk | F] = H Ele" 11| F] + 0,(1)
k=1
The first equality is by tower law and our measurability and increasing o-algebra assump-
tion. For the final equality, note that |¢' k=1 Xni ( Bleiws1Xnw 1| F, 1] = Eleitvnli | F])| <
|Ele?v+1Xnw1| F, ] — Elew+1lv+1| F]| % 0. Then the first term in the sum above is
0p(1) since the integrand converges in probability and is bounded, hence UL The final

equality also uses our inductive hypothesis. This finishes the proof. O

Lemma C.7 (LLN). Consider A, = n~'3 o uy, with G, a collection of disjoint
subsets of [n]. Let (F,)n>1 be o-algebras such that G, is F,-measurable, Elug|F,] =0,
and for all g # g' € Gn ug 1 ug|Fn. If n7' 30 o ElluglL(lug| > ¢,)|Fn] 50 for
cn = w(1), ¢, = o(n'/?), then A, 2 0.

Proof. By disjointness |G,| < n. Fix an indexing G, = {gs : 1 < s < n}, possibly with
gs = 0 for some s. Define g, = us1(|us| < ¢,) and fis, = Flusl(Jus| < ¢,)|F,]. Expand

1 1 & 1 &
- = - s — s — Usn Usp — [hsn T :Tn Tn Tn
ngezg:ug n;u n;[(u Uspn) + ( fisn) + [ ] 1+ dpo+1ps

Observe that E[|T,1]|F.] < (1/n)> 1, Ellus|L(Jus] > ¢,)|Fn] = 0,(1) by assump-

tion. Then T,; = o0,(1) by conditional Markov (Lemma C.2). Next consider T;.
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Note that by definition E[tg, — fisn|Fn] = 0 for each 1 < s < n. Note that for
s # 8 Cov(Ugy, tsn|Fn) = 0 by the conditional independence assumption. Then
Var(Tpo|F,) = n~2Y 0 Var(us,|F,) < n 2> " Elu2,|F,) < n'c2 = o(1), so that
Tn2 = 0,(1) by conditional Chebyshev. Finally, since Efug|F,] = 0, we have [, =
—EBlusl(Jus] > c)|Fn]. Then E[|Tos]|Fa] < (1/n) 32y EllusI(fus| > cn)[Fa] = 0p(1),
so that T,,5 = 0,(1) by conditional Markov as before. This finishes the proof. O

Lemma C.8. Suppose E[|X|P] < co for p > 0. Then max, | X;| = o,(n'/P).

Proof. For € > 0 we have P(max?_, |X;| > en'/?) < nP(|X;| > en'/?) = nP(|X;|P >
e’n) < n(ePn) B[ X;P1(|X;]P > €n)] < E[| X;P1(|X;|[P > €’n)] — 0. The first inequal-
ity by union bound, the equality by monotonicity of z — zP. The second inequality is

Markov’s, and the final statement by dominated convergence, since E[|X;[P] < oco. O

Lemma C.9 (Random Partitions). Let G, = {gs}7, a random collection of disjoint
subsets of [n]. Let variables ((7s)s, Wi, 7) jointly independent for some random elements
7w and (15)7,. Let h; = h(W;) for a fixzed measurable function h and suppose that the
partition G, is F,-measurable for F, = o(hy.n,, 7). Then for s # r and measurable Fy, F,,
we have Fs((W;)ieg,, Ts) AL Fo((Wi)ieg,, Tr) | Fan-

Proof. Since Fy, F, are arbitrary, it suffices to show E[F F.|F,] = E[Fs|F,|E[Fs|Fn]-
Denote Wi = (W;)ier and similarly for h;. Then Fy = >, o 1(gs = I)Fo(Wr, 75). We

claim that it suffices to show
E[FS(WIa TS>FT(WJ7 Tr)’Fn] = E[FS(W[7 Ts)‘fn]E[Fr(WJa Tr)‘«/t‘n]

for all disjoint I N.J = (). To see this, note that in this case by measurability of G,, with

respect to F,, and disjointness of the groups we would have

ERF|F]=E|Y . > (g =Dg, = J)F(Wr,7) F.(Wy, 7,)| F

Ie2(nl je2lnl
= Y 1(g. = D(gr = ) E[F(Wy, 7| Fa E[F. (W, 72)| Fo] = E[F|Fol E[F,|F
I,Je2[
InJ=0

Then consider such INJ = (). Note the fact (1) if (4, B) 1L C then A 1L C|B. By apply-
ing (1) with A = (Wy, 75, Wy, 7.), B = hy., and C = 7, we have E[Fs(Wy, 15) E. (W, 1) | Fn) =
E[Fs(Wr,7s)F-(Wy, 7)) |hi.). Then it suffices to show that (a) (Wy,7s) 1L (W, 7)) | hin.
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By fact (1) to show (a) it suffices to prove (b) (Wi, 7s, hr) 1L (W, 7.)|hre. By fact (1)
again, it suffices to show (c¢) (Wr, 75, hy) AL (W, 7, hye). This is true by disjointness
and joint independence of the (75)s, which finishes the proof. O

Lemma C.10 (Design Properties). Let Dy.,, ~ Loc(w,,p,). Denote group random-
ization variables 74 = (7¢)a., jointly independent with ( asZ)Zal ~ CR(qq/ka) for

1 <s<n—1 and remainder group (T, ane)e 1 ~ SRS(qa/ka). Let (Fn)n>0 a sequence of
o-algebras with G, C F, and F,, AL 7. Then the following hold

(i) For each i € [n] we have E[D;|F,] = SEIS™ (i € goy) - pa. In particular,
E[Di1(i € gas)|Fn]l = 1(i € ays) -

Pa-

(1) For1 <i<mnandl <s <nwehave Var(D;|F,)1(i € gas) = Pa(1—pa)L(i € Gu,s)-
For1 <1,5 <n distinct indices and 1 < s <n—1

.. Ga ka — Ga .
COV(DiaDj’Fnﬂl(Za] € ga,s) = _ﬁﬂ(%] € ga,s)

In particular, | Cov(D;, Dj|Fu)1(4,7 € gas)| < ky'1(i,5 € gas)L(s # n). More-
over, Cov(D;, D;|F)1(g(i) # 9(j)) =

Proof. For the first statement, note that

|Ln| n |Ln| n
D; = 22;1)1 i = Gas.) 22; 74 16 = Gayy)

Then since G,, € F,, and T(‘i&g 1L F,, we have

|Ln] n [Ln| n ke
D’F ZZZE Z*gasf asf“’r Zzzlzfgasf [Tis,ﬁlfn]
a=1 s=1 /=1 a=1 s=1 (=1
i |Ln| n_ ka
_Zzzﬂl_gaw asf Zzzﬂz—gasé
a=1 s=1 /=1 a=1 s=1 (=1

To finish, note that S3% 1(i = gaer) = 1(i € gas) by definition. For (i), by the
decomposition above and measurability assumption, for 1 < j# i <n

‘Ln n

COV(Di,Dj|.F Z Ziz]l Z—gaSZ ]_ga s’f’)COV( Ta,s,00 T ”Z’|‘F)

a,a’=1s,s'=1 =1 {'=
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By o-algebra independence and joint independence of groupwise randomizations

COV(T;{S’E, T;l/’s/’g/|fn) = COV(T;Z,S,E7 7—5/’5/7@)

(

0 (a’ S) 7§ (a/’ S/)
_<pa_pf21 (a787€)2<a/,8/,€/)

—effetd (a,5) = (d,8); (AL 1<s<n

0 (a,s) = (a',s"); (#/{ s=n

\

The third line follows since by definition of CR(q,/k,), for (a,s) = (a/,s") we have

kN 'k, —2
Cov<fs,s,g,fi,s.@>=P<rs,s,g:r;€s,g,=1>—<qa/ka>2:(q) ( )—<qa/ka>2

a qa — 2
_ Qa(Qa - 1) - _Qa<ka - Qa)

ko T

The bounds follow by inspection.
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