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Abstract

This paper studies a two-stage model of experimentation, where the researcher
first samples representative experimental participants from an eligible pool, then
assigns each sampled unit to treatment or control, using matched k-tuples random-
ization at both stages. To implement such designs, we develop a fast new algorithm
for matching units into k-tuples for any k& > 2 and any dimension of covariates. By
surveying 200 recent experimental working papers, we estimate that our algorithm
newly enables multivariate fine stratification with provable match quality guaran-
tees for about 44% of experiments in economics. We show that finely stratified
sampling and assignment both nonparametrically reduce the variance of treatment
effect estimation, with the gains from stratified sampling increasing in the size of
the eligible pool and how well covariates predict treatment effect heterogeneity.
We develop new inference methods that fully exploit the efficiency gains from both
design stages, allowing researchers to report smaller standard errors if they de-
signed a representative experiment. An application to nine published experiments
quantifies the efficiency gains.
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1 Introduction

A key objective in the design of experiments is to construct an experimental sample that
is externally valid in the sense that it is representative of a broader population of interest.
Given such a sample, experimenters also want to randomize so that the treatment and
control groups are finely balanced on covariates, improving internal validity. One way
to achieve both goals is through a survey experiment that uses stratified randomization

for both the sampling of participants and assignment of treatments.

To illustrate, consider the OpenResearch Unconditional Income Study (ORUS), a
large-scale experiment which distributed over $40 million in unconditional cash transfers
in the United States in an effort to study the effects of guaranteed income on a range
of social and economic outcomes (Broockman et al., 2024). OpenResearch recruited
14,573 individuals who were eligible and willing to participate, but its budget only
allowed for the final enrollment of 3,000 participants in the experiment. To ensure
representativeness, the authors drew a stratified sample of size 3,000 from the eligible
pool. Among the participants, they also assigned treatments by stratified randomization,
matching units into triples on income, race, and state, along with several dozen other
covariates 1), then assigning one unit in each triple to the $1,000 per month transfer.

Beyond the ORUS study, the value of stratification for both sampling participants
and assigning treatments is recognized by practitioners. The J-PAL guide to random-
ized experiments recommends stratifying the sample “based on observed covariates that
are expected to moderate the treatment effect,” and observes that “stratifying at the
sampling stage ...reduces the variance of the sample relative to the underlying pop-
ulation,” just as “stratifying at the treatment assignment stage creates treatment and
control groups that are more similar to each other” (Kopper and Riis-Vestergaard, 2023).

Similarly, Muralidharan and Niehaus (2017) note that “the lowest-hanging fruit
may be to make samples more representative of the populations about which we wish to
learn” and suggest “researchers have devoted more effort to persuading their institutional
partners to randomize (for internal validity) than to be representative (for external
validity).”

Motivated by such considerations, we study a general family of stratified designs for
survey experiments, in which participants are representatively sampled from an eligible
pool, then assigned to a binary treatment. We allow the sampling proportions ¢()) to
vary with covariates v, as in the ORUS study above, implementing these proportions us-

ing fine stratification. Such covariate-dependent sampling rates are a classical feature of



stratified survey sampling (Cochran, 1977) and may arise for a variety of reasons, includ-
ing a desire to oversample subgroups of particular interest for heterogeneous treatment
effects (as discussed in the J-PAL guide), heterogeneous costs of experimentation in dif-
ferent regions, or administrative and logistical constraints in constructing the sample.
Likewise, we allow treatment probabilities p # 1/2, e.g. p = 1/3 as in the ORUS study.

To implement such designs, we develop a new matching algorithm, which produces
high quality matched k-tuples for any k£ > 2 by matching on covariates 1 in any dimen-
sion. Our algorithm provably satisfies an asymptotic tight matching condition, which
is needed to guarantee that fine stratification delivers nonparametric efficiency improve-
ments at both the sampling and assignment stages.

Prior work has provided algorithms with such guarantees only in the special cases
of matched pairs £ = 2 (Bai et al., 2022) and univariate matched k-tuples produced by
sorting (Bai, 2022). Our algorithm is the first to possess such match quality guarantees
for tuples of any size k > 2 and dim(z)) > 1.

Leaving theory aside, even as a purely practical matter, the literature has few
recommendations on how to form matched k-tuples for general k£ > 2 and multivariate
1 beyond greedy heuristics (Moore, 2012) and mixed-integer schemes that do not scale
above several hundred units (Brixius, 2025). This is perhaps not surprising, since solving
for the globally optimal matched k-tuples in Euclidean distance is NP-hard if & > 3
and dim(¢)) > 1 (Pyatkin et al., 2017). We navigate around this hardness result with
an algorithm that scales to tens of thousands of units and also satisfies the appropriate
tight matching condition. A more basic version of the procedure with lower finite sample
match quality scales to millions of units. Thus, our procedure also closes a practical gap.

To assess the impact of such designs on experiments in economics, we surveyed 200
recent NBER working papers involving randomized experiments from 2024 to 2026. We
estimate that multivariate fine stratification with match quality guarantees is not feasible
using existing methods for 44% of these experiments, either because they involve multiple
treatment arms or treatment proportions p # 1/2, both of which require matched k-
tuples with & > 2. Thus, for 44% of recent working papers, provably high quality
stratified treatment assignment with dim(¢)) > 1 is newly enabled by our procedure.

This is before considering finely stratified sampling, which has propensity ¢ # 1/2

unless the eligible units are exactly twice the size of the experiment, thus generically

!The 44% additionally includes factorial designs with k = 2™ (m > 2) and sample size n > 10,000, for
which the iterated optimal pairing scheme advocated by Bai et al. (2024) is computationally intractable.



requiring matched k-tuples designs with & > 2. In our survey, we find that about 23%
of these working papers already perform such a sampling step, either by randomly sam-
pling participants from a larger eligible pool (15%) or using a third-party service such as
Prolific or YouGov to recruit a representative sample (8%). Our results show that exper-
imenters who construct a representative sample in this way can report smaller standard
errors, providing an incentive for researchers to make their experiments representative.

In Section 2, we formally introduce a family of finely stratified designs that ran-
domizes sampling and assignment variables within a matched partition G,,. For matched

groups g € G, and centroids 1, = [g]7' >, o Vi, we require the tight matching condition:

LY S = a0 (L)
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This generalizes similar match quality conditions that have appeared in Bai et al. (2022)

and Bai (2022). In the remaining sections, we make the following contributions:

1. In Section 3, we develop a new matching algorithm, which uses a fast spatial
sorting procedure as a warm start to initialize the balanced k-means procedure of
Malinen and Frénti (2014). We show that the resulting partition G, satisfies the

tight matching condition (1.1) under weak assumptions.

2. In Section 4, we provide asymptotic theory for finely stratified survey experiments
with general sampling proportions ¢(¢’) and assignment propensity p # 1/2. We
show finely stratified sampling and assignment both provide nonparametric vari-
ance reductions, attaining the relevant semiparametric variance bound. Stratified
sampling attenuates the variance due to treatment effect heterogeneity, with larger
reductions as the size of the eligible pool grows. We characterize the optimal strat-
ification variables, showing that for sampling one should stratify on a small set of
covariates 1 most predictive of treatment effect heterogeneity, formally justifying

the J-PAL recommendation above.

3. In Section 5, we apply these designs to formulate and solve a budget-constrained
optimal sampling problem with heterogeneous costs, deriving the optimal sampling
proportions ¢*(¢)) o< C(¥)"Y20 (1)) for costs C(zp) and an appropriate residual
variance function o(¢)). Under a homoskedasticity assumption, this design can be
implemented using the known costs. We also propose versions that use available

pilot or observational data to estimate the unknown o?(¢) term, showing these
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asymptotically minimize variance over all budget-feasible proportions ¢(¢).

4. In Section 6, we develop new inference methods for experiments with joint finely
stratified sampling and assignment. We enable asymptotically non-conservative
inference on the population average treatment effect, as well as asymptotically

valid inference on the average treatment effect among the eligible units.

In Section 7, we present an empirical application to nine experiments recently pub-

lished in top economics journals, which demonstrates the value of our methods.

1.1 Related Literature

For overviews of experimental design theory, see Rosenberger and Lachin (2016), Athey
and Imbens (2017), or Bai et al. (2025). For reviews of the classical literature on survey
sampling, see Cochran (1977) and Lohr (2021).

The idea that trial findings should be extended from enrolled participants to the
broader population of trial-eligible individuals originates in the clinical literature (Roth-
well, 2005). A subsequent literature in statistics develops estimators that correct for
non-representative experimental participation and imbalanced assignment by ex-post
adjustment, as in Dahabreh et al. (2019) and Li et al. (2023). See Degtiar and Rose
(2023) for a review of this area. By contrast, our finely stratified sampling and assign-

ment designs prevent such imbalances from arising at the randomization stage.

Contemporaneous with the first version of our paper, Yang et al. (2023) propose
a two-stage design using rerandomization for both sampling and assignment. Under
rerandomization, difference-of-means estimation is asymptotically slightly less efficient
than ex-post linear covariate adjustment. By contrast, we show that two-stage fine
stratification is asymptotically equivalent to nonparametric covariate adjustment for the
imbalances in both the sampling and assignment variables.

Recent work on stratified treatment assignment includes Imai et al. (2009), Bugni
et al. (2018), Fogarty (2018), Wang et al. (2023), Bai et al. (2022), de Chaisemartin
and Ramirez-Cuellar (2024), Bai (2022), Tabord-Meehan (2023), Bai et al. (2024), and
Bai et al. (2026). For treatment assignment, our work is most closely related to Bai
et al. (2022), who study matched pairs designs, and Bai (2022), who studies finely strat-
ified designs with constant propensity p = a/k and univariate stratification variables,

dim(¢)) = 1. Aside from stratification, other recent proposals for balanced treatment



assignment include Kasy (2016), Kallus (2018), Li et al. (2018), Krieger et al. (2019),
and Harshaw et al. (2024).

From a computational perspective, finely stratified designs require the construction
of high-quality matched groups. Multivariate fine stratification has previously relied
on greedy algorithms such as that of Moore (2012), implemented in the blockTools
package. For large experiments, the threshold blocking method of Higgins et al. (2016)
forms blocks of uneven sizes bounded below by some chosen k. These methods do not

deliver the tight matching guarantees that drive our efficiency results.

The most closely related previous work providing such guarantees is Bai et al. (2022),
who bound the average squared Euclidean distance of the optimal non-bipartite matching
(Derigs, 1988) using a space-filling path argument. Bai (2022) forms univariate k-tuples
with a match quality guarantee by sorting units along their ¢; values for dim(y)) = 1. We
generalize the space-filling construction and adapt it into a practical algorithm, deploying
this as the warm start for the balanced k-means procedure of Malinen and Fréanti (2014).
This results in a fast, practical algorithm that provably satisfies the appropriate tight
matching condition for any k& > 2 and dim(v)) > 1.

Our budget-constrained optimal sampling design extends the classical theory of
optimal allocation in survey sampling (Cochran, 1977) to finely stratified sampling into
an experiment. Our results on design using a pilot study are related to previous work in
Hahn et al. (2011), Bai (2022), Tabord-Meehan (2023), and Kasy and Sautmann (2021).
Our inference results build on the method of collapsed-strata in Hansen et al. (1953)
and its modern “pairs of pairs” variants studied in Abadie and Imbens (2008), Bai et al.
(2022), and Bai et al. (2026).

2 Setting and Designs

Consider running an experiment to estimate the effect of a binary treatment. There
are n eligible units with potential outcomes Y;(d) for d € {0,1} and observed baseline
covariates ¢; for i = 1,...,n. Let T; = 1 if an eligible unit is sampled to participate in
the experiment and 7; = 0 otherwise, so experiment size ny = >, T;. In general, we may
want to implement sampling proportions ¢(¢)) = P(T = 1|¢)) € (0,1]. Sampled units
are assigned to treatment or control D; € {0,1} with p(¢)) = P(D = 1J3). In practice,
p and ¢ will often be constant. Then outcomes are Y; = T;[D;Y;(1) 4+ (1 — D;)Y;(0)].

For example, Shim et al. (2026) study the effect of fiscal news on household spending,



sampling np = 11,262 respondents into their experiment from an eligible population of
n ~ 200,000 Koreans in a survey panel, so that ¢ = ny/n &~ 1/18. Similarly, Chioda et al.
(2026) evaluate an entrepreneurship training program, sampling ny = 4,402 participants
into the experiment from a pool of n = 7,431 Ugandan applicants so that g ~ 3/5.
Denote W; = (¢4, Y;(0),Y;(1)) and suppose (W;)r_, %S P, modeling the eligible units
as an iid sample from a broader superpopulation. One natural estimand in this case is
the average treatment effect ATE = E[Y (1) — Y (0)]. For example, in the ORUS basic
income study in the introduction, the ATE is the treatment effect among the broader
population of low-income Americans from which the n = 14,573 eligible participants
were recruited, using a combination of direct mailers and online advertisements.
Another possible estimand is the SATE = n~'>""  (Y;(1) — Y;(0)) among the n
eligible units that the experimenter physically samples from. In the ORUS study, the
SATE is the treatment effect among these n = 14,573 eligible units, from which they
sampled the ultimate experimental population of size ny = 3,000. Note the SATE is
sometimes alternatively defined more narrowly as the treatment effect among the nqp
experimental participants, ny' Y. T;(Yi(1) — Y;(0)). This estimand has less policy
relevance in general, though it is equivalent to our definition of the SATE in the special
case ¢ = 1. We mostly focus on the ATE in what follows, though for completeness we

extend our main asymptotic and inference results to the SATE as well.

In either case, our goal is to sample a representative subset of the eligible units into
the experiment, then assign them to treatment and control in a way that finely bal-
ances the baseline covariates ¥; € RY. We implement both the sampling and treatment

assignment steps using a form of matched k-tuples randomization.

Matched k-Tuples. We first describe matched k-tuples in the context of random
sampling. Suppose we want to sample ¢ = 1/5 of the n eligible units into the experi-
ment. To do so, we first match them into homogeneous groups of size k = 5 using the
covariates (1;)!_;, then sample one out of every five units in each matched group into the
experiment, uniformly at random. Doing so balances covariates ¢); between the sampled
and non-sampled units, 7; = 1 and T; = 0. More generally, we introduce a family of

matched k-tuples designs that allows for potentially varying sampling and assignment
propensities ¢(¢) = P(T = 1|¢) and p(¢p) = P(D = 1|¢):

Definition 2.1 (Local Randomization). Let ¢ : RY — (0, 1] be a propensity with rational
levels q(¢) € {a;/ky : 1 =1,...,L}. We write T}, ~ Loc(, ¢(¢)) and say that the design

Ty, = (1), is a locally randomized implementation of ¢(-) with respect to ® if there
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Figure 1: Sampling groups and variables for T3., ~ Loc(v, ¢) with ¢ = 3/5.

exists a partition of {1,...,n} into matched groups g € G, such that:

(1) Tight matching. The partition G, is determined only by 1., and independent ran-
domness 7, used to break ties in group formation. For centroids ¢, = |g|™* D ieq Vi

the partition has matching objective F' with

F(G) == 30 Yl — 2 = 0,(1). 2.)

9€Gn i€g

(2) Complete randomization. For each g € G,, units 7,7 € g have equal sampling
propensities ¢(v;) = ¢(¢;) = a;/k; forsome ! =1, ..., L. Conditional on (Wi.,, m,),
each (T});e, is drawn uniformly over all binary vectors in {0, 1} with exactly o

out of k; units having 7; = 1, independently between groups.

Condition (2) is the usual definition of stratified randomization. Note we may
require one remainder group with 1 < |g| < k; per propensity level due to integer effects.
For example, if n = 101 and ¢ = 1/5, the remainder group would have size |g| = 1, and

we can draw T; ~ Bernoulli(q) for this unit.

Tight Matching Condition. The key requirement on the partition G, is the
tight matching condition F(G,) = 0,(1) in Equation 2.1, which asks that the matched

groups be tightly clustered in v-space. We use it to guarantee strong control over
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Figure 2: Assignment groups and variables for Dy, ~ Loc(1, p) with p = 2/11.

the in-sample covariate imbalances that may arise during randomization, allowing us to
show that finely stratified sampling and assignment both provide nonparametric variance
reductions for treatment effect estimation. This condition generalizes related match
quality guarantees previously shown for optimal matched pairs in Bai et al. (2022) and
univariate matched k-tuples in Bai (2022).

Constructing fast algorithms that provably satisfy this condition for any k£ > 2 and
dim(v) > 1is a core contribution, enabling the finely stratified sampling and assignment
designs we study in this paper. However, the value of this algorithm extends beyond
the binary setting. For example, Bai et al. (2024) study finely stratified assignment for
experiments with multiple treatment arms, which requires an asymptotically equivalent
matching condition, but provide an algorithm only in the case £ = 2™. Our matching
algorithm thus makes their asymptotic results applicable to designs outside this special
case, for example experiments with three treatment arms, requiring matched triples with

k = 3. We present the algorithm and its formal matching guarantee in Section 3 below.

Experiment Design. We consider a two-stage finely stratified design:

(1) Sample eligible units T7.,, ~ Loc(, ¢()).
(2) Assign treatments Dy., ~ Loc(¢, p(1)) to the sampled units {i : T; = 1}.

The most common use case of this design is to let the propensities be constant,



sampling T3, ~ Loc(¢, q) for ¢ = a/k of the eligible units, then assigning treatments
Dy, ~ Loc(w,p) to the sampled units. In our survey of experiments in recent NBER
working papers, 73 are binary-treatment RCTs, of which about 27% deliberately use a
treatment proportion p # 1/2, requiring our matched k-tuples algorithm for multivariate

fine stratification not only at the sampling stage, but also for treatment assignment.

More generally, the experimenter may desire non-constant propensities g(1) or p(1))
for various budgetary or logistical reasons, or purely to improve statistical power. For
example, in Section 5, we study stratified implementation of the variance minimizing

sampling proportions ¢*(¢)) under a fixed budget constraint.

Example 2.2 (Matched Tuples). We illustrate the basic sampling and assignment pro-
cedure in Figures 1 and 2, using data from the electoral information campaign in Baysan
(2022). Each color represents a different group of units in the partition G,. In Figure
1 we sample ¢ = 3/5 of the units by forming groups of size |g| = 5, then randomly
sampling T; = 1 for exactly 3 out of 5 units in each group. By sampling in this way we
ensure that units of each “type” in the space of covariates 1) = (vote share, turnout) are
represented within the smaller experiment. Baysan (2022) assigned only p = 2/11 of the
units to D = 1 due to the high cost of the treatment. In Figure 2, we implement this
by matching sampled units {i : T; = 1} into groups of size |g| = 11, randomly assigning

D; =1 to exactly 2 out of 11 units from each group.

Remark 2.3 (Coarse Stratification). The literature has also considered coarsely strati-
fied designs with fixed strata X; € {1,...,m} and stratum sizes n, = [{i : X; = z}| = o0
(e.g. Bugni et al., 2018). Such designs are nested in our framework by letting ¢» = X and
matching units sharing the same discrete covariate value X = z into groups at random.
In this case, G,, depends on both ., and an extra randomization device m,, which we
accommodate in our analysis. Such groups trivially satisfy the tight matching condition
in Equation 2.1. Complete randomization is obtained by setting v» = 1 and forming
groups |g| = k at random. Thus, we provide a unified asymptotic theory and inference
methods for finely stratified, coarsely stratified, and completely randomized designs at

both the sampling and assignment stages.

3 Algorithm and Match Quality Guarantee

In what follows, denote [z] = {1,..., 2} for any positive integer z. Let a A b = min(a, b)

and |S| denote the cardinality of S. We begin by describing the algorithm for a single
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Figure 3: Matching algorithm of Section 3 applied to the Baysan (2022) data with tuple
size k = 11. Preprocessed data and spatial sorting algorithm (left), one iteration of
balanced k-means (middle), convergence after ¢t = 7 iterations (right).

propensity level ¢ = a/k, where a set of units S C [n] is to be matched into groups of

a common size k. For sampling, we apply the algorithm to the eligible units S = [n],

while we apply it to the participants S = {i : T; = 1} for assignment.

Our algorithm constructs a matched partition G,, of the units S C [n] as follows:

(1) Preprocessing. Form a remainder group r of size |r| < k units so that S' = S\ r

has cardinality |S’| exactly divisible by the tuple size k. For the remaining units

i € S, standardize covariates into the unit cube v; € [0, 1]9™®) by transforming
wz(]) — ('le(J) — minizesz @DE,J))/(maXi/eS/ Z(,J) — minilesl ’QZ}’L(,J)) fOI'j € [dlm('l/])]

(2) Spatial sorting. Compute an index function p : [0,1]%™®) — N returning the

position of ¢ € [0, 1]9™®) along a coarsened space-filling curve. Sort units by their

index values (p(1);));es’, then match consecutive units into groups g € G, of size

k, breaking ties at random.

(3) Balanced k-means polishing. Refine the resulting partition G, by running the

balanced k-means algorithm of Malinen and Frénti (2014) for T > 0 iterations. In

practice, we run until convergence, which happens in finitely many iterations.

Readers primarily interested in treatment effect estimation can see the match quality

guarantee in Theorem 3.1 and skip the technical construction below on a first reading.

For the preprocessing in step (1), note that if max;cg 1

(7) = mini/egl wz(}j) then

Zl

covariate 7 has no variation and can be excluded from the procedure without changing
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match quality. Then without loss, max;/¢g wff ) —mingeg wz(,J ) > 0 for each dimension J €
[dim(e))]. Also, our statistical guarantees are invariant to the choice of remainder group.
In practice, we use the remainder to trim outliers, which improves the performance of

the spatial sorting algorithm.

Spatial Sorting. We partition the unit cube [0, 1]%™¥) into axis-aligned blocks of
side length 1/m for grid size parameter m. This creates a grid with cells of the form
C(z) = H?i:ni(w) [z;/m, (z; + 1)/m] for integers z; € {0,...,m — 1}, see the gray lines in
Figure 3 for an illustration. For S C [n], we require grid size m < (|S|/k)/(dm®)+1) In
practice, we set m = [(|S|/(k - dim(¢)))"/(dm#)+D] which approximately optimizes an
upper bound on the matching objective in our theoretical analysis.

The index function p(-) in step (2) enumerates these blocks along a space-filling path
through [0, 1]4™(*) such that any two consecutive cells share a dim(¢)) — 1 dimensional
face. The existence of such a path has also been used to study optimal matched pairs in
Bai et al. (2022), see Remark 3.2 below for a detailed comparison. For data in dimension
v > 1, denote the position of cell C'(z) along this path by p,(z) € N. In the univariate
case, we can set p1(z;) = z;. In dimension v > 2, the position of cell C(z) can be

computed recursively as in Er (1984):

w—1(21, - Zo— 2, even,
po(21, ..y 20) = 2y -m T+ P (2 2 (3.1)
m* ' —1—p,_1(21,...,20-1) 2, odd.

To understand the recursion, note p,_1(-) defines an order for traversing the (v — 1)-
dimensional subspace. If the coordinate z, in the new dimension is even, we traverse
the v — 1 dimensional layer in forward order, while if z, is odd we go in reverse order,
so that consecutive layers are traversed without jumps. See Figure 3 for an illustration.

We extend p, as a map defined on vectors of integers to a map on the unit cube
p: [0,1]9™®) — N by setting p() = po(|map] A (m — 1)) for v = dim(t)), where the
min and floor are applied componentwise. We sort the units in .S’ by their index values
p(1;), matching consecutive units into groups of size k and breaking ties at random.
This procedure yields an initial partition G of S into groups with |g| = k.

Time Complexity. Overall, spatial sorting in step (2) requires O(n dim(¢)) +nlogn)
operations, which is very tractable even for massive experiments. For dim(¢) < 10 this

algorithm can match n = 10 million units into & = 4 tuples in under 20 seconds.

Balanced k-means polishing. Given the initial partition of S’ into groups g €

12



G\ with lg| = k, we use balanced k-means (Malinen and Frénti, 2014) to further
decrease the matching objective defined by F(_Q) =n! D eG Dicg Vi — ¥,]3, subject
to the equal-size constraint. At iteration ¢, let wét) =k'Y o ¥i denote the centroid of
g€ G and update the partition of the units in S’ into groups |g| = k by

G = argmin > N v — o3, (32)

g:|g‘:k geG ieg

The right-hand side of (3.2) is a balanced linear assignment problem that can be solved
in polynomial time using the Hungarian algorithm (Malinen and Franti, 2014). This

objective is non-increasing, with 0 < F( ,(fﬂ)) <F (QT(f)) for all ¢ > 0 and strict decrease

(t+1) _

whenever the partition changes, until the algorithm converges to a fixed point G
G, Since there are finitely many such partitions, this convergence happens in finitely
many iterations. The output of the single-level algorithm is the partition G,, = G u{r},

where T > 0 is the number of balanced k-means iterations.

Multiple Propensity Strata. In our general definition of local randomization,
the propensity ¢(¢)) may take several rational values ¢(v) € {a;/k; : | € [L]}. In this
case, we partition the units into propensity strata S; = {i : q(¢;) = a;/k;} with size
n, = || for S; = S, \ r; after removing the remainder. We run the algorithm above
separately within each S, matching the units into groups of size k;. Each propensity
stratum is handled exactly as above, with grid size m; = [(n;/(k; - dim(¢p)))"/ (dm@)+1)7]
and balanced k-means iteration counts 7; > 0. Writing G,; for the partition of S
produced by the algorithm, the final output is the union G,, = U/ ,G,;. Our main result

in this section shows G, satisfies the tight matching condition in Equation 2.1.

Theorem 3.1 (Algorithm Guarantee). Suppose E[|¢]$] < oo for some o > dim()) + 1.
For each | € [L], let grid sizes m; < (n;/k;)Y @™+ and any number of balanced k-

means iterations Ty > 0. Then the partition G,, produced by the algorithm above satisfies

WSS [ =yl = oy (ne2@mE0) — o (1)

g€Gn €9

See Theorem A.3 for our most general result, in asymptotics allowing the maxi-
mum group size k, = maxe(z,) b and number of propensity levels L, to grow with n.
This generalization supports our results in Section 5, which consider a sampling design
Ty, ~ Loc(v, @, (¥)), where g,(1) is a rational-valued estimate of the optimal sampling

propensity ¢*(¢), discretized with increasing fineness, so that k,, L, — 0o as n — oo.
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Remark 3.2 (Sorting Construction). Bai et al. (2022) were the first to use the existence
of such space filling paths as an analytical device to bound the objective function value
achieved by optimal matched pairs. In our notation, they proved F(G,) = O(n~/ dm¥))
for bounded ¢ and £ = 2. We show a slightly sharper result, which applies for gen-
eral k > 2. In particular, Theorem A.3 implies the improved rate F(G}) < F(G,) =
O (n~#/@mW)+1) for the optimal k-tuple matching G, by a modified analysis.

Application to Survey Experiments. Recall in our two-stage design above we
sample T1., ~ Loc(v, q(¢)) and assign D, ~ Loc(v, p(¢)). By definition, such designs
require partitions GI of the eligible units [n] and G2 of the sampled units {i : T; = 1}
that both satisfy the tight matching condition. The following corollary shows that our

algorithm provides such partitions.

Corollary 3.3 (Survey Experiments). Suppose E|[[¢|$] < oo for some o > dim()) + 1.

Then the sampling and assignment partitions G and GP produced by the algorithm have

F(G,) =0,(1),  F(G,) =0p(1).

4 Asymptotic Theory

This section contains our main asymptotic results, showing nonparametric efficiency
gains from both finely stratified sampling and assignment. Below, we denote E,[a;] =

n~t 37" | a; for any array (a;)? ;. We assume the following throughout:

Assumption 4.1. Moments E[Y (d)?] < oo for d =0, 1.

Estimation. Recall in our definition of local randomization (Definition 2.1), we
allowed sampling and assignment propensities ¢(¢)) and p(«)) to have finitely many ra-
tional levels, such as q(¢) = a;/k; for [ € [L]. This may be required for logistical reasons,
or to maximize statistical power subject to a budget constraint, as we study in Section 5
below. To accommodate the most general designs, we state our main asymptotic results

using the inverse propensity weighting (IPW) estimator

=2z G~ ¥ )] )

In the special case with constant p(¢)) = p and ¢(¢) = ¢q, we could use a standard

regression estimator, like the coefficient on D; in the regression Y; ~ 1 4+ D;, estimated
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among the sampled units. Denoting this estimator by 5015, we have /9\013 _—_y + Op(nfl)
under stratified sampling and assignment, so using OLS instead of IPW does not change
our efficiency or inference results. Motivated by this, we restrict our attention to IPW
in what follows. Note that this equivalence between OLS and IPW is a consequence of
stratification and is not true for iid designs.

In what follows, let ¢(¢) = E[Y (1) — Y(0)|¢)] denote the conditional average treat-
ment effect (CATE) and o2(¢)) = Var(Y (d)|¢)) the heteroskedasticity function. Recall

that np = ), T, is the experiment size. Next we state our main asymptotic result.

Theorem 4.2 (CLT). Assume sampling and assignment are locally randomized with
Tin ~ Loc(y, q(¥)) and Dy ~ Loc(y, p(¥)). Then \/np(6 — ATE) = N(0,V)

v =g (Varewn +£ [ (U 1)) e

We begin with the most common case of constant sampling and assignment propen-

sities ¢(¢) = ¢ and p(¢) = p. Then the variance in Theorem 4.2 simplifies to

i ()

a3 (¥)
V = ¢ Var(c(¢ +E{ + -0 } 4.3
(e(w)) + B | 7L 4 (43)
Stratified Assignment. If ¢ = 1 then ny = n and our framework recovers

the conventional superpopulation sampling model. Setting ¢ = 1, the variance V is
precisely the Hahn (1998) semiparametric variance bound for estimating the ATE in
this model. For iid treatments DiiriSBernoulli(p), this variance can typically only be
attained by nonparametrically estimating and weighting by the realized propensity p(v)
(Hirano et al., 2003), nonparametric regression adjustment (Robins et al., 1994), or a
combination of the two (Chernozhukov et al., 2017).

By contrast, here we achieve this variance bound using a simple IPW estimator
plugging in the known propensity or OLS Y; ~ 1 + D; if p(¢) = p. This shows how fine
stratification nonparametrically controls the covariate imbalances by design, without the
need for ex-post adjustment. The original Hahn (1998) ATE variance bound was shown
for iid data, but recent work in Armstrong (2025) has extended this bound to general
forms of covariate-adaptive randomization, including the finely stratified designs here.

The original work of Bai et al. (2022) showed the variance V' is attained by 5015
under matched pairs randomization if the pairs satisfy a tight matching condition, cor-

responding to the case p = 1/2 in our framework. Bai (2022) extended this to the case
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p = a/k with dim(¢)) = 1.

Stratified Sampling + Assignment. Next, consider finely stratified sampling
into the experiment with ¢ < 1. The first term in Equation 4.3 is then strictly smaller
than the Hahn (1998) bound, with decreasing variance as ¢ = ny/n — 0. This formalizes
an observation of Muralidharan and Niehaus (2017) that “external validity is after all a
continuous and not a binary concept, and all else equal, a sample representative of 10
million people does more for external validity than one that is representative of 10,000.”

This continuous variance reduction is enabled by stratified sampling, which allows
us to tightly couple the distribution of covariates (¢;)7, among the n eligible units to
the covariate distribution in our smaller experiment of size np, reducing the variance
due to treatment effect heterogeneity predictable by v by a factor ¢ = ny/n.

To see why, imagine an oracle setting where we exactly observe the treatment effect
level ¢(1);) for each sampled unit 7; = 1, estimating the ATE by the sampled average
0 = (1/nr) > Tic(1;). Our analysis shows that if 71, ~ Loc(1), g), then 0 behaves like

the infeasible average over all n eligible units:
(1/nr) Y Tielw) = Bule(w)] + oy(n™2). (44)
i=1

Since np/n 2 q, this accounts for the reduction from Var(c(¢)) to ¢ Var(c(x)) in the first
term of Equation (4.3). In the general case with ¢(¢)) non-constant, the treatment effect
heterogeneity term in Equation (4.2) is attenuated to g Var(c()) with ¢ = E[q(v)].
The second term in Equation (4.3) captures the variance from treatment effect
heterogeneity orthogonal to v, as well as random imbalances in the potential outcomes
during second-stage treatment assignment. Such fluctuations cannot be affected by
stratified sampling on 1 with constant ¢q. To reduce this term, we need to change the
relative sampling proportions ¢(v), taking more samples of higher-variability units. This

dependence on ¢(¢)) is reflected in the residual variance term in Equation (4.2).

Adjustment for Sampling Imbalances. One could instead try to correct for
sampling imbalances between the eligible and experimental populations using ex-post
adjustment. Dahabreh et al. (2019) propose such a method in a related setting with iid
sampling and assignment T} 5 Bernoulli(q(¢;)) and D; s Bernoulli(p(¢);)). Their estima-
tor adjusts for covariate imbalances during both sampling and assignment by estimating
regressions mgy(¢) = E[Y (d)]¢] and the realized propensities p(¢) and g(¢)). Subsequent
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work in Li et al. (2023) showed that this estimator attains the variance V' in Theorem
4.2, and also proved that V is the semiparametric efficiency bound in this iid setting.
We develop a cross-fit version of the Dahabreh et al. (2019) estimator, showing
it attains the variance V' in Equation 4.2 without the need for re-estimation of the
known propensities p(¢) and (7)), though the regression functions mgy(1) still need to be
consistently estimated. This result and related discussion can be found in Appendix B.1.
In contrast to these ex-post adjustment strategies, Theorem 4.2 shows that under
a more careful design with finely stratified sampling 77., ~ Loc(v,q(¢)) and assign-
ment D;.,, ~ Loc(¥,p(1)), we can attain the variance V using a simple estimator 79\,
plugging in the known propensities without any ex-post modeling, or just running the
linear regression Y ~ 1+ D in the constant propensity case. This shows how fine strat-
ification nonparametrically controls covariate imbalances during both the sampling and

assignment, obviating the need for ex-post adjustment.

Remark 4.3 (Comparison with Other Designs). One alternative to fine stratification
is rerandomization, where one redraws random treatment assignments or sampling vari-
ables until a covariate balance criterion is satisfied. Li et al. (2018) show that under
rerandomized treatment assignment, 0 is asymptotically slightly less efficient than an
interacted regression that adjusts linearly for ¢). Similarly, Yang et al. (2023) study a
two-stage design that rerandomizes at both the sampling and assignment stages, show-
ing it is asymptotically slightly less efficient than ex-post linear adjustment for covariate
imbalances in 1 at both stages. By contrast, fine stratification using the algorithm in

Section 3 nonparametrically controls covariate imbalances at both stages.

Remark 4.4 (Smoothness Conditions). Previous work on efficiency of fine stratification
has required Lipschitz continuity of the functions E[Y (d)|v] and Var(Y (d)[¢), e.g. see
Bai et al. (2022). We develop a novel technical analysis allowing these conditions to be
removed, showing the universality of the efficiency gains from fine stratification under
the mild moment condition E[Y(d)?] < co.

4.1 Extensions

In this section, we extend our main result to allow for stratified sampling and assignment
with different covariates 1, and 1y, characterizing the optimal covariates to stratify
on at each stage. We also extend our asymptotic theory to target estimation of the

SATE = E,[Y;(1) — Y;(0)] in the eligible population instead of the ATE.
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It may be useful to stratify on different sets of variables during the sampling and
assignment stages. For example, 1y could contain publicly available administrative data,
while 15 contains further survey covariates collected after sampling. The next result
extends Theorem 4.2 to this setting. We write the variance in a form that more clearly
disambiguates the variance contributions from each sampling stage. To that end, let
individual effect 7 = Y (1) — Y/(0) and define outcome level Y = (1 — p)Y (1) + pY (0).

Theorem 4.5 (CLT). Let ¢y = f(9) for some function f(-). If Ty., ~ Loc(¢r,q) and
Dy ~ Loc(n, p), then \/ir(6 — ATE) = N(0,V) with

ENVar(¥ [i)]

V = qVar(r) + (1 — q) E[Var(7|¢y)] + p(1—p)

(4.5)

Writing V' = Vi 4+ V54 V3, the term V; = ¢ Var(7) is the irreducible variance from iid
sampling of the eligible units. The term V5 = (1 — q)E[Var(7|¢1)] is the variance from
finely stratified sampling from the eligible pool, which is small if ¢/ is highly predictive
of treatment effect heterogeneity 7 = Y(1) — Y(0). Finally, V3 oc E[Var(Y|¢))] is the
variance from random imbalances in the outcome levels Y between D = 1 and D = 0,
which is small if 1), is highly predictive of Y. In the case 1), = v, = v, Equation (4.5)
can be rearranged to yield the variance in our earlier theorem (4.2).

The technical condition ¢; = f(1),) is satisfied, for instance, if ¥, contains all of
the variables originally included in ;. It is not immediately clear whether it can be

removed with a finer analysis.

Finite Population Estimand. In some settings, the eligible population of size
n may constitute the entire population of interest. In this case it is natural to instead
target the sample average treatment effect SATE = E,[Y;(1) — Y;(0)] in the eligible
population. Note this differs from alternative definitions of the SATE as the average of
treatment effects within the experimental population E,[Y;(1) —Y;(0)|7; = 1], which has
less external validity, though they coincide if ¢ = 1.

Corollary 4.6 (SATE). In the setting of Theorem 4.5, /ir (6 — SATE) = N(0, Vaare),

E[Var(Y [1)y)] .

Vsare = (1 — q)E[Var(r[¢y)] + p(1—p)

(4.6)

Targeting the SATE simply removes the variance from the first stage sampling

of n eligible units from the superpopulation, resulting in Vgarg = V — ¢ Var(7). See
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Appendix D.2 for more discussion about targeting the SATE vs. the ATE and the
interpretation of the population measure P in this context.

For completeness, we also provide versions of Theorem 4.5 and Corollary 4.6 for
general sampling and assignment propensities ¢(¢) and p(1). See Theorem C.6 and

Corollary C.7 in the appendix for the precise theorem statements.

Optimal Covariates. The results above reveal an important asymmetry between
the optimal covariates to use for stratified sampling and assignment. For sampling, we
want covariates 1, that are highly predictive of individual treatment effect heterogeneity
7 =Y(1) — Y(0). By contrast, for random assignment we want covariates 1, that are

highly predictive of outcome levels Y. To see this even more clearly, observe that

ElVar(r|gn)] = min E|(r - f@)?] and  E[Var(Yli,)] = rj{l(iglE[(? — f(¥2))7]

In either case, it is important to choose a small set of such highly predictive covariates,
since the finite sample variance nVar(g) converges to the variance bound V' slowly in
high dimensions, with n Var(f) = V +O(n~2/@m®)+)) under conditions given Theorem
4.7 immediately below. It is an open question to determine exactly how many covariates
to use in a specific study given experimenter beliefs. One simple heuristic is to only

finely stratify on baseline versions of the important endline outcomes.

Uniform Convergence. Here we strengthen the asymptotic results above by
presenting a finite sample bound quantifying how far the variance nVar(g) can deviate
from the efficient variance V', uniformly over a class of outcome distributions.

Let P = P(B, M, K, «) denote a class of distributions of W = (¢, Y(0), Y (1)) such
that for d € {0,1} the conditional mean ¢ — E[Y (d)|¢] is Lipschitz with constant at
most B, |Y(d)| < M almost surely, and E[|¢|$] < K. Also require o > dim(¢)) + 1. For

P € P, let V(P) be the semiparametric variance bound (4.3) under P.
We fix the design with ¢ = 1 and constant assignment propensity p for simplicity.

Theorem 4.7 (Uniform Convergence). For Dy, ~ Loc(y,p) and P as above,

sup‘n\/arp(@\) — V(P)| £ B*n?/o?/dmIt) 4 2,
PeP

If we have a uniform bound |¢|; < K with probability one for all P € P, the
bound simplifies to B2 n~2/(dm®)+1) + A2 /n. This result shows the effect of the curse

of dimensionality in matching discussed above, suggesting fine stratification on a small
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number of highly predictive covariates.

5 Optimal Sampling for Survey Experiments

In this section we apply our main asymptotic results to study the optimal sampling prob-
lem for budget-constrained experimentation with heterogeneous costs. After character-
izing the oracle sampling design, we propose a feasible implementation that estimates
unknown quantities using a available pilot or observational data, providing conditions

under which this is asymptotically optimal.

5.1 Budget-Constrained Optimal Sampling

Our goal is to choose a sampling propensity ¢(¢) that minimizes the asymptotic variance
of ATE estimation in an experiment with heterogeneous costs and fixed budget con-
straint. For simplicity, throughout this section we let assignment propensity p(¢)) = p
constant, e.g. with leading case p = 1/2, though our main results in the appendix allow
for the case where p(1)) is varying as well.

To begin, recall in Section 4 we presented asymptotics of the form /ny (5— ATE) =
N(0,V), normalizing by the experiment size ny = ). T;. This normalization is typical
in the literature, allowing for easy comparison with previous results, such as the variance
bound in Hahn (1998). However, the experiment size np varies with the sampling
propensity ¢(v¢), making this normalization unsuitable for our current task of optimizing
over ¢(1) given a fixed budget and eligible units i € [n].

Because of this, in what follows we instead normalize by the number of eligible

units n. Since ny/n = Elq(v)], this removes the multiplicative factor E[q(t)] from our
previous results. Then by Theorem 4.2, v/n(d — ATE) = N(0, V(q)) for

V(q) = Var(c(s)) + E [q (L) (”i(f’) + ‘igi))] | (5.1)

Similarly, by Corollary C.7 in the appendix \/ﬁ(é\— SATE) = N(0, VsaTr(q)) for
Ti., ~ Loc(¢,q(v)), where Vsare(q) = V(¢) — Var(r) for 7 = Y(1) — Y/(0). Since the
two objectives differ by a constant that does not depend on ¢(-), the optimal sampling
propensity is the same whether we target the SATE or the ATE. We therefore restrict
attention to the ATE in what follows.
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Consider minimizing Equation 5.1 over all sampling propensities g(1)). Clearly the
unconstrained solution is ¢*(¢) = 1, making the experiment as large as possible. More
generally, we can formalize a problem of sampling with heterogeneous costs subject to

a fixed budget constraint.

Costs. Define C(¢) to be the known cost of including a unit of type ¢ in the
experiment. One natural specification is C'(¢0) = Cs(¢0) + pCi(¥) + (1 — p)Co(¢)), where
Cs(¢) is the sampling cost and C(¢) and Cy(y)) are the marginal costs of assigning
treatment and control, respectively. For example, in a development context Cy(1)) could
be the cost of paying volunteers to collect outcome data in a village ¥; = ¥. We can
interpret C'(¢)) as the ex-ante cost of sampling a unit with 1; = 1) into the experiment,
prior to realization of its random treatment assignment D; € {0,1}.

Define the ex-ante heteroskedasticity
ot(¥) | o(¥)

+ )
D 1—p

ol () = (5.2)
and let o,(1)) = 02(1))'/? denote the corresponding ex-ante standard deviation. We
interpret o2(1)) as the expected residual variance from sampling a unit with covariates
Y; = 1 into the experiment. Then V(q) = Var(c(¢))) + E[o2(v)/q()], so for a given
budget B we would like to solve

7s(¥)

0<I;l(i§1§1E l @) ] st. E[C(¥)q(v)] = B. (5.3)

The next theorem characterizes the interior solutions to this problem.
Theorem 5.1. Assume E[Y(d)?] < oo for d = 0,1, inf, c3(¢)) > ¢ > 0, and C(¢) €
[C), Cy] € (0,00). Define the candidate solution

0 ($)C()
Elo. () C() 2]

g (¥) = (5.4)

If sup,, ¢*(¥) < 1, then q* is optimal in Equation 5.5.
To build intuition for the form of the solution, consider the following special cases.

(a) Homoskedasticity. Suppose o3(1)) = o2 constant for d € {0,1}. Then o%(¢) is
constant and ¢*(¢)) = B - C(¢)~Y2/E[C(1)"/?]. In particular, ¢*(¢) o< C(¢)~1/2,

so that more costly units are sampled with lower probability.
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(b) Homogeneous Costs. If C(y) = C, then the budget constraint is Flg(¢)] < B/C.
Denoting ¢ = B/C, the optimal solution has form ¢*(¢) = gos(¢)/E[os(v)]. This
shows how we would like to oversample units with above-average residual standard
deviation, with ¢*(¢) > ¢ when o,4(v)) > E[os(¢)] and the reverse otherwise.

Under the homoskedasticity assumption in (a), the optimal propensity ¢*(¢) only
depends on the known costs C'(¢) and distribution of ¢, so we do not require outcome
data to estimate ¢*(1). However, heteroskedasticity is believed to be widely prevalent
in economic data (e.g. Romano and Wolf (2017)), so the propensity in (a) may leave
efficiency gains on the table. In the general case, we also require an estimate of the

unknown residual variance 2 (1)).

Note also that Equation 5.4 can be viewed as an analog of classical optimal allocation
theory in survey sampling (Cochran, 1977), here applied to budget-constrained finely

stratified sampling into an experiment.

5.2 Feasible Optimal Sampling

If data from a pilot experiment (T3, D;, Y;,1;); 21" is available, one can use the strategy
of Fan and Yao (1998) to estimate the individual heteroskedasticity functions 4(v) for
d € {0,1} and form the composite 52(v)) = 53(¢)/p + 0a(v) /(1 — p).

To do so, one first forms the conditional-mean signal S;(1) = Y; D, T;/(p;q;), where p;
and g; are the pilot propensities, noting E[S;(1)|¢;] = E[Yi(1)[¢s]. Projecting S;(1) on 9
via a nonparametric regression yields m;(¢;). A second projection of the IPW-weighted
squared residuals (Y; — my(v;))2D;T;/(psq;) on ; then yields 62(¢);). The analogous
construction with 1 — D; in place of D; and 1 — p; in place of p; gives 2(1)).

The choice of nonparametric regression is flexible. We tested multiple methods,
including kernel ridge regression and random forests, and found random forests perform
best across the settings in our empirical application. See Appendix B.2 for details.

However, experimenters do not always have the resources to run a pilot. Those that
do often use a very small sample size, making estimation of 2(1)) challenging. Even
without a pilot, observational data (T;,Y;,1;):% for units under the control condition
Y; = Y;(0) for T; = 1 may still be available. If we are willing to assume o3 (v)) & o3 (1)) are
similar between treatment arms, then o2(¢)) ~ (1) /(p(1 —p)), which can be estimated

consistently as above using only data on the control outcome (77, Y, 1;) b,

To see why this equal heteroskedasticity assumption is plausible, consider the survey
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in Cai and Rafi (2024) of 10 recent RCTs published in the AER. They estimated the
within-arm variance ratio 0% /a3 for each measured outcome, finding o7 /02 ~ 1 for the
vast majority of them. This provides strong empirical support for such an assumption.

Given such an estimator 52(¢)) of 02(¢)), Theorem 5.1 suggests using fine stratifica-

tion to implement a suitable discretization of the estimated optimal propensity

L B)C()
q) =B E,[05(1:)C(¢i)'?]

(5.5)

Note that under homoskedasticity, the residual variance factors out of the expression
above, and we can just set g(¢)) = B - C(¢)"?/E,[C(¢;)/?].

Discretization. To implement the propensity estimate g(1)) using fine stratifica-
tion, we construct a discretization @,(¢) of ¢(¢) into the rational approximating set
{ar/ki}rr, such that E,[(Gn(vi) — ()% = 0,(1).

For example, §,(1) can be obtained by rounding q(1)) to the nearest a/k, for some
sequence k, — oo. Larger k, gives worse match quality, but better implementation
of the estimated propensity q(¢)). Thus, in finite samples this parameter trades off
between the variance due to random covariate imbalances in v versus optimization of
the residual variance using ¢(¢). Below we provide conditions on the maximum tuple size
k= max;e(z,,] k1 and number of propensity levels L,, for this match-quality degradation
to be asymptotically lower order. In practice, it is often possible to choose a reasonable
level of discretization fineness by inspecting the estimated q(1);) to see how many different

propensity levels are needed.

Assumption 5.2 (Feasible Optimal Sampling). Suppose the following:

(i) Ty, ~ Loc(¥,q,(v)) and Dy, ~ Loc(v,p). Variance estimates 53(¢)) for d €
{0,1} are computed from external data &,, independent of the experimental units

and design variables.

(ii) Moments E[Y (d)*] < co ford € {0,1} and E|[|¢|3] < oo for some a > dim(v)) + 1.
The heteroskedasticity is bounded below, inf, 03(¢) > 0. The propensities satisfy
(V) q* (V) € (6,1]. The costs satisfy C(v) € [Cy, C,] C (0,00).

(iii) Heteroskedasticity estimates satisfy Ey[(65(¢) — o3(1))?] = 0,(1) for d € {0,1}.
(iv) The discretization has E,[(G, (1) —q(¥:))?] = 0,(1), with k, L, = o(nt~(dm®)+/a)

and k, = o(n*'*) for k, = maxe(r,,) k-
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The consistency requirement on the heteroskedasticity estimates o2(¢) in part (iii)
can be satisfied, for example, by the estimator of Fan and Yao (1998). See Appendix B.2
for a more detailed discussion of our implementation. Part (iv) requires a discretization
3 (1) of increasing fineness, subject to the upper bound k,L,, = o(n!'~(@m®)+1/a) For
example, Lemma D.25 shows that rounding g(¢)) to the nearest a/k,, for any k, — oo
with k, = o(n(—(dm@)+1)/a)/2 A n1/4) "satisfies part (iv). Finally, the reason for the rate
knLy, = o(n'~(@m®)+1/) in part (iv) is to ensure the sequence of local randomizations
in part (i) exist. See Lemma C.3 for the formal result showing F(G!) = o0,(1) and
F(GP) = 0,(1) under these conditions.

The conditions above ensure the variance due to random covariate imbalances is

lower order, while also allowing asymptotic implementation of the optimal ¢*(¢).

Theorem 5.3 (Feasible Optimal Sampling). Impose Assumption 5.2. Suppose that
T ~ Loc(1), G (¥)) and Dy ~ Loc(, p(1)). Then /n(6 — ATE) = N(0,V*)

* = Var(c min % (V)
V* = Var(c(y)) + 0<q(-)<1 b { q() } '

E[C(¢)q(¥)]=B

In particular, this design minimizes the asymptotic variance V'(q) of Equation 5.1
over all budget-feasible sampling propensities q(v)).

If the condition sup,, ¢*(¢) < 1 fails, we may obtain infeasible propensity estimates
q(vj) > 1. To restore feasibility, we can iteratively set g(¢;) = 1 for such j and recom-
pute the optimal propensity for the remaining units.

To do so, define an index set J = () and implement the following iterative rounding
procedure. (1) Find the largest g(¢;) > 1. Set q(¢);) = 1 and add j to J. (2) Recompute

the sampling propensity on the remaining units

B—(1/n) 3, CWn)  Gs()C(3i) "2

ZI\<¢1) = 1— |J|/n En[as(iﬁl)c(wl)lﬂu ¢ J]

Vi J

If max!", q(¢;) < 1, stop. Otherwise, return to (1). A quick calculation shows that
this procedure satisfies the in-sample budget constraint E,[q(¢;)C(¢;)] = B after each

iteration and terminates with max?_; g(¢;) < 1.

Remark 5.4 (Optimal Assignment Propensity). In an earlier version of this paper,
we noted that for any fixed sampling propensity ¢(1), the globally optimal assignment
propensity is the conditional Neyman allocation p*(¢) = o1(¢)/(01(¢) + 00(v))), pro-

24



viding a feasible version D;., ~ Loc(v, p,(¢)) of this optimal design. However, recent
work by Cai and Rafi (2024) has documented that o? and o tend to be similar in ex-
perimental settings in economics, so the baseline p = 1/2 will often be approximately

optimal under equal costs.

6 Inference Methods

This section provides new methods for asymptotically exact inference on the ATE and
asymptotically conservative inference on the SATE under finely stratified sampling and
assignment. We build on the pairs-of-pairs estimators originally introduced in Abadie
and Imbens (2008) and studied in Bai et al. (2022) and Bai et al. (2026), among others.

We focus on the constant assignment propensity case p = a/k, so that each non-
remainder assignment group g € G, has |g| = k. Throughout this section, we identify
the partition G,, with the non-remainder groups of full size k. For each assignment group

g € G,,, define the group-level difference in means

~ 1 1
0, = EZDiYi— k_aZ(l—Di)Yi. (6.1)

1€g 1€Qg

Then the IPW estimator (4.1) is 6 = [G,| "1 3" s 59. Our variance estimators combine
a between-group sample variance S2 = ‘g—l‘ > gegn@g — 5)2 with a residual variance
estimator P? defined below, which captures variation conditional on 1. For the simplest

case q(1) = g, the estimators for inference on the SATE and ATE are

-~ -~

Veare = kP2, V=q5+ (k—q)P>. (6.2)

We give two constructions of the residual estimator P2?. Both have the same probability
limit, but differ in their finite-sample bias.

Within-group estimator. When min(a, k — a) > 2, we can estimate the within-
icq D;Y; and Yo,g =
(k —a)~" > e, (1 — Dy)Yi be the treated and control means in group g, so that §, =

1 residual variation directly inside each group. Let 571,9 =a 'Y

Y . . . 2 o 1 ) SR, 2
Y14 — Yo4, and define within-arm sample variances si, = .= >, Di(Yi — Y1,4)* and
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88,9 = 1=t Duicg(l — Di)(Yi — Yo,4)?. The within-group estimator is

P = gy 08 ) 6.3
N ‘gn‘;( a kL—a ( )

The summand s3 ,/a+s3 ,/(k—a) is the Neyman variance estimator for the difference in
means within group g, treating each matched group as a small completely randomized
two-arm experiment (Neyman, 1990; Imbens and Rubin, 2015).

Pairs-of-pairs estimator. If min(a,k — a) = 1, then at least one of the sample
variances above is infeasible, necessitating the use of pairs-of-pairs style constructions
(Abadie and Imbens, 2008). First, suppose that |G,| is even. Let v : G, — G, be a
bijective matching with v(g) # g and v = Id such that the centroids v, = |g|* D ieg i
satisfy the pairwise tight matching condition n=* > 9€Gn g —Uy(g)|3 = 0p(1). In practice,
v is obtained by matching the centroids into pairs using the algorithm of Section 3, which

guarantees this condition (Lemma D.23). The pairs-of-pairs residual estimator is

It compares estimates between tightly matched groups and applies for any p = a/k. If
|G| is odd, we match one of the groups twice, contributing an extra term to ﬁf .

Bias Comparison. Inference on the SATE using VSATE = kﬁf is conservatively
biased in finite samples. In a design-based framework without stratified sampling, Bai
et al. (2026) show that E[\A/SATE] = Vsarg + B, for bias B,, = ﬁ degn (Hg_gu(g))Q > 0,
where 6, = k71>

bias can be severe for the large tuples required by imbalanced assignment propensities

icg Ti 18 the average treatment effect in group g. The factor k£ shows this
p far from 1/2. For example, this estimator performs very poorly for the Baysan (2022)
example in our empirical application, with p = 2/11. By contrast, a calculation shows
that the bias of kﬁ]%, is of constant order in k, see Lemma D.20 for details.

We therefore set P2 = P2 when min(a, k — a) > 2 and P2 = P2 otherwise. Both
estimators are transparently non-negative for every realization: 52 and ﬁf are sums of

squares, and P is a sum of sample variances.

Varying Sampling Propensity. When ¢(v) takes finitely many values ¢, = a;/k;,
Il =1,...,L, we apply the constructions above within each propensity stratum {i :

q(¥i) = q:}. In this case, we assume sampling-subordinate matching of the assignment
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partition, so that each assignment group lies within a single sampling stratum. Let
sampling stratum size n; = |{i : ¢(¢;) = q/}| and let 6, S, and P? denote the within-

stratum versions of 9, 52, and P2. The variance estimators are

nLnk‘ nLn

~ . ; = T

Voars= =Y M. 2B, =—§f(&
no=n q n‘=n

qmﬁ+@—@ﬁ. (6.5)
l

The ATE estimator adds a cross-stratum correction (51 — 5)2 that recovers between-

stratum variation in the conditional average treatment effect.

Theorem 6.1 (Inference). Assume the conditions of Theorem 4.2 with assignment

groups matched within sampling strata. Then
VAV, Veare 2 Vears + Blg(v)] E[Var(r])].

In the constant-q case with L = 1, the cross-stratum correction vanishes and the

estimators reduce to (6.2), differing only by the converging factor ny/(qn) = 1.
By this theorem and the CLT in Section 4, the interval C' = [0 & Vl/ch_a/g/./nT]

with critical value ¢, = ®'(a) is asymptotically non-conservative for the ATE, with
P(ATE € C) =1—a+ o(1).

By contrast, inference on the SATE is necessarily conservative, since the asymptotic
variance Vsarg in Corollary 4.6 depends on E[Var(7|t)], which is not identified because
individual treatment effects 7; are not observed. Combined with Corollary 4.6, the result
above shows that the interval GSATE = [5 + ‘/}SIJ(?PEcl_a s2/+/nr] is asymptotically valid
for the SATE, with P(SATE € Cgsarg) > 1 — o + o(1).

Remark 6.2 (Prior Work). For finely stratified assignment without stratified sampling,
the pairs-of-pairs construction of YA/S ATE Was originally introduced by Abadie and Imbens
(2008) for p = 1/2. This is a direct analog of the classical collapsed-strata estimator from
the survey-sampling literature, e.g. Hansen et al. (1953). Bai et al. (2026) extend the
analysis of this estimator to the case p = a/k, providing finite-sample bias guarantees
in a design-based framework. For inference on the ATE, our estimator V can be shown
to coincide with that of Bai et al. (2022) for matched pairs, p = 1/2.
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7 Empirical Results

In this section, we quantify the finite sample performance of each of our designs on N = 9

real DGPs from experimental papers covering a range of fields in applied economics.

7.1 Designs and Empirical Papers

Our theoretical results showed separate variance reductions from (a) finely stratified
treatment assignment, (b) finely stratified sampling, and (c) stratified implementation
of the estimated optimal sampling propensity ¢*(¢). To quantify the efficiency gain from

each of these tools, we simulate unadjusted ATE estimation under the following designs:

CR: Complete randomization T}, ~ CR(q,) and Dy, ~ CR(p), with ¢, a dis-
cretization of the budget-exhausting sampling propensity ¢ = B/E,[C(1;)] and
p the fixed assignment propensity from the original paper. In particular, we let
0n = a/k, using the minimal k such that @, - E,[C(¢;)] € [.95B,1.05B]. The costs

C(v) and discretization rule are discussed in more detail below.
CR, Loc: As in CR but with stratified assignment D;., ~ Loc(v, p).
Loc: Stratified sampling and assignment 77.,, ~ Loc(v, @,) and D, ~ Loc(1, p).

Hom: As in Loc but with sampling propensity g,(1) a discretization of g(¢)) =
B-C(¢)~Y2/E,[C(x;)'/?], the optimal sampling propensity assuming homoskedas-
ticity. This is feasible but possibly misspecified.

Pilot S/L: As in Loc, but with 7., ~ Loc(v, ¢, (¢)) where @, (1) is the discretiza-
tion of a pilot-based estimate g(¢) formed from an experiment of size nyior = nr/5
(S) or npiet = 4ny/5 (L) with p = 1/2, ¢ = 1, and matched-pair assignment. We
estimate the ex-ante variance 62(¢)) from the pilot by random forest regression as in
Appendix B.2, then form (1)) via the optimal sampling formula in Equation (5.5).
Obs: As in Pilot, but ¢(v) is estimated from observational data (Y;(0),;)%
of size ngns = 4ny under the working assumption o3 (1)) = 02(¢)), as discussed in
Section 5. We estimate 52(¢)) from (Y;(0), ;)% as in Appendix B.2 and use the
plug-in 62(¢)) = 52(¢)/(p(1 —p)) for the ex-ante variance o2(3)) in Equation (5.2),
then form g(¢) via Equation (5.5).

We evaluate each of these designs on data from experimental papers published in
the AER between May 2021 and November 2022. We exclude papers for which data
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is unavailable or that do not fit into our framework for various reasons, e.g. having
multiple interventions on the same unit with a time series structure. The included
papers are Abebe et al. (2021), Baysan (2022), Casey et al. (2021), DellaVigna et al.
(2022), Domurat et al. (2021), Hussam et al. (2022), and Lowe (2021). We also include
Banerjee et al. (2025), as well as Finkelstein et al. (2012), for a total of N = 9.

For each paper, we use the observed data to impute a DGP to sample from. In par-
ticular, for d = 0,1 we estimate the conditional mean g(v)) = E[Y (d)[1] and variance
aa(y) = \//E;(Y(d)h/)), and take the outcome law to be Y (d)|¢) ~ N (ma(v),3(v)). For
the two papers with binary outcomes, Casey et al. (2021) and Domurat et al. (2021),
we instead take Y (d)[¢) ~ Bernoulli(mq(¢)), where mq(¢) = P(Y(d) = 1) is a fit-
ted classifier. The regression model for imputation is selected separately for each paper
by out-of-sample cross-validation between OLS, ridge, lasso with interactions, gradient-
boosted trees, and random forest. See Appendix B.3 for further details. Let Ny denote

the size of the original experiment.

Simulation Design. We do the following:

(1) We draw 4N, eligible units by sampling with replacement from the Nj original
units (wi)f\fl, then perturbing each unit’s continuous coordinates by independent
mean-zero noise, so that 1; is continuously distributed and exact ties v, = 1;
have probability zero (Appendix B.3). For each unit, we form outcomes Y;(d) =
ma(;) +02(1;)?%ed, d = 0,1, with the residual ! ~ N(0,1) drawn independently
across units and d € {0,1}. The budget-exhausting constant propensity ¢ = 1/4

results in a representative experiment of size ny = Nj.
(2) Randomize T7., and Dy., according to one of the designs above.

(3) Reveal outcomes Y, = TZ-DZYZ-(I) + T;(1 — Dz)ffl(()) and form the estimator 0.
Form confidence intervals C' = [é\:i: vy 2¢1_a/2/+/n7) for the ATE and Osate =
[(/9\j: ‘A/Sl/@Ecl,a/g/w/nT] for the SATE, with a = 0.05 and ‘A/, Veare as in Section 6.

Since the ATE of the estimated population is known, we can compute the stan-
dard deviation (SD), coverage probabilities, and percent reduction in confidence interval
length for each design on each DGP. We focus on the ATE in this section for brevity.
Empirical results for the SATE are presented in Appendix D.4.

Descriptions of each paper, including the treatment and outcome variables and our
choice of stratification variables 1 are provided in Appendix D.3. Experiment sizes nyp

are as in the original papers, ranging from ny = 91 for Casey et al. (2021) to ny = 1903
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Design, Paper Abe. Ban. Bay. Cas. Del. Dom. Fin. Hus. Low.
CR 0 0 0 0 0 0 0 0 0
CR, Loc - -43 47 -1 38 0 -8 -2 -10
Loc -6 -41  -48 1 -39 2 -6 -8 -7
% ASD Hom. 15 42 48 -7 -39 -3 -6 -13 -11
Pilot S 12 49 45 -7 41 2 -19  -13  -13
Pilot L -16 48 46 -3 -40 -2 -21 -9 -16
Obs -14 51 47 -2 A4l -5 -22 12 -15
CR 0 0 0 0 0 0 0 0 0
CR, Loc -6 -43 46 -1 -38 0 -8 -5 -10
Loc -6 -41 46 0 -38 0 -8 -5 -9
%ACI Hom. -13 41 46 -6 -40 -3 -9 -9 -9
Pilot S -3 49 42 -7 -39 0 -21 -9 -16
Pilot L -13 50 -4 6 -40 -3 -21 -9 -18
Obs -4 51 44 -6 41 -2 21 -10  -17
CR 095 095 094 095 094 095 095 094 0.95
CR, Loc 095 095 094 095 095 095 095 092 0.95
Loc 096 095 094 094 095 095 095 094 0.95
Cover Hom. 095 095 094 094 095 095 095 095 0.95
Pilot S 095 095 094 095 096 094 094 095 0.94
Pilot L 096 094 094 094 095 095 095 0.93 0.94
Obs 095 095 095 094 094 095 095 094 0.94
nr 1451 903 550 91 446 1000 1903 116 770
dim(¢) 8 7 3 3 3 4 7 4 3

Table 1: Empirical Results (ATE).
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for Finkelstein et al. (2012). The one exception is Domurat et al. (2021) (Ny = 87394),
for which we set np = 1000 for Monte Carlo tractability. Baseline treatment proportions
p are set to those of the original published designs: p = 1/2 in six of nine papers,
p = 2/3 for Lowe (2021), p = 1/3 for Finkelstein et al. (2012), and p = 2/11 for Baysan
(2022). The latter three papers with p # 1/2 are newly enabled by our matched k-tuples

algorithm in Section 3. We use sampling-subordinate matching, as in Section 6.

Costs and Discretization. The marginal cost C'(1)) of including different units in the
experiment is not reported in the papers in our sample. To quantify variance reductions
from representative sampling with ¢*(¢)) in the type of DGPs that occur in applied
economics research, we specify C(¢) = 1(|¢)|s < k) + 51(|¢p]2 > k) with & the median
of |1;]2 over the eligible pool and B = 0.75, yielding the budget-exhausting constant
propensity ¢ = 1/4 for the CR, CR, Loc, and Loc designs. This propensity discretizes
to matched 4-tuples (¢, = a/k with k = 4), so the empirical application exercises the
general matched k-tuples algorithm of Section 3 with £ > 2 throughout, not only in the
three papers with p # 1/2.

The varying-q designs (Hom, Pilot S/L, Obs) realize ¢,(¢) € [0.1,0.9], with em-
pirical mean sampling rate E,[g,(1;)] ~ 0.33 averaged across these designs and papers.
By spending more of the budget on cheaper units, these designs raise the average sam-
pling rate above the constant g, of CR, CR, Loc, and Loc, which has ¢, = 1/4 in our
cost specification. For each varying-q design (Hom, Pilot S/L, Obs), the discretized
sampling propensity ¢,() is formed by choosing values in {a/10 : a = 1,...,10} to
minimize E,[(¢, — q)*(1;)] subject to L, = |Image(q,)| < 2 for ny < 500, L, < 3 for
500 < ny < 1000, and L,, < 4 for ny > 1000.

7.2 Results

Our main results are presented in Table 1. The largest single SD reduction comes
from finely stratified treatment assignment (CR vs. CR, Loc), with an average of
—17% across our sample and reductions exceeding —30% in papers with highly predictive
baseline covariates such as Banerjee et al. (2025), Baysan (2022), and DellaVigna et al.
(2022). For these datasets, finely stratified sampling does not help on average (CR,
Loc vs. Loc). This is expected from the theory, since stratified sampling reduces only
the treatment effect heterogeneity component Var(c(¢)) of the variance, and here the
nonparametric R? of ¢ for Y (1) — Y (0) in our imputed DGP’s averages only 4% across

the nine papers. The gains from the varying-rate designs below instead arise from
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heteroskedasticity and cost heterogeneity, which v does capture.

Averaging over the nine papers, the marginal reductions over Loc are —3.6% for
Hom, —5.7% for Pilot S, —6.2% for Pilot L, and —7.5% for Obs. The homoskedastic-
ity optimal design Hom has mixed effects across papers, while the feasible Pilot S/L
and Obs designs deliver consistently larger reductions, though pilot estimation noise
can offset the gain on some papers (e.g. Pilot S on Domurat et al. (2021)). Small pi-
lots (npiet = 0.2n7) and large pilots (npiet = 0.8n7) perform similarly on average, and
the observational-data design Obs, which uses only (Y;(0),;) observations under the
assumption o%(¢) = 02(v)), is empirically comparable to Pilot L on most papers. This

provides further empirical support for this equal-heteroskedasticity assumption.

For inference, coverage is close to nominal across all 63 (paper, design) cells, with
mean coverage 0.946 and range [0.92,0.96]. The percent reduction in confidence interval
length %ACI closely tracks the percent reduction in standard deviation %ASD across
designs (within about one percentage point on average), so the confidence intervals
are well calibrated and recover nearly all of the efficiency gains from finely stratified
sampling and assignment. Empirical results for the SATE, presented in Section D.4, are
similarly well calibrated and yield slightly shorter confidence intervals than their ATE

counterparts, as expected by Corollary 4.6.

8 Recommendations for Practice

First, we discuss the choice of matching algorithm. For basic matched pairs randomiza-
tion, one can use the optimal matching of Derigs (1988), whose match quality guarantee
was established by Bai et al. (2022). For fine stratification with dim(¢)) = 1, one can
simply sort the units by their ¢; values, as in Bai (2022). For all other cases, or for large
matched pairs experiments with n > 10,000, we recommend the new matching algorithm
developed in Section 3. This is the first algorithm to deliver provable match quality guar-
antees for matched k-tuples of any size k > 2 and dim(v)) > 1. The spatial sorting step
alone scales to massive experiments with millions of units, while the refined procedure
adding balanced k-means remains tractable into the tens of thousands of units. These
guarantees hold whether the stratification variable ¢ is fully continuous, fully discrete,
or a mix of the two, requiring only the weak moment condition of Theorem 3.1.

Next we turn to the design itself. Finely stratified assignment delivers the single

largest marginal variance reduction in our empirical application of Section 7, averaging
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—16% across the nine papers. Our results show an additional nonparametric variance
reduction from finely stratified sampling into the experiment, which is larger the more
eligible units n we have to choose from and the more predictive 1 is of treatment effect
heterogeneity. This gives researchers an incentive to source a large pool of eligible units,
then use fine stratification to sample representative experimental participants.

In particular, researchers should stratify on covariates expected to predict treat-
ment effect heterogeneity, as has been advocated by the J-PAL guide on sampling for
experiments (Kopper and Riis-Vestergaard, 2023). For treatment assignment, the op-
timal covariates are instead those most predictive of outcome levels, though baseline
outcomes typically serve both roles well. If these covariates are indeed predictive, our

inference methods report smaller standard errors.

For both sampling and assignment, one should stratify on a small set of such co-
variates. Indeed, the finite sample variance approaches the efficient bound at the rate
n~2/(dm@)+1) of Theorem 4.7, which degrades quickly as dim() grows. Researchers
should avoid finely stratifying on highly predictive covariates such as baseline outcomes

together with many weakly predictive ones.

Finally, when costs are highly heterogeneous, using a varying sampling propensity
q*(¢) can reduce variance even under the basic design assuming homoskedasticity, which
does not require pilot data. We found similar performance across small pilots, large
pilots, and the observational-data design, each reducing standard deviation by roughly
6% over constant-propensity fine stratification. Since a large pilot is rarely available in
practice, the observational-data design is an attractive default when control-arm data
on (Y(0),1) can be obtained at low cost. However, there is a finite sample penalty
from reduced match quality, so when both costs and the residual variance are roughly
homogeneous, it may be preferable to use a constant sampling propensity q.

In all cases, our inference methods performed well, giving close to nominal coverage
for the ATE that reflects the efficiency gains from both finely stratified sampling and

assignment, as well as valid coverage for the SATE.
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A Proof of Matching Algorithm Guarantee

In this section, we work with triangular arrays (v;,)7, € R¥™®) and propensities
(¢in)i-; C Q taking levels in {a;/k;}i", with k, = max; k. For any subset S, C [n],
the propensity stratum S,; = {i € S, : ¢, = a;/k;} and n; = |Sy; \ 1| counts the
non-remainder units, where R,, = {r; : | € [L,]|} collects the remainder groups from
preprocessing step (1) of the algorithm. Typical choices are S, = [n] at the sampling
stage and S,, = {i : T; = 1} at the assignment stage. Define the squared maximal
coordinate range M;? = max;<dim(y)(max; @ZJZ(Q — min; 1/11(]72)2

This section proves the guarantees claimed for the algorithm in Section 3. Denote
objective function F(G) =n=" 3 g > e, [$in—1ql3 for any collection of disjoint groups
G C 2I" where centroid v, = |g|~! Y icg Yin- Then F(GUG') = F(G)+F(G') for disjoint
G,G’. The proofs often use the objective function’s equivalent representation as a sum

of within-group pairwise differences

1 1
F(G) = o Z Z [Vin — %n@ (A.1)

geg ’g’ 1,jE€g

This follows from the identity =, . [¥in — Vjnls = 2[9] 2 oic, [Vin — V2.
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Assumption A.1 (Matching). Require the following:

(@) Max;<qim(y)(MaX;eg wz(j,z — Mineg wf’,f) > 0 for each j € dim(v)).

(b) knL,/n=o(1).

As in Section 3, Part (a) is without loss since if any covariate has zero range, it
can be safely excluded from step (2) of the algorithm without changing the matching
objective. Part (b) ensures that the remainder r; removed from each S,; to make stratum

size divisible by k; is negligible.

Theorem A.2 (Spatial Sorting). Require A.1. The spatial sorting algorithm from Sec-

tion 3 with grid sizes my < (ng/k;)Y @Y returns Gl = Ule"l T(L(l)) UR, with
F(GY) < M2 O ((n/knLy,) /@), (A.2)

Proof. We begin by reducing the problem to the case where all per-stratum points lie
in [0,1]? and the remainder groups have been removed. Additivity of F and group
disjointness implies F'( go)) = F (gff;)) + F(R,). By Lemma A.7, the remainder
satisfies F(R,,) < n~*M2dk, L, = O(M?(n/k,L,)”?/(@+1),

Then consider 3", F(QT(L(Z))). For each [ € [L,] and i € S/,, define ¢;,, € [0,1]% to be
the rescaled 1;,, defined in the preprocessing step in part (1) of Section 3. By Lemma
A8 applied to § = 5/,, we have F(Q(O) P) < M2 F(Q(O) ¢). Summing over [, we

nl nl

obtain Y1 F(fol)),z/z) < M2 F(QT(L(I)), ¢), so it suffices to show Y17 F(Q,(fl]), ¢) =
O((n/k,Ly,)~% @) Then we relabel ¢ as v and assume {¢;,, : i € S’;} C [0,1]? for
each [ for the remainder of the proof.

Fix [ € [L,] and grid size parameter m; > 1. Let p(v)) = pa(|myo | A(m;—1)) denote
the sorting index and B(0), ..., B(m{ —1) the block partition of [0, 1]? from Lemma A.5.
For each unit ¢ € S/, set (i) = p(¢i,) € {0,...,m{ —1}. Then ¢;, € B(t(i)) holds
since by definition B(t) = p~'(t). The partition g}jl)) ={gs:s=1,..., K} is formed by
sorting the non-remainder units on (i), breaking ties at random, so the groups satisfy

the following monotonicity property: for group indices 1 < s < s’ < K, we have
(&S i,s5 j €, — t(’l) < t(]) (A3>

We will bound the terms in F' (QT(S)) by a case analysis, depending on whether each
pair i,j € g for g € gfj) lies in the same block ¢(i) = ¢(7), or different blocks t(7) # t(7).
Case 1. Suppose t(i) = t(7). Then both points lie in a common block of side length
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1/my, 80 [Yin — jnla < Vd/my by item (2) of Lemma A.5. Then summing over GV

S o 3 L) = 1)} — i} < Z

g(O) i#jEg (0)

lgllgl =1) _ d dnz
Z —WZ(Im—l)Sm—IQ-

G ‘9‘ l 4eg®

nl

> L{ti) = t())}

!g! 2

!g!
(A.4)

The final inequality holds since ¢ € QT(Z?) are disjoint subsets of S!, with |S],| = n;.

Case 2. Suppose t(i) # t(j). Without loss, suppose t(i) < ¢(j). By item (1) of
Lemma A.5, for each index t with t() < t < t(j) we can pick an arbitrary element
yr € B(t). Also set gy = ¥ and yy(j) = ;. Item (3) of Lemma A.5 gives the bound
Y1 — |2 < 2v/d/my for any such t. Then by telescoping, triangle inequality, and since
Vi — Vjnle < Vd on [0,1]%, we have

t(5)—1
(Vi = Ysnls S V- Wi = Yjals S VA Y lyesr = yel2 < —It() t)l- (A5
t=t(1)

Within each group g¢; 5, enumerate the units as g, s = {us1,...,usg . Re-indexing the

inner sum by this enumeration and applying (A.5) termwise, we obtain

ky
Z ]l{t(i) # t(])}W’z,n - %’,n@ = Z ]l{t(u&a) # t(“S,b)}|¢us,a,n - wus,byn‘g
4,Jj€ l,s a,b=1
] g2d il
< E Z ]l{t(us,a) # t(us,b)}“(us,a) - Usb | < — Z |t Usa — Usb)|
a,b=1 ab 1

For any 1 < s < K; and a,b € {1,..., k}, monotonicity (A.3) gives t(usq) < t(Usi1p)-
Then the K intervals I3, of the form [t(us,),t(usp)] O [t(usp), t(usq)] are disjoint up to
endpoints with UX, 15, C [0,m{ — 1]. With £(-) Lebesgue measure, this implies

K; K;
> ttte0) = Husp)l = D £(T) = £ (UL 1) < £(0,mi! = 1)) < mf.
s=1 s=1
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Then aggregating using the bound above, we have

Z ST L{tl0) # 1)~ wjnrg_z,i 205 () — )

H€gl s a,b=1
2d -1 d—1
< 2 /{71<k’l — 1)—ml = Qd(kl — 1) < 2dk’lm .
l my

Combining the cases above and applying the pair-form representation (A.1), we obtain
F(GWY < (2n)Y[dny/m2+2dkym{™"]. Setting my = (n;/k;) @D implies that F(GY) <
n~tCy - k?/(dﬂ)nl(d_l)/(dH) for some constant C;. Summing over [ = 1,...,L, and

bounding k; < En, we obtain

Ly Ly
_1 72/ (d=1)/(d+1) _ - /(d+1) 1 d—1)/(d+1
; F@D) < n 'Oy Z @) _ o g2 (L_n ;nz( ) >)'

d+1)

Applying Jensen to  + x(@=D/( and using ), n; < n, this is bounded above by

Lyn (d—1)/(d+1)
) < Cd (EnLn>2/(d+l)n72/(d+1)'

_ /(d+1) 1
nLO R Ln(L—n;nl

Combined with the reductions established at the start of the proof, this gives the bound
F( ,(10)) < M2(Cy+d)(n/k,L,)~% @D for n sufficiently large, completing the proof. [

Theorem A.3 (Algorithm Guarantee). Require Assumption A.1. The algorithm in
steps (1) through (3) in Section 3 with grid sizes m; < (n;/k;)" Y and per-stratum

balanced-k-means iteration counts T; > 0 returns a partition G,, = U G (11) UR, with
F(G,) < M,f . O((n/EnLn)_z/(dH)). (A.6)

(1) If [ils < c < oo fori=1,...,n, then F(G,) = O((n/kyLy,)~%@D).
(2) If (i), are iid and E[|¢|3] < co for some a > 0, then

F(G,) = o0,(n¥*(n/k,L,) "2/ @+D).

Proof. Fix alevel [ € {1,..., L,}. Recall there are K; = n;/k; non-remainder groups in
each of size k. We show F(g(t+1)) < F(g ) for every t > 0.

Yin — V40 I3

propensity stratum S/,

The balanced assignment step (3.2) chooses g ) to minimize De D icqs
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over equal-size partitions. Since fol) is feasible,

Z > 1tin = gsz—ZZWhn P

(t+1) (t)

() (A7)

For each s, expanding the square and using zieggm)(%’n - ‘§Z+1)) = 0 gives
Z ’wz,n - &g) 3 - Z ’wl,n - &é?rl)‘% + klh/;!(;i+l) - QZL((,?E Z ’wln - (t+1 ‘2
iegltth ieglt™th iegltth

Summing over s and combining with (A.7) yields the inequality nF’ (g (Hl)) <nF(g ( )
hence F(g(tﬂ)) < F(gnl ). Iterating, we have F(Q(Tl)) < F(gnl ) for any 7; > 0.

Summing over [ € [L,] and adding the remainder contribution we have

F(G) =3 F(G™) + F(R,) <3 F(GY) + F(R,) = F(G).

Theorem A.2 bounds F(gﬁf))) by the right side of (A.6), completing the proof of (A.6).
For the bounded case, |1;|s < ¢ for all i gives M,, < 2¢, so M2 = O(1), and substituting
into (A.6) yields item (1). For the moment case, Lemma A.9 applied to the iid sample
gives M2 = 0,(n*®), and substituting into (A.6) yields item (2). O

Corollary A.4 (Expected Matching Bound). Let (¢;)", be iid with E[[¢y|3] < K for
some a > 2, and let G, be the partition produced by the algorithm of Section 3. Then
for a constant C(«,d) depending only on « and d

B[F(Ga)] < Clo,d) K2/ n2/ - (n /R Ly) /(D).

Proof. By (A.6), F(G,) < CqyM? - (n/k,L,)~%/ ") with M, = max;<4(max; wz(],z -
min; wl(Q) and C,; depending only on d. The proof of Lemma A.9 gives the pathwise
bound M,, < 2max; [¢;]s, so M? < 4max; |t;]3. It remains to bound E[max; [1;|3].

Set Y; = |1)i]2, so E[Y?] < K. By the layer-cake formula and a union bound,
E[max Y] = / P(maxY? > t)dt < / min(1, nP(Y > \/%)) dt
’ 0 v 0

By Markov, P(Y > /t) < Kt=%/2. Splitting the integral at t, = (nK)%*, where
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nKt, /2 = 1, the first piece contributes at most ¢y = (n&)** and the second is

o oK 2
/ nKt=o2dt = LT gloelt o 2 (pf)e

to o —2 a—2
The second equality used {3 > = (nK)?¥*' and a > 2. Summing, E[max, Y?] <
—2(nK)¥*, so E[M?] < 22 (nK)**. Substituting into the pathwise bound gives the
claim with C(«a,d) = 4C; /(o — 2). O

Lemma A.5 (Block Sequence). Fizd,m > 1. Let pg : {0,...,m—1}* = {0,...,m?—1}
and p : [0,1]¢ = {0,...,m%—1} be the index functions defined in Section 3 in dimension
d > 1. Define blocks B(t) = p~1(t) fort =0,...,m% — 1. The following hold:

(1) pq is a bijection and {B(t) : t =0,...,m? — 1} is a partition of [0, 1]¢.

(2) Fort=0,...,m%—1, ifx,y € B(t) then |v —yly < Vd/m.

(3) Fort=0,...,m%—2, ifx € B(t), y € B(t+1) then |z — y|s < 2Vd/m.

Proof. First consider (1). We show bijectivity of pg by induction. For d =1, p1(z1) = 2
is the identity, so this holds trivially. For d > 2, note that the second summand in
(3.1) lies in {0,...,m41 —1}. Then we can recover zq = |pa(z)/m?~1|. Moreover,
(21,...,24-1) can be recovered from the parity of z; and using inductive bijectivity
of pg—1. Then we have constructed an inverse for pg, so it is a bijection. For any
Y € (0,14 [may] € {0,...,m}? so [my| A(m—1) €{0,...,m — 1}¢ hence p(¢)) =
pa(lmy] A (m — 1)) is a well-defined function from [0, 1]¢ to {0,...,m% — 1}. Then
the level sets B(t) = p~'(t) of any function are pairwise disjoint with union equal to
its domain. Moreover, each B(t) is non-empty since p(m~'p;*(t)) = pa(p;'(t)) =t so
m~tp;'(t) € B(t). Then {B(t):t=0,...,m? — 1} partitions [0, 1]%.

For item (2), define z(t) = p;'(t). If ¢ € B(t) = p~L(t), then pa(|my | A(m—1)) = t,
so z(t) = p;'(t) = |m] A (m —1). Then componentwise, by definition of the floor
function, z(t) < miy < z(t) + 1. Then for any z,y € B(t), we have |z; — y;| < 1/m for
each j, so |z — y|3 < d/m?, establishing (2).

For item (3), we claim |z(t+1)—z(t)|; = 1 fort = 0,...,m?—2. Assuming the claim,
let z € B(t), y € B(t+1). By the key inequality in the proof of (2), z(t) < ma < z(t)+1
and z(t +1) < my < z(t + 1) + 1 componentwise. Subtracting inequalities, for each
coordinate j we obtain z(t);—z(t+1);—1 < m(z;—y;) < 2(t);—z(t+1);+1, so m(x;—y;)
lies in an interval of length 2 centered at z(t); — z(t 4+ 1);. The maximum absolute value
attained on such an interval is |2(t); —2(t+1),|+1, so [m(x;—y;)| < |2(t); —2z(t+1);]|+1.
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By the claim, exactly one coordinate of z(t + 1) — z(¢) has absolute value 1 and the rest
are 0, so squaring and summing over j gives m?|z —yl3 < 3°(|2(t); — 2(t +1);| +1)* =
(1+1)2+(d—1)-1=d+ 3 < 4d. Hence |z — y|y < 2v/d/m, establishing (3).

To finish the proof, we show the key claim |z(t+1) —z(t)]; = 1 fort = 0,...,m4—2.
Recall we defined z(t) = p,;'(t). For d = 1, p; is the identity and the adjacency property
|z(t + 1) — 2(t)|1 = 1 is immediate. For d > 2, assume the adjacency property holds
for pg—1. Suppose pa(z') = pa(z) + 1. Denote z = (z1,...,24-1) and similarly for z'.
Write pg(2) = zgm@™t + 1(Z, 24), defining 7(2, 24) € {0,...,m41 — 1} to be the second
summand in (3.1). We consider two cases.

Case 1: Suppose 2/, = z4. Then r(Z', z4) — r(Z, z4) = 1. If z4 is even, inspecting the
formula this implies pg_1(2) — pa—1(2) = +1. If 24 is odd, then pg_1(Z') — pa—1(2) = —1.
The inductive hypothesis applied to (2, z’) or (Z/, Z) yields that z, z’ differ in exactly one
coordinate by exactly 1. Together with z; = 2/, this gives the claim.

Case 2: Suppose z; # z4. Since pg(2') — pa(z) = (2, — za)m® ' + (r(Z, 2}) —
r(Z,2q)) = 1 and |r(Z,2]) — r(Z, 24)| < m® ! — 1, the only possibility is 2, = z4 + 1,
r(Z,29) =mat =1, 7(Z, 2) = 0. If 24 is even then p;_1(2) =m?t —1 and 2/, = z; + 1
is odd so pg_1(z') = m?! — 1. Since inductively pg_; is a bijection, we must have z = 7.
Similarly, if z; is odd then ps—1(Z) = 0 and 2/, is even so pg—1(Z') = 0 so that z = Z’ by
inductive bijectivity. Thus z, 2z’ differ only in the d-th coordinate, by exactly 1. Then
by induction, py satisfies the adjacency property |z(t + 1) — z(¢)|; = 1. O

Remark A.6 (Convergence). Since each iteration strictly decreases F' whenever the
partition changes and the set of equal-size partitions of S/, into K groups is finite, the

per-stratum sequence (G-

Since this holds for each [ = 1,..., L,, the full partition G\ = Uk, ffl) U R, likewise

converges in finitely many steps to G = UZL:’H T(;o) UR,.

))tZO stabilizes in finitely many iterations at a partition QSO).

Lemma A.7 (Remainder). The remainder groups R, = {r; : | = 1,..., L.}, each of
size 1| < ky < ky, satisfy the deterministic bound F(R,) < n~*M?2dk,L,. If in addition
knLn/n = o(1), then

F(R,) = O(M2(n/knLy,) 2@t .
Proof. For each [, i € 1, and j € [d], writing 1/)1(372 — _ﬁf) = r™ e, (wm — zb(j)) and

i\n i’'n
applying the triangle inequality gives W@(Q — 1;7(3 )| < maxyey, %('] 21 — minye,, Q/JZ(,J 31 < M,.
Squaring and summing over j gives |t ,, — ¥y, |3 < > i1 (maxye, wz(,]Zl —minge,, @bl(f)n)z <

dM?, and summing over i € r; gives Y. [Vin — |3 < dMP|r| < dMZk,. Sum-
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ming across | gives the deterministic bound F(R,) < n~'*M2dk,L,. For d > 1 and
x> 1, 27! < 272/ 50 under the condition k,L,/n = o(1) we have n~'k,L, =

(n/knLy)~" < (n/kypLy,)~% @Y for all n large enough, giving the second conclusion. [

Lemma A.8 (Unit Cube Reduction). Let (1;,)", C R? be a triangular array, M? =
max;<4(max; M — min, 1/11(7]2)2, and fix any subset S C [n]. For j=1,....,d andi € S,
define rescaling within S by gb% = (@DZ(Q — minges @Z)/g}{%)/(ma}(iles @/11(731 — Minges 1/)2(,32) s0

that ¢;,, € [0,1]%. Then for any partition G of S, F(G,v¥) < M2 - F(G,¢).

Proof. Let m,, j(S) = max;es @Z)l(]n) —Mmin;es @DEQ, so the affine relation wl(]rz =my,;(S )gb%—l—
mingcs ¢Z(/J L holds for i € S. Averaging within any g C S yields 2/_4(,” = My ;(S) _E,j )+
ming cs 1/11(731, S0 wz(j,z — ) = mnyj(S)((ng — ¢%). Since my,;(S) < M, for every j,
(Wi — Vgl3 = Yo7 M (S)2(8Y) — 6§7)2 < M2+ |¢in — Bl3. Applying nt Y06 3 ic,
to both sides gives F(G,v) < M2 - F(G, ¢). O

Lemma A.9 (Coordinate Range). Let 1;,, ~ P iid Ep[|t; ]3] < oo for some a > 0.
Define M, ,, = max; 9 — min; zbfj,z and set M} = max;j<q M?, . Then M} = o,(n*®).

i,n

Proof. Note that for each j, we have M,, < 2max; |¢Z(]72|, SO

max M;, < 2maxmax|w§]2\ = 2max |V nloo < 2max [P ]
J ) J ’ % i

Applying Lemma D.9 with X; = ||y and E[|1[§] < oo yields max; |1;,]2 = 0,(n/?),

hence M? = max; Mj%n = 0,(n¥?). B
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B Additional Results and Implementation Details

B.1 DML Adjustment

In this section we develop a doubly-robust estimator that attains the asymptotic variance
V' of Theorem 4.2 through ex-post adjustment for covariate imbalances at both stages.
Since the estimator 8 attains the same variance under fine stratification without any need
for ex-post adjustment, this highlights how finely stratified designs nonparametrically

control covariate imbalances at both design stages.

To state the result, consider regression estimators my (1)) for the conditional means
maq(Y) = E[Y(d)|Y], d € {0,1}. We construct the estimator using cross-fitting, as in
Chernozhukov et al. (2017). Fix a number of folds K > 2, and let [n] = [ U--- U Ik
be a partition into folds of size || < n, drawn at random independently of the data.
For each fold k, let fﬁﬁl_k) denote a regression estimator for m, computed using only
the units outside fold k, and write k(i) for the fold containing unit ¢. The cross-fit
doubly-augmented IPW (2-AIPW) estimator is

Outy = En [T (0,) — S (1) (B.1)
o[BG =@ W) T - D) (Y- wg (W)
" q(Vi)p(¥) q(¥:)(1 — p(y))

The estimator éadj adjusts for covariate imbalances due to both sampling and assignment,
and if ¢ = 1 it reduces to the familiar cross-fit AIPW estimator for the ATE.

Assumption B.1 (Double Adjustment). Moments E[Y (d)?] < oo hold for d € {0,1},
and the propensities q(1) € (6,1] and p(¢) € (8,1 — §) for some 6 > 0. Sampling and
assignment are conditionally independent T; 1L D;|1;. Suppose also that regressions
|7’ﬁé_k) — Moy = 0,(1) for d € {0,1} and each fold k.

Theorem B.2 (Regression Equivalence). Suppose Assumption B.1 holds. Let the design
be T, %S Bernoulli(¢(v;)) and D; S Bernoulli(p(v;)). Then /nT(/Q\adj — ATE) = N(0,V),

with the variance V' the same as under fine stratification in Theorem 4.2.

B.2 Heteroskedasticity Function Estimation

The theory in Section 5 requires heteroskedasticity function estimates o2(¢) for d €

{0,1}, as well as the ex-ante variance estimate 72(1) from Equation (5.2) used in the
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optimal sampling formula in Equation (5.5). Our simulations and empirical application
use a modification of the method in Fan and Yao (1998). In a regression model Y =
m() + o2(1))e, they propose to (1) use local linear regression to estimate m(¢)) and (2)
use local linear regression to project estimated residuals (Y — m(v))? on 4.

In our setting, we can form signal S;(1) = Y;D;T;/(p:q;), noting that E[S;(1)|¢;] =
E[Y;(1)|1:] = ma(1;). We then (1) project S;(1) on 9; to estimate mq(¢);). Next, (2) we
project the IPW-weighted squared residuals (Y; — 1 (v;))2D;T;/(piq;) on ; to estimate
o2(1;), and similarly for d = 0.

For the ex-ante variance 02(¢)) in Equation (5.2) used in the optimal sampling
formula in Equation (5.5), two routes are available: (i) the plug-in 02(¢)) = 03(¢)/p +
72(1)/(1 — p) from the per-arm estimates above, or (ii) a single regression on 1; of the

combined TPW-weighted residual signal

Si = (Y; — ma(3))* DTy / (piqi) + (Vi — o (¥4))*(1 — D) T/ (1 — pi)*as)

This has the same conditional expectation as 02(¢;) in Equation (5.2) and avoids com-
bining per-arm fits with different smoothing. This is analogous to the DR-learner of
Kennedy, 2023 in CATE estimation, where a single influence-function signal is regressed
on covariates rather than separately combining per-arm fits. Our empirical implemen-
tation uses route (ii), which we found to be more numerically stable.

We tested linear ridge regression, RBF-kernel ridge regression, and random forests
for each regression step, with hyperparameters chosen by cross-validation in all cases.
Kernel ridge estimated o3(1) the most precisely in dimensions dim(y)) = 1,2, while
forests were superior in higher dimensions. Our simulation and empirical results are

presented using random forest regression.

B.3 Imputation of Potential Outcomes and Simulation DGP

For each paper and arm d € {0, 1}, we fit mg(1)) = E[Y|1h, D = d] on the observed-arm
units and estimate 53(1)) from cross-fitted residuals: split arm-d units into K = 5 folds,
fit T/flgl_k) on K — 1 folds, form the held-out residuals r; = Y; — fﬁg_k)(@/}i) for 7 in the
held-out fold, then regress r? on ; to obtain 53(1)). The fitted g and 52 define the
population we resample from. In each Monte Carlo replication, for each sampled unit ¢ we
draw Y;(d) = ma(:) + 62(;) /%€ with e¢ ~ N(0,1) independently across replications,
units, and arms. This gives Var(Y (d)[¢)) = 2(¢) in the simulated population. For the



two binary-outcome papers we instead draw Y;(d) ~ Bernoulli(ig(1);)).

To sample from the imputed DGP, we draw a unit with replacement from (¢Z>ZJV201
and add independent mean-zero Gaussian noise to its continuous coordinates, with per-
coordinate standard deviation equal to the average nearest-neighbor distance of that
coordinate in the panel. Discrete coordinates are left unperturbed. Equivalently, v is
drawn from the empirical measure convolved with a product kernel, so v is continuously
distributed and the probability that two sampled units share the same covariate value
is zero. This avoids the artificial perfect matches that arise when resampling with

replacement from a finite panel of continuous covariates.

The regression family R used for both 7y and 73 is selected per paper by K-
fold cross-validated R? on the observed arms, averaged across arms; we pick R from
OLS, ridge, lasso with degree-2 interactions, gradient-boosted trees, and random forest.
Hyperparameters are chosen by inner cross-validation where applicable. The covariates
are the same 1) used for stratification in the design step. Table 1 reports dim(v)),
Appendix D.3 lists ¢ paper by paper.

Some previous work, such as Bai (2022) and earlier versions of this paper, instead
uses a matching-based imputation ﬁ(d) = Yji)(d) with j(i) = argming.p _q ¥ — ¢jlo-
This can artificially inflate efficiency since nearest-neighbor pairs of units end up with
identical imputed potential outcomes, making the within-stratum variance exactly zero
with positive probability over the sampling distribution. We thank an anonymous referee

for pointing this out.

C Proofs

C.1 Notation

We denote [n] = {1,...,n} and use a A b for the minimum and 1(-) for the indicator.
We write E,[a;] = n 1Y a;. For v € RI™® with dim(¢)) = dim(1), |v]> denotes
the Euclidean norm and |v|, the sup norm. For f : R¥m®) — R | f|;, is the Lipschitz
seminorm and || f||7,, = E[f(1)?] the Ly(¢)) norm. We write X, % X for convergence in
probability, X,, = X for weak convergence, and use the usual stochastic orders O,(-) and

< b,, means

~Y

op(+). Notation a, < b, means a,/b, and b,/a, are both bounded and a,,
a, < Cb, for some constant C. Independence is denoted 1L and E|-|F] is conditional

expectation given a o-algebra F.



C.2 Asymptotics

This subsection develops a self-contained proof of the extension results in Section 4.1,
from which the main theorem (Theorem 4.2) of Section 4 is derived. We allow different
sampling and assignment stratification variables v and ¢, and sampling and assignment
propensities ¢(¢;) and p(1)) taking finitely many rational levels. This subsumes the

results presented in Theorem 4.5 and Corollary 4.6, which assume both constant.

First, we collect some notation.

(1) Filtrations. At the assignment stage, let FP = o(¢9.1.0, Ty, T1n) denote the in-
formation used to construct the assignment partition and 7—[,’? = o(Wim, T, T1:n)
the corresponding filtration carrying the full data W; = (Y;(0), Y;(1),v2;) (recall
Y1; = f(12,) by Assumption C.2(i)). The analogs for the sampling design are
FI' = 0(t11m, ™) and HI = o(Wi.,, 7). Note the key relations FI' C HI and
FP C HP. In the technical lemma section, we sometimes use a generic o-algebra
A, which we set to be either A, = F2 or A, = HP depending on the required
context.

(2) Randomness. Recall 7, is independent randomness used to break ties during
matching. In what follows, &, denotes an independent auxiliary data set, such
as a pilot or previous observational data. We use 7 for the complete randomiza-
tions in the design itself, see the next definition for details. When necessary, we
denote nT for the sampling complete randomizations and n” for the assignment

randomizations, obeying the key relations n” 1L HP and T 1L HZL.

We formalize the construction of the local randomization design from Definition 2.1.
We state results for the assignment design Dy, ~ Loc(wg, p(12)). Our formalization
also applies to the sampling design after the substitution Dy.,, — Ti.,, Ti., — 1, p — q,
by — b1, under which the unit index set I = {i : T; = 1} becomes I = [n].

Definition C.1 (Design Formalization). Let D;.,, ~ Loc(ts, p(1)2)) with associated
FP_measurable partition G, of index set I = {i : T; = 1} C [n]. Recall p(1py) €
{a;/k; : | € [L]}, with k; the interior group size at level . Define a jointly independent
array representing the design randomizations (1 )iciz),jein+1] With 7 LL (Wi, T, Thin)-
Let m; ~ CR(a;/k;) for each | € [L] and j € [n] and 7,41 be a k; vector with iid
Bernoulli(a;/k;) components. In particular, n + 1 is a loose, fixed upper bound on the
number of groups required in stratum [ € [L]. We define a function s(-) that specifies

which randomization 7y is assigned to group g. In particular, let s : G, — [L] x [n+1]



be an injection sending each level-l interior group to some (I, j) with j € [n] and the
level-I remainder group to (I,n + 1). Note this function will not be surjective.

We can take s(-) to be FP-measurable since only the information in FP is used
to construct the interior (full size k;) and remainder groups g € G, and evaluate the
group propensities p(1,;) for ¢ € g. For interior groups, we simply set (D;)icg = 7s(g)-
More generally, let (D;);cq be the first |g| components of 7,(,), accommodating remainder

groups. Formally, if f(g,x) = 21,4 is truncation, we can write for g € G,
(Di)ieg = f(9:Ms(9))- (C.1)

Strategy. We decompose 0— ATE into three terms by projection onto an increasing
chain of conditioning o-algebras: an assignment term, a sampling term, and a superpop-
ulation term. We establish a CLT for each, then combine them using a characteristic
function argument. Define 7; = Y;(1) — Y;(0), Vi = (1 — p(tp2,:))Yi(1) + p(¢p2;)Yi(0), and
H; = (D; — p(2,4))/[p(¥2.4) (1 — p(1p2:))]- Note the algebraic identity H;Y; = 7; + H,;Y;,

which holds pointwise. Then the estimator can be expanded as

0 — ATE = B, [TiH,Yi/q(¢1;)] — ATE = E, [Ty(7 + H;Y;) /q(t14)] — ATE
= BE,[1i — ATE| + E, [1(Ti — q(¢1,))/a(¥1,:)] + En [TiH;Yi/q(¢1;)]
=A,+ B, +C,.

Our approach is to prove a marginal CLT for y/nA, and conditional CLTs for \/nB,,|HL
and /nCp|H? given HL = oc(Wy.,, m,) and HE = o(Wipn, Tn, Tin).-

Assumption C.2. The following hold:

(Z) Tli?’b ~ LOC(¢M@1(¢1)) and Dl:n ~ LOC(¢27ﬁn(¢2))7 where Zz\n is U(g’md)l,lln)_
measurable and P, is 0(&,, Vo1.m)-measurable, with &, 1L (Wi, m,, 02, nT) for the
assignment and sampling randomness nP,nT of Definition C.1. Also, 1, = f(1by)

for some measurable function f(-).

(ii) Propensities ¢,(11) € (6,1] and D,(v2) € (0,1 — ), and each takes at most L,
rational levels with denominators at most k,, for deterministic sequences k,,, L,

with ky L, = o(n).

(iii) Convergence En[(Gn(¥1:) — q(¥1,4))?] 20 and En[(Pn(Wa:) — p(12.4))?] 50 for
fived () € (5,1] and (i) € (5,1 — ).



(iv) Moments E[Y (d)?] < oo for d € {0,1}.

Assumption C.2(i) requires T, and Dy, to be locally randomized designs. By
Definition 2.1, this requires the existence of group partitions G and G2 that satisfy the
tight matching conditions F(G) = 0,(1) and F(GY) = 0,(1).

We can constructively show the existence of such partitions using the algorithms
developed in Section 3. In particular, at the sampling stage we apply this algorithm to
the set of units S, = [n] with covariates (¢,;)", C R% and propensity g,(-), producing
GT with per-stratum grid sizes m; =< (n;/k;)/(@+D),

At the assignment stage, we apply the algorithm to S,, = {i : T; = 1} with covariates
(V9.4)ies, € R% and propensity p,(-), producing GP with per-stratum grid sizes m; <
(ng/k;)"/ @+ Here d; = dim(t);) and dy = dim(1)5). The next lemma gives conditions

sufficient for tight matching under our algorithm.

Lemma C.3 (Tight Matching). Suppose E[|1;]5’] < oo for some a; > dim(¢);) + 1,
j =1,2. Suppose also k,L, = o(n'~(dm@)+D/a5) for j =1,2. Then

F(G,) =0,(1), F(G)) = 0,(1). (C.2)

Proof. First consider the sampling partition. Apply Theorem A.3 item (2) to S,, = [n]
with ¢ =11, d = dy, & = . Assumption A.1(a) holds WLOG and Assumption A.1(b)
knL, = o(n) is implied by the rate hypothesis. Item (2) of the theorem gives F(GI)
0,(n?*1(n/k, L,)~2/(4+1)). This is 0,(1) by the rate hypothesis, hence F(GL) = 0,(1).

The same argument applies to the assignment partition with S, = {i : T, = 1},
Y =y, d = dy, @ = g, giving F(GP) = 0,(n¥*2(n/k,L,)"%@+D) = 0,(1). O

The next lemma is the key result showing that local randomization achieves non-
parametric control over the imbalances predictable by 1. In particular, it annihilates the

imbalances in any square integrable function b(¢) of the covariates used for stratification.

Lemma C.4 (Nonparametric Balance). Suppose Assumption C.2 holds. For any func-
tion E[b(12)?] < oo, then E,[Ty(D; — pn(12,))b(12,)] = 0,(nY2). If Eb(11)?] < oo,
then En[(T; — Gu(41,:))b(¥1,:)] = 0p(n~1/2).

Proof. We begin with the first claim. By Definition 2.1, the assignment partition sat-

isfies F(G,) = n™! Zg ZiEg Vo — &2,9@ = 0,(1), where 775279 = lg™! ZiEQ Y. By
Lemma D.10 there is a deterministic g, — oo with u, F(G,) = 0,(1). Since k,L,, = o(n)



by Assumption C.2, the deterministic sequence n~'k, L, — 0, so Lemma D.10 also pro-
vides a deterministic y/, — oo with p/,n"'k, L, — 0. Set ¢, = (un A 1,)"/?, 50 ¢, — 00,
A2 F(G,) = 0,(1), and 2n~'k,L, = o(1).

By hypothesis b(1¢)5) € Lo(1)5), and we approximate it by Lipschitz functions. Define
L, = {V(2) € La(tha) = [V]iip V V|ee < cn} and let b, € L, satisfy |b, — 0|3, <
2infyee, [ — b]3,,. We claim [b, — 0|5, — 0. Let ¢ > 0. By Lemma D. there is a
function h with [hlsp, V |k < 0o and |h —bJ3,, < €. Since ¢, = 00, h € L, for all n
large enough, so |b, — b[3,, < 2|h — b3, < 2¢ for such n. Since e was arbitrary, this

shows the claim. Now expand

En[Ti(Di = pn(¥2,))b(¥2,:)] = En[Ti(Di — Dn(102,4)) (b — by) (12,4)]
+ E,[Ti(Di — pn(¥2,))by(¥2,)] = An + By

We invoke Lemmas D.13, D.14, and D.15 with the generic A, taken to be FP. The
lemma hypotheses F2 C A, and A, 1L 7 hold trivially and by Definition C.1. By
Assumption C.2(i), pn(+) is 0(&,, 19.1.n)-measurable with &, 1L (Wi, m,, 0", n"). We
subsume &, in m,, so that P, is o(¥9.1., ™) C FP-measurable. Hence D, (12:)1:n, Gn,
b(9:)1:m, and b, ()1, are FP-measurable.

Then by Lemma D.13, E[A,|FP] = 0. By the variance bound in the proof of
Lemma D.14, also Var(y/nA,|FP) < 2E,[(b— b,)*(¢24)]. Since E[E,[(b— b,)*(124)]] =
|b—by3.,, = 0(1) by work above, conditional Markov (Lemma D.1) gives Var(y/nA,|F}) =
0,(1), and then A, = 0,(n~'/2), again by conditional Markov.

Next consider B,. By Lemma D.13, F[B,|F”] = 0. By Lemma D.15,

Var(v/nB,|FP) <n”' Z g™ Z(bn(¢2¢) — b (¥23))* + 0"k Ly Y?ELX b (1h2,6)°

4,jE€g
<an gl Y [ — vals + n knLnc) = 26, F(Go) + 1k Lnc).

9 1,j€g
The second inequality uses |bniipV [bn|co < o, and the equality uses D7, . [thai =[5 =
2[g| Y ieq [th2i — Y245 The first term is 0,(1) since ¢ F(G,) = 0,(1), and the second is
o(1) since 2n~'k,L, = o(1). Then Var(y/nB,|FP) = 0,(1), so B, = 0,(n"'/?), again
by conditional Markov. The second claim follows by the substitutions Dy., — Ti.,,
Tip = 1, Dy = G, Y2 — Y. O

We now develop the core CLT machinery of the paper. The design propensities



are allowed to be estimated from auxiliary data and the matching parameters k,, L,
are allowed to grow. This form is general enough to accommodate the main result in
Theorem 4.2, the extension results in Section 4.1, and the optimal sampling CLT in
Section 5.2.

Theorem C.5 (CLT). Let Assumption C.2 hold, and suppose one of the following: (i)
kn, = O(1) and E[a(W)?] < oo, or (ii) E[la(W)[*™] < oo and k,, = o(n?/C0+2)) for
some v > 0. Let HP = (Wi, Tion, 7)) and HE = o(Wya, m,). Then

VIET(Di = Pa(th2:))a(W)l[Hy = N (0, Vo), Va = Elg(¥1)p(t2)(1 — p(ib2)) Var(alts)],
VE (T = Gu(t13))a(W)l[Hy, = N(0,V5), Vs = Elg(dn) (1 — q(¢1)) Var(ali)].

Proof. Since the auxiliary randomness &, is independent of the data Wi., and of all
design randomness (m,,n”,n7) in Definition C.1, adjoining &, to m, preserves every
independence relation among (Wy.,,, 7, n”, 0%, T1.,). In particular, we have Wi, I 7,
n? 1L (Wi, Tn, Thn), and n7 AL (Wi, 7). We adopt this convention throughout, so &,
is a component of m,, the propensities Gy, p,, are o (g 1., 7,) € FP-measurable (using
VY11 = f(Po1.) from Assumption C.2(i)), and the o-algebras HY = o(Wi., Tin, ™),
FP = o(t910,Tn, Thm), and HE = o(Wy.,, m,) carry &,.

Note E[a(W)? < oo under either hypothesis, in case (ii) by Jensen’s inequality.
Let u; = a(W;) — Ela(W)[ta,], so Eluglthy;] = 0 and Efuf|ys;] = Var(alis,). Under
hypothesis (ii) also E[ju;|*"™] < oo: by the ¢, inequality |u;[**7 < 27 (Ja(W;)[*T +
|Ela(W)|9,4]|?T7), and E[|E[a(W)|te,][?7] < E[la(W)|*"7] by conditional Jensen and
the tower law, giving El|u;|*™] < 22" E[la(W)[*"7] < oo. By Lemma C.4 applied
to the design Dy, ~ Loc(¥g, Pu(t2)), VREn[Ti(Di — Pn(t2,)) Elaltha;]] = 0p(1), since
E[Elal9;]*] < Ela*] < oo by conditional Jensen and tower law. Hence we have
VAEAT(D; = Bu(n,))a(Wi)] = X+ 0y(1) for X, = VAE[Ti(D; — po(thn) .

Order the assignment groups ¢(j) € G,, j = 1,..., M,,. Since p, (1) takes at most
L,, rational levels p,,; = a,,;/kn, for | € [L,] with denominators k,,; < k. interior groups
at level [ have size k,;, with at most one remainder group per level of size < k,; — 1.
Define the basic terms z;, = n~ 237, (Di — Pu(2,:))us, noting T; = 1 for i € g(j),
so X, Z] " zjn. Our plan is to show X,,|HY = N(0,V,) by justifying the conditions
of Proposition D.5, in three steps: (1) the basic terms (z]n)M"1 are jointly independent
conditional on H?. (2) the variance process X, Z " E[27,|H]] has convergence
Y, 2 V,, and (3) the conditional Lindeberg condition EM” B2 1(|zjn] > €)|HD] =
0p(1) holds for each € > 0. We begin with (1).

8



(1) Note FP = o(¢o1m,Tn, T1n) € HP and HP 1 nP for assignment randomness

D of Definition C.1. Observe p, is F’-measurable since &, is a component of 7.
Each z;,, has the form ¢((D;)icg(j), (Pn(¥2,), i) 1:n, g(j)) for the deterministic function
o(d, (p,u),g) = n~4/? > icg(di = pi)ui, with (pn(12), ui)1.n being HP-measurable. Then
by Lemma D.11, the (z; n) " are jointly independent conditional on HZ2.

(2) By Lemma D.13, E[D;|HP] = p,(¢2,) for i € {T; = 1}, so E[zj,|HP] = 0. By
HP-measurability of u,,u; and E[D;|HE] = p,(12,), we have

Elz [HY) =n"" > wu, Cov(D,, Di|HY).

rteg(j)

By Lemma D.13, Var(D;|H?) = p,(¢2,)(1 — pn(tb2,)) for i € {T; = 1}. For r # ¢ in an
interior g(j) at level [, the covariance Cov(D,, Di|H?) = —p,1(1 — i)/ (kny — 1) with
Pni = Dn(12,) constant within the group. For the remainder group at level [, (D;)e,
is conditionally iid Bernoulli(p,;) by Definition C.1, so Cov(D,, D;|HP) = 0. Let I(j)

denote the assignment propensity level of group ¢(j). Summing over j, we obtain

- ~ _ D, — Dn
S = E[Tipn () (1=Pn(th))uf]—n " ) “;C) ’0 S° wue = Top+ T

j:interior n I(J r#£teg ])

The diagonal term T}, aggregates over all groups using > Pni(j) (1 — Pni(j)) Zieg(j

> TP (Y2,4) (1 — Dr(h2,))u?, since G, partitions {i : T; = 1} and D, (12,) is constant
within each group. The off-diagonal 7},; vanishes on the remainder groups by the iid

2
) Wi =

Bernoulli structure noted above. We will show T,» = V,. To do so, write p,,(1,) =
Pu(th2,0) (1= (t2,)) and p(tp2) = p(¢2)(1=p(tp2)), and split Top = En[Ti(pn—p) (¢2)u]+
EalTip(t)u) = Ty + T3

To analyze these terms, we repeatedly use the following fact. If (b;,)? , are uni-
formly bounded, sup;, |bin| < M, with E.[b7,] = o0,(1), and (¢;)i-; are iid with
El|e1]] < 0o, then E,[|b;nci|] = 0p(1). Indeed, for any K > 0, E,[|b;nci|] < KE,[[bin|] +
M E,[|e;|1(|c;| > K)]. The first term is 0,(1) since Ey,[|b;,|] < E,[b2,]"? by Cauchy-
Schwarz, the second converges in probability to M E||c;|1(|c;| > K)] by the iid weak
law, and this limit is arbitrarily small for K large.

For Tfﬁ), the identity |[x(1—z)—y(1—y)| = [z —y||1—2z—y| < |x—y| for x,y € [0, 1]
gives |p, — p| < |Pn — p| pointwise, hence Ey[(pn — p)*(¢2,0)] < En[(Pn —p)*(v2:)] = 0,(1)
by Assumption C.2. So |T3| = |Eu[Ti(pn — p)(Yi)u?]] < Eullon — pl(12.)u?], using
T; <1, which is 0,(1) by the fact above with b;,, = (p, — p)(12,), bounded by 1/4, and
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¢; = u?, iid with E[u?] < Var(a) < oo.

For TT(LQ, let h(W) = p(iy)u?, which has E[|p(¢)u?|] < E[u?] < co. We claim
that E,[T;h(W;)] = Elq(v1)h(W)] + 0,(1). To see this, we can decompose E,[T;h;] =
E(T; = @u(¥12))hi] + Eul(@n — @)(¥12)hi] + Enq(¢1:)hs]. The first term is o0,(1) by
Lemma D.14 part (2) applied to the sampling design T7., ~ Loc(t1, gn(11)), with the
constant sequence h,, = h. The second term is bounded in absolute value by E,[|¢, —
q|(11,4)|hil], which is 0,(1) by the fact above with b;,, = (¢, — q)(¢1.;), bounded by 1,
and ¢; = h;, iid with E[|h|] < co. The third term equals E[g(¢1)h(W)]+0,(1) by the iid
WLLN, using that |gh| < |h|. Then since h = p(1)2)u?, we have T2 = E,[T;p(1hs,;)u2] =
Elq(1)p(2)(1 — p(1h2))u?] + 0,(1). This implies T,y — V,, since by tower law and
hp-measurability of q(i1) and since E[u?|1] = Var(aliy),

Elg(n)p(v2)(1 — p(v2))u’] = Elq(v1)p(2)(1 — p(¢2)) Var(alys)] =

Next, we apply Lemma D.8 to show T,,; = 0,(1), with conditioning o-algebra F2.
Note that G, is .2 measurable, recalling that F? = o (12 1.1, Tn, T1.,) for the assignment
. . P (=Pra)) : : :
design (Definition C.1). Define v; = —]nlm T Z#teg(j) u,u; for interior g(j) and
v; = 0 for the remainder, so T),; = —n~* Z] 1 V;

Lemma D.8 requires joint conditional independence of (v]) . given FP. To prove
this, we apply Lemma D.16 with h; = 15; and k = (m,,11.,), so that in the nota-
tion of the lemma F? = o (2.1, Tn, Tin) = (1, k). The conditional independence
required is & 1L Wi, |hiy, equivalent to (m,, T1.,) AL Win|te1.,. To see that this
holds, chain two reductions. First, Wy, 1L m, unconditionally gives Wy, 1L m,|¢2 1.0
via (A,B) 1L C = A 1L C|B (with A = Wi, B = ¢a1.,, € c(Wiy), C = m,).
Second, Ti., WL Wi,|(¥e1.m, m,) was established in the argument above. Composing,
Win| (W21, T, Thin) 2 Win|(W21:m, ™) 4 Win|ta 1., which is the required (7, T1.,) 1L
Win|ta1:m. Hence Lemma D.16 gives (v]) jointly conditionally independent given
FP . Also, note the partition G, is FP-measurable by construction.

Lemma D.8 also requires the conditional mean-zero property F|[v;|FP] = 0 for each
j =1,..., M,. The prefactor p, ;;(1—=Pnu¢))/ (knui;)—1) is FP-measurable and bounded
by 1/4 since pni(1 — ppy) < 1/4 and k,; — 1 > 1. We claim that Efu,u|FP] = 0 for
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r # t, reducing the conditioning as follows:

E[Urut’FnD] - E[urut‘wllzna Tn, Tl:n] = E[urut’wll:na Wn] = E[urut’lem]
= Elu,u|a,, ay).

The first equality is by definition of F2. For the second equality, by Definition C.1 T7.,
is a function of (1 1., Ts,n") for sampling randomness n” 1L (Wy.,, 7). Since 1y 1., =
f(21.m) 18 0(o1.)-measurable, Ty, 1L Wi,|(¢Ya1m,m,). In particular, (u,,u;) 1L
T1.0|(Y2.1:0, ). Recall the basic fact that (A,B) 1L ¢ = A 1L C|B. The third
equality follows from this fact noting that Wy, 1L m,, hence (u,,u;) L 7,[191.0.
The fourth equality uses iid sampling: (u,,us, ¥or,¥2) AL o), hence (u,,u;) 1L

Yo —(ry|(V2,r,12), again using the basic fact. Then by tower law, we can further reduce

Eluyug|hg,, 0o = Eluy Elug|uy, oy, Yogl[thor, os] = Eluy Elug o] 12y, 124 = 0.

The second equality uses u¢ AL (u,, 2, )|124 from iid sampling and the basic fact above.

The third uses Flug|iq,] = 0 by definition. Then we have shown E[v;|FP] = 0.
Finally, Lemma D.8 requires n™! ZjﬂinlE[|vj|]l(|vj| > ¢,)|FP] = o0,(1) for some

sequence ¢, with ¢, = w(1) and ¢, = o(n'/?). Under assumption (i), set ¢,, = n'/4. Under

. . 7142/
assumption (ii), set ¢, = a,k,,

, where a,, — o0 is a deterministic sequence chosen
such that ¢, = o(n'/?). Such an a, exists by Lemma D.10 applied to the deterministic
null sequence E;+2/7n_1/2, which is o(1) since the case (ii) hypothesis k, = o(n?/(2(0+2))
is equivalent to E,ILHM = o(n'/?). Then under either assumption, we have a sequence
cn = w(1) and ¢, = o(n'/?).

On interior group g(j) at level I, >° o uruy = (Zreg(j) Ur)2 = D reg(y) u? and
Cauchy-Schwarz give |v;] < Ppi(1 = D) 22 cq()) up < (1/4) 3, .0 us, using the bound
max, p(1 —p) < 1/4. Recall interior groups have size |g(j)| < k,. Note also the fact that
for any (ag)y, with ay > 0 that >, ax1(>°, ar > ¢) <m >, arl(ar > ¢/m). Then

Eflos|1(jo;| > en) | FP] < (OB w1( D ul > de,) | FY

reg(d) reg(j)
< (ka/4) Y E[ull(u} > 4en/kn) | L.
reg(d)
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Summing over j, since interior groups partition a subset of {i : T; = 1} this is

LS Bl > e | FP) < fj—;ZﬂE[uﬁﬂ<u3 > den/l) | FP).
j =1

Taking expectation and using 7; < 1 together with iid sampling and tower law, the right
side has expectation bounded by (k,/4)E[u?1(u? > 4c,/k,)]. In case (i), k, < C for a
constant C, so this is at most (C/4)E[u?1(u? > 4¢,/C)] — 0 by dominated convergence,

since 4c, /C — oo and E[u?] < E[a®] < co. In case (ii), since u?1(u? > t) < |u|?*+7¢t77/2
for ¢t > 0, the bound is at most ;= E [|ui|2+V]E7ll+7/2c;7/2 = ﬁEHuiP*V]ang — 0,

k1+ /" Then by Markov inequality, n=" 3~ Elfv;|1(|v;| > ¢,)|FY] = 0,(1).

Lemma D.8 with this ¢,, which satisfies ¢, = w(1) and ¢, = o(n'/?), gives Ty, = 0,(1).

using ¢, = a,

Then we have shown the claim %, = Tpy1 + The = V.

(3) Finally, we verify the conditional Lindeberg condition ZM” E27, (2| > €)|HD] =
0p(1) holds for each € > 0. Note that the bound |D; —p,,(¢2,)] <1 and Cauchy-Schwarz

imply 22, <k,n~" Y, ) u?, using [g(7)] < k,. Hence

Z?n]l(zfn > ) < kynt Z w2l ( Z uz > nefk,) < Ein‘l Z w?l(u? > neQ/EZ).
r€g(d) reg(j) reg(j)

The second inequality applies the indicator function fact above to ) ( )u as a sum

reg
of m < k, non-negative terms. Summing over j, since G, partitions {i : T; = 1} we have
My, EQ
ZE[z W25, > €) | HY] < ZTE [u; 1 (u] >n62/k ) | 7D
j=1

Taking expectation of both sides above and using 7; < 1 together with iid sampling and
tower law, the right side has expectation bounded by k. E [u?1(u > ne?/ Ei)]

Under assumption (i), k, < C for a constant C, so this is at most C?E [u1(u? >
ne?/C?)| — 0 by dominated convergence, since ne?/C? — oo and Efuf] < Ela*] < oo.
Under assumption (ii), since u?1(u? > t) < |u|**7t7/2 for t > 0, this is at most
eV E[|ui| ]k "n/2 = 0, since k. = o(n/?) by raising the assumed Assump-
tion (ii) rate k,, = o(n?/20+2)) to the power 2+ . Then by Markov inequality, we have
ZM" E[27,1(|zjn] > €)|H]] = 0,(1), showing the conditional Lindeberg condition.

Steps (1)-(3) verify, with conditioning o-algebra H2| the conditional independence,

variance, and Lindeberg hypotheses of Proposition D.5 for the array (zm)M extended

Jj=D

12



by 2, = 0 for M, < j < n. The proposition gives E[e/*n|HP] = e=**Va/2 1 o,(1),
with V, a constant, hence trivially H”-measurable; since &, is a component of m, C
HP . this convergence is conditional on the auxiliary randomness &,. Combined with
VRELT{(D; — pn(¥2,))a(W;)] = X, + 0,(1), this gives the assignment CLT.

For the sampling CLT, apply the substitution rule of Section C.2: Dy, — Ti.,,
Ty = 1, P = Qn, p — @, 2 — 1. Under this substitution H? = o(Wi.,,, Ti.n, Tn)
becomes HT = o(W1.,,, m,), and every step of the argument above carries through with
sampling-design analogs; in particular, under 77.,, — 1 the term 7},5 becomes the average
B [@n (1) (1 — Gn(115))u?], treated by the same split into g, — ¢, handled by the trun-
cation fact above, and the iid weak law. This yields /nE,[(T; — Gn(¢1,))a(W,)]|HE =
N(0,V;) with V, obtained from V,, under the same substitution. O

We now use Theorem C.5 together with the asymptotic independence Lemma D.7
to prove generalizations of Theorem 4.5 and Corollary 4.6 that allow both ¢(¢) and
p(12) to take finitely many rational levels.

Theorem C.6 (CLT, ATE). Suppose T1., ~ Loc(¢n,q(¢1)) and Dy, ~ Loc(vg, p(1)2)),
with 1y = f(1s) for some measurable f. Then /nr(d — ATE) = N(0, Varg),

Vare = Flq(11)] (Var(T) + E[_lg(qﬁ)l) Var(7'|1/)1)} + E[Q(%);o/(aig)/(lfh;(wz))})' (C.3)

Proof. This design is a special case of Assumption C.2 obtained by taking ¢, = ¢ and
Pn = p, so its condition (iii) holds exactly and k,, L,, = O(1). Condition (ii) holds with
d > 0 chosen so the finitely many rational levels of ¢,p lie in (4,1 — §). Case (i) of
Theorem C.5 then applies, which requires only F[a(W)?] < oo of each integrand below.

Above, we noted the decomposition 0 — ATE = A, + B, + C, for

Where H; = (D; —p(h2,3))/[p(th2,4) (1 — p(¢2,))] and ¥; = (1= p(th24))Yi(1) +p(th2,4) Y;(0).
Lemma D.7 requires an increasing chain of o-algebras F,o C F,1 € F,o. In this
context, we set F, o = o(0), F.1 = HL, and F,o = HP. We show conditional CLTs for
VNAn, /1By, /nC, at the three levels of the chain, then combine via the lemma.

First consider \/nA,. By Young’s inequality, Var(r) < 2E[Y(1)? + Y(0)?] < oo,
so the iid CLT gives /nA, = N(0,V,4) with V4 = Var(r). Since F, is trivial, this is
equivalently v/nA,|F.o = N(0,Va).

13



Next consider \/nB,. Apply the sampling CLT of Theorem C.5 with a(W) =
7/q(¢1), noting E[a(W)?] < 6 2E[r?] < 26 2E[Y(1)> + Y (0)?] < oo by the propensity
bound and Young’s inequality. Then by that theorem \/nB,|F,1 = N (0, Vg) with

Vs = E[q(¢1)(1 = q(e0)) Var(r/q(y)|vr)] = E[FE5 Var(rlen)].

Finally consider 1/nC,,. Apply the assignment part of Theorem C.5 with a(W) =
Y;/lq(¥1)p(2.4)(1 — p(12,))]. Note q(¢1;) and p(ipy;) are both 1, ;-measurable, the
latter directly and the former since ¥y = f(1)3). By the propensity bounds, |a(W)| <
(03] 71|Y;|, so E[a(W)?] < 6 SE[Y?] < E[Y(1)>+Y(0)?] < co. Then the result guarantees
G| Fus = N(0,Ve) with

Ve = E[q()p(ta)(1 — p(t2)) Var(alihy)] = B[l ]

By construction /nA, € c(Wi,,) C F.1 and /nB,, € c(Wip, T1.) C Fna, and
v/nC,, is measurable in (Wi, Tn, Tim, D) O Frno. Lemma D.7 applied with X, =
Vn(An, B,,C,) at k = 1,2,3 gives that for each t € R

E[eit\/ﬁ(An—i-Bn—i-Cn)} _ e—t2(VA+VB+VC)/2 + Op(l).
Finally, np/n = E,[T}] % E[q(¥1)] by Lemma D.14 part (3) applied to the sampling
design with » = 1, so (np/n)/? & Elq(y1)]"/? by continuous mapping. By Slutsky,
,/nT(G—ATE) = (nT/n)l/Q\/ﬁ(Q—ATE) = N(O, E[q(ﬂ}l)](VA‘i‘VB—’—VC)) == N(O, VATE)'
]

Corollary C.7 (CLT, SATE). In the design of Theorem C.6, \/nr(d — SATE) | HT =
N(O, ‘/SATE); with

Vsare = Elg(v1)] (E [ Var(rlun)] + B [qwl)Z?lZi)Y(lff;wz))D' (C4)

In particular, w/nT(é\— SATE) = N(0, Vsarg) marginally.

Proof. Since SATE = E,[;] = A, + ATE, § — SATE = (§ — ATE) — A, = B, + C,.
Using the chain F,, o € F,, 1 C F, 2 from the proof of Theorem C.6, that proof establishes
the conditional CLTs \/nB,|F,1 = N(0,Vg) and /nC,|F,2 = N(0,V¢). Lemma D.7
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applied with X, x = v/n(B,,C,) at k = 1,2 and base H! gives
Vi(Bn + Cy) | Hy = N(0,Vs + Vo).

By Lemma D.14 part (3) applied to the sampling design with h = 1, np/n >
Elq(¥)], so (np/n)Y? & E[q(¥1)]"/? by continuous mapping. Then by Slutsky’s theo-
rem nT(é\— SATE) = (ng/n)Y? - \/n(B, + C,) ’ HT = N(0, Vsarg), with Vsarg =
Elq(¢1)](Vs + Vi), establishing the conditional CLT. The marginal statement follows
by tower and bounded convergence: FEleiv"T «LSATE)] = E[E[e"VrT (§*SATE)|’HZH —
e~ t*VeaTe/2 O

The next lemma shows that when ¢, = 15 = 1, the variance Varg of (C.3) reduces

by algebraic manipulation to the variance V' of Theorem 4.2.

Lemma C.8 (Variance equivalence). Suppose ¥y = 1y = 1. Then

e ENCENE )}

Proof. Write p = p(¢), ¢ = q(v), 03 = o2(3) for brevity. We first show the pointwise
identity

Var(Y]y) 0_% N od
pl=p) p 1-p
Expanding Y = (1 — p)Y (1) + pY (0) and 7 = Y (1) — Y (0) gives

— Var(7|v). (C.5)

Var(Y[e) = (1 = p)*o7 + p*og + 2p(1 — p) Cov(Y (1), Y(0) ),
Var(7[)) = o7 + o — 2Cov(Y (1), Y (0)|¢)).

Summing, we have Var(Y|¢)) + p(1 — p) Var(r|y)) = (1 — p)o? + po2. This follows since
the Cov terms cancel and (1 — p)*>+ p(1 —p) = 1 —p, p*> + p(1 — p) = p. Dividing by
p(1 — p) gives (C.5). Setting 11 = 13 = ¢ in (C.3) and applying (C.5) to the 3rd term,

) o) )

Combining the Var(7|y) contribution with the middle term of (C.3),

E {% var(fw)} —E [W] = —E[Var(r]s)].
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By the law of total variance, Var(7)— E[Var(7|¢)] = Var(E[r|¢]) = Var(c(¢)). Summing
the three terms inside the parentheses of (C.3),

Var(r) — E[Var(r|¢)] + E E (“g + 1"_‘2)} — Var(ce(v)) + E B (”E + %)] |

Multiplying by E[q] gives the claim. O

Proof of Theorem 4.2. We invoke Theorem C.6 with 1 = 15 = 1), so the constraint
1 = f(19) holds with f the identity. Theorem C.6 then gives \/E(é\ — ATE) =
N (0, Varg) with Varg as in (C.3). By Lemma C.8, Varg = V of (4.2), completing the
proof. O]

Proof of Theorem B.2. Let Z; = (¢4,Y;(0),Y;(1),T;, D;), which are iid under the as-
sumed design, and let m, 1L 7., be the randomness generating the fold partition
[n] = LU---Ulk. By Lemma D.16 with iid variables Z;.,, trivial function A = 1, random
element k = m,, and the o(m,)-measurable partition {Iy,..., Ik}, the fold sub-samples
(Zi)iers - - - (Zi)ier, are jointly conditionally independent given o(m,). In particular,
for each fold k, (Z;)icr, AL Ag|m, with Ay = a((Zj)j¢1k).

Fix a fold k£ and apply Lemma D.22 with S = I, and A = A;. The fold estima-
tor M is o (Ag, m,)-measurable by construction and consistent by hypothesis, so the
hypotheses of the lemma hold. Writing Rz(k) for the ATPW summand of Lemma D.22
evaluated at ﬁ%(fk), and ¢, for the corresponding influence function, n=! Y ic I Rl(k) =
nt Yoy @i+ op(n71?). Since @\adj = B[R] = S n! Y el R™ and K is fixed,
summing over the K folds gives G, = By [¢s] + 0, (n~1/2).

Conditional on 1);, the residuals €? are mean zero and independent of (T}, D;) by
Assumption B.1. Hence ¢; are iid with F[¢;] = ATE. The covariance between the two
IPW terms in Var(¢;) vanishes by D;(1 — D;) = 0, and the residuals’ conditional mean

zero kills the covariance with ¢(v);), giving

Var(o) = Var(e) + £ [ (457 + %))
By the Lindeberg-Lévy CLT, v/ii(fug—~ATE) = /B, [¢i~ ATE]+0,(1) = N(0, Var(¢,)).

Finally np/n = E,[T;] % Elq(v)], so nT(gadj — ATE) = (nT/n)1/2\/ﬁ(§adj — ATE) =
N(0,V) with V = E[q(¢)] Var(¢;), the variance of Equation 4.2. O
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C.3 Optimal Sampling Design

Proof of Theorem 5.1. Define V(q) = E[o2()/q(v))]. Define the sets

Q = {q e RM™W) : |g| < 00,¢ >0, E[C(¥)q(¢)] < B,V(q) <00} Q=9n{0<q<1}.

Also recall the candidate optimal solution ¢*(v)) = B - 0,(1))C(¢)) Y2/ E[o,(v)C (1) '/?].
Let t € [0,1] and ¢1,92 € Q. By convexity of y — 1/y on (0,00), for each ¢ € 1) we

have ) ) )
2O B) o)
ta(¥) + (1= 1)e) ~ o) 02(¥)
Taking expectations of both sides gives V' (tq1 + (1 —t)q2) < tV(q1)+ (1 —1t)V(ga), so V' is

convex on {¢ > 0} and @’ is convex. We claim that ¢* € Q. First, ¢* € (0, 1] by assump-
tion. Since sup, ¢* < 1 we have E[o,(1))C(¢)"/?] > 0. By Holder E[o,(¢)C(¢)"?] <
E[o?())'2E[C()]Y/? < co. Then we have V(¢*) = B~ 'E[o,(¢¥)C(¥)"/?)? < co. Also
clearly E[C(¢)q*(v)] = B. This shows the claim. Next, suppose that ¢* +tA € Q' for
some ¢t € [0,1] and |A| < M. Since ¢* € Q', by convexity of @', ¢* + t'/A € Q' for
all 0 < ¢ <t. Then dV[A] = limsup, o+ 1V (¢* +tA) — V(¢*)) is well-defined. We
claim that this limit exists. Under our assumptions ¢*(¢)) > ¢ > 0 pointwise, so that for
any v and all t < §%/2M < co

L 2w W\ AW M) _ M|o2w)]
‘t (qw )"«q @)= @l =

) +HtARW) g (Y) 2+ ¢tA)

Since ||o?||; < oo, dominated convergence implies

—o}(V)A®)

AV (Al = lim t {(V(¢" +tA) = V(¢") = F [hm

t—0+
o2
g [ER)

(q*)*()

The last line since ¢* + tA € Q" implies B = E[¢*(¢)C(¢) + tA(yY)C(¢¥)] = B +
tE[A(Y)C ()], so that E[A(¢)C(1)] = 0. Let ¢ € @', so that A = g—¢* has |A], < oc.
Then by convexity V(q) —V(q*) > dVy[q — ¢*] = 0, showing that ¢* = argmin .o V(q).
Since ¢* € Q by assumption, it is optimal over Q@ C Q' as well. O]

—(1/ BB [C($)AW)] E [7,(0)C )] =0

Proof of Theorem 5.3. The estimator is 0= E,[T;H;Y;/q,(¢;)], with Horvitz-Thompson
weight H; = (D; — p(¢:))/[p(¥i)(1 — p(¢3))], outcome level ¥; = (1 — p(4))Yi(1) +
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p(1;)Yi(0), and individual effect 7; = Y;(1)—Y;(0). The implemented sampling propensity
is the discretized estimate @,(+), and the assignment propensity p is fixed.

Our plan is to apply the CLT of Theorem C.5 with v = 2. To do so, we first verify
the key Assumption C.2 with 1)1 = o = 1, sampling propensity ¢,, and assignment
propensity p, = p.

Part (i) of the assumption holds with f the identity, p,, = p fixed, and &, the pilot
randomness of Assumption 5.2(i). To see this, note by Assumption 5.2(i), the variance
estimates 02 are functions of external pilot data &, independent of the experimental
data and design variables, including the auxiliary design randomness (2, n?) of Defini-
tion C.1, so &, 1L (Wi, m,,nP,nT). From the construction in Equation (5.5), ,(-) is
a function of &, and the study covariates v1.,, hence o(&,, 11.,)-measurable as required
by the assumption. We subsume &, in 7, so that @, is o(t¢1.,, 7, )-measurable.

Part (ii) of the assumption holds since g, takes at most L, rational levels with
denominators at most k, and p is a fixed rational level, the bounds @,(¢) € (4, 1] and
p € (6,1 —6) are Assumption 5.2(ii), and k, L,, = o(n) follows from Assumption 5.2(iv).
Part (iii) holds since E,[(G,(v:) —¢*(1:))?] = 0 by Lemma D.18, using the discretization
rate of Assumption 5.2(iv) and the heteroskedasticity consistency of Assumption 5.2(iii),
and E,[(pn(¥;) — p(1;))?] = 0 identically, so the fixed limit propensities are ¢ = ¢* and
p. Part (iv) holds since E[Y(d)*] < oo gives E[Y(d)?] < oo, and E[%]*] < oo with
a > dim(1)+1 is Assumption 5.2(ii). The moment bound E[|a(W)|*] < oo is verified for
each integrand below, and the rate k,, = o(n?/20+2)) = o(n'/*) is Assumption 5.2(iv).

Using the pointwise identity H,Y; = 7; + H,Y;, expand the estimator as in the proof
of Theorem C.6, with the implemented propensity ¢, in place of ¢:

=A,+ B, +C,.

We apply Lemma D.7 to deduce convergence in distribution of v/n(A, + B, + C,)
from conditional CLTs for \/nA,, v/nB,, and /nC, over the lemma’s required in-
creasing chain. In this context, we set F,o = o(0), Fo1 = HL, F.o = HP, and
Funs =Wy, Tn, Tin, Di).

First consider \/nA,. By Young’s inequality Var(7) < 2E[Y (1) + Y (0)?] < oo, so
the iid CLT gives /nA, = N(0,V4) with V4 = Var(r). Since F, is trivial, this is
equivalently /nA,|F,o = N(0,Va).
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Next consider /nB,. Write 6; = 1/q,(¢;) — 1/¢*(¢;) and split B, = B, + B/,
where B! = E,[(T; — ¢,(¥;))7:/q"(¢;)] and B! = E,[(T; — qn(v;))7:0;]. For B!, apply
Theorem C.5 with the fixed integrand a(W) = 7/q*(¢), which satisfies E[la(W)]?] <
SEM S EY(1)* 4+ Y(0)Y] < oo. The theorem gives v/nB,,|Fn1 = N(0,Vp) with

Vi = Elg" ()(1 — ¢ (1)) Var(r/q" () |0)] = B[54 Var(r]v)].

For B!, since G, (¢;),q*(;) > ¢ by Assumption 5.2, we have |6;| < 672|,,(:) — ¢* ()],
and |G, — ¢*| < 1. Then using Lemma D.18, we have

Eo[61] < 072 EL (@ (W) — ¢ (i)Y < 6B EL[(Gn (1) — " (¥))%] = 0p(1). (C.6)

The term 7;0; in B!l = E,[(T; — ¢.(¢4))7:0] is F,1-measurable, and E[T;|F,1] = Gn(¢;)
by Lemma D.13 applied to the sampling design, so E[y/nB/|F,1] = 0. By the variance
bound in the proof of Lemma D.14 applied to the sampling design,

Var(vnBl|Fni1) < 2B,[1262) < 2B, 72 E,[61]"* = 0,(1)0,(1) = 0,(1).

The second inequality is Cauchy-Schwarz, then E,[r}] 2 E[r!] < oo from the WLLN
and (C.6), Chebyshev (Lemma D.1) gives /nB)l = 0,(1), so v/nB,, = \/nB], + 0,(1).
Finally consider y/nC,,. Split C,, = C!, + C/, where

Cp, = Ea[Ti(Di — p(:)Yi/ (4" ($)p(vi) (1 = p(1:)))];
Chy = Eu[T(Di — p(1:))Yidi/ (p(w:) (1 = p(¢1)))].

For C/, apply the assignment part of Theorem C.5 with the fixed integrand a(W) =
Y /(g ()p(¥)(1-p(¥))), which satisfies |a(W)[ < 6~'[6(1—6)]~!|Y'], hence Efla(W)|*] <
E[YY < EY(1)*+Y(0)!] < co. The theorem gives v/nC’,|F, 2 = N (0, Ve) with

Vo = Elg ()p()(1 — p()) Var(aw)] = B| et .

For C”, the integrand Y;d;/(p(¢;)(1 — p(¢);))) is F,o-measurable, and E[D;|F,2] =
p(¥i) by Lemma D.13, so E[\/nC}|F,.] = 0. By the variance bound in the proof
of Lemma D.14, then T; < 1 with p(¢;)(1 — p(¢;)) > 6(1 — ¢), then Cauchy—Schwarz
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with E,[Y;*] = O,(1) from the iid weak law together with (C.6),

Var(v/nCy | Fnz) < 2B, [T;Y7267 /(p(¢:) (1 = p(4:)))?]
< 2[5(1 = 8)] 2B [V EL (8] = 0,(1).

Conditional Chebyshev gives /nC! = 0,(1), so v/nC,, = /nC/, + 0,(1).

By construction \/nA, € c(Wi.,) C Fui1, VBl € c(Wip, T, T1n) = Fro, and
VnC!l € o(Wip, T, Tiin, Di:) = Fns. Lemma D.7 applied with X, , = v/n(4,, B,,C)
at k =1,2,3 gives, for each t € R,

E[eit\/ﬁ(AnJrBHG;L)} — ot (VatVp+Ve)/2 + 0,(1).
Hence /n(A, + B), + C}) = N(0,V4 + Vg + Vi), and since \/ﬁ(@\— ATE) = /n(A, +
B! 4+ C!)+ 0,(1) by the work above, Slutsky gives V(6 — ATE) = N(0, Vo + Vs + Vo).

The variances V4, Vg, Vo are those of Theorem C.6 evaluated at 1, = 19 = 1 and
sampling propensity ¢*. The proof of Lemma C.8 establishes a purely algebraic identity
for these three terms, giving Vi + Vp + Vo = Var(c(v)) + Elo2(v)/q* ()] with o2(¢)) =
o?(¥)/p() + a2(¥)/(1 — p(¥)). By Theorem 5.1 and the interior solution condition of
Assumption 5.2(ii), ¢* minimizes E[c2(¢)/q(¥)] over 0 < ¢ < 1 with E[C(¢¥)q(v)] = B.
Therefore v/n(d — ATE) = N(0, V*) with

V' =Var(c(y))+  min  Elo7(¥)/q(¥)].

0<¢<1
E[C(¥)q(¥)]=B

C.4 Inference

Lemmas C.10 and D.19 below establish the ATE and SATE parts of Theorem 6.1 for
the pairs-of-pairs estimator. The constant-q case is the special case L = 1, since (6.2)
and (6.5) with L = 1 differ by the factor np/(gn) 2 1. We focus on proving consistency
for the harder case with P2 = P2. Consistency for P2 = P2 can be shown similarly.
Below, it is convenient to work with partition G% = {gUv(g) : g € G,,} into unions of
paired groups. We write degn@ — 5y(g))2 =2 Zuegg(ggl(u) — §g2(u))2, where gg ) and

1(
0go(u) are the different groups forming union u € G. The variance estimator of (6.4) is

~

then P2 = ‘gn|_l Zueg% (Ggl(u)—992(u))2, and similarly Pl2 = |gnl|_1 Zueg;;l (le(u)—QQQ(u))z
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within each stratum. Under sampling-subordinate matching every g € G,, and every u €
G lies entirely in a single propensity stratum S,; = {i : ¢(¢;) = ¢}, so group propensity
qy is equal to ¢; whenever g € G, :={9€ G, : g C Sutoruec G :={uec gl :ucC Sy}

For each | € [L], let n; = |S,|, and define the within-stratum IPW estimator and

the group-level diff-in-means

QZLZM’ ggleDiYi_kiaZ(l_Di)Y@’

& ar(l—p) a’

so that 6 = Zle(nl/n)/ﬁ\l is the global IPW estimator from (4.1). Throughout the proofs

below, we use the within-group quadratic and across-group cross-product aggregates

m:—E:Z% WZEE:____HW%W (C.7)
9EGn g uegy q“

Two conventions simplify the bookkeeping. First, we identify G, with the algo-
rithm’s interior groups of full size k, excluding the potential remainder group of size < k
in each of the L propensity strata. The IPW estimator 0 in (4.1) sums over all sampled
units, so the identity 6 = |G,[~"' 3" 5

discrepancy of order L(k — 1)/n = o(1) that does not affect any consistency statement.

é\g from Section 6 hold up to a remainder group

Second, we assume |G| is even in the proofs. As noted in the text, in practice the case

of an odd number of groups is handled by matching one group twice in G

v, contributing

a single extra cross-product term to ]3l2 of order 1/|G,,| that is similarly negligible but

tedious to keep track of.
Lemma C.9 (Aggregated form). The variance estimator V of (6.5) satisfies
V="2( -0 -6). (C.8)
n
Proof of Lemma C.9. Write V, = S? + ((k — q/)/q)P? for the within-stratum terms, so

= (np/n) 32,(ny/n) [V, + (6, — 6)2). By the within-stratum definitions of 5? and P2 as
analogues of 52 and P? from (6.2),

N—aq 2
—Opiu)) - C.9
l |gnl| Z QZ|gnl| Z g1 92( )) ( )

9EGn1 uegy,
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First we record the identity 6, = Gl ™' D geq,, (39. To see this, note

P \gm 2 (1 2D (1= D)

9€Gn1 geg ! i€g i€g
1
T.D;Y; — T.(1—-D,)Y;
7 nl
T;(D T,(D =0,
k|gnl |p (1—- Zgl lelP ZGZSM

The second equality uses degnl Zieg = Ziesnl T;, since G,,; partitions {i € S, : T; = 1}.
The third combines fractions using a = pk and the identity (1—p)D; —p(1—D;) = D;—p.
The fourth uses |G| = n,q;/k, and the final equality is by definition of g,

Next, we expand squares in (C.9). Using the identity above, the first sum satisfies
> geG, 1(0 0;) = degnl p |gnl|92 For the second sum, each g € G,; appears
exactly once across G, as either g;(u) or go(u), so Zueg” (Agl(u — ggz(u))z = > e, 53 -
2 Zuegu gl( )@\ . Substituting into (C.9), we have

P k—q IO
Vi= G ( Z é? o |g”l|§lz) + ql|gnll| ( Z /03 —2 Z 991(U)092(u))

o~

geg gegnl ueg"
1 —q /52 — ql
(|gnl| ql|gnl| Z ql|gnl| ezg; g1(u) 92(
ZQI gegnl ’LLEgV

Next we aggregate across strata. Using the work above, Zlel %‘71 is

L L L
1 K~ 2 k(k—aq)~ ~ T~
SO I UEE) 3D DL LN ST
=1 g€Gn; ! =1 ueg¥, l =1
1 kK>~ 2 k(k—qu)~ -~ L My L 5
= — —0; — — ———0,, )0 — —0; =, — —
279 Z 2 91 (w)Vg2(u) Z 1 1 2
ngegn g uegy Tu =1 n =1 n

Finally, we handle the cross-stratum correction. This expands as ), (n;/ n)(@ —6)? =
Zl(nl/n)é\f —6” using 6 = Zl(nl/n)é\l and ), n; = n. Adding this to the identity above,
the 3,(n;/n)8? terms cancel, leaving 37, (ny/n)[Vi + (6, — 6)2] = T, — 0, — 62. Multiplying
by nr/n gives (C.8). O
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Lemma C.10 (Variance Estimator Consistency). In the setting above, with 1 = s =
W, design Ty, ~ Loc(v,q(¢)) and Dy, ~ Loc(,p(v)), and sampling-subordinate
matching,

VAV (C.10)

Proof of Lemma C.10. Let HY = o(Wi.p, Tion, 7). Since 1., € o(Wi.,), the design
filtration FP = 0 (1., Tn, T1n) of Section C.2 satisfies FP C HP. Moreover, HP 1L
n for the assignment randomness 1 of Definition C.1, since n 1L (Wi, 7, T1.) by
construction. By Definition 2.1 and the construction of G/ above, the partitions G,
and G” are determined by t.,, 7,, and the sampled set {i : T; = 1}, hence are FP-

measurable and thus #P-measurable. By Lemma C.9, V = (ng/n) (0, — 0 — 62), where

2
0= % ST m= % ) il
uegy,
First consider 9;. Define H; = (D;—p)/(p(1—p)). Note the identity H;Y; = 7,+H,Y;,
where ¥; = (1 — p)Y;(1) + pY;(0). Then 8, = k'3, HY; = 0, + k=" S, HiY,
where 0, = k='>7, . 7. Since G,, Wi, are H]-measurable and E[H;|H]] = 0, it
follows that E[f,|H2] = 6,. Then E[é\g\%f?] =02 + Var(8,/H?). By Lemma D.13,
Var(HiHP) = [p(1 - p)|~* and Cov(Hy, HyHP) = —[(k — 1)p(1 - p)|~" for i £ j € g, 50
that

Var(§g|7-l,?) = k2 Var(z HY; | 1Y) =k? Z Y;Y; Cov(H;, H;|HE)

i1€g 1,J€EQg

= IR —Dp(l—p)7t ) VY

i€g i#j€Eg

Substituting E[@]HE] =02+ Var(gg]?'{ﬁ)) into E[0,|HY] gives

_ % .
E@HY ] =n"" )" ¥9§ +n ) gp(l—p) Tt Y

gEgn 9 gEgn iEg
—n > lgp(k=Dp(1—p)] ' > ViV = Ay + By + Ch.
9€Gn i#j€Eg

First consider B,. We have ¢, = ¢(¢;) for i € ¢ by the assumption of sampling-
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subordinate matching. Since Uyeg, {i € g} = {i : T; = 1},

By = [p(1—p) '~ = )] EG [TV /q(v0)?].

9EGn zEg

By Lemma D.14 part (3) applied to the sampling design with h = Y2/q(¥))?, E,[T}Y;?/q(1:)?] 2

E[Y?/q(¥)], s0 By = [p(1 = p)| " E[Y?/q(4))].
Next consider C,,. Using ¢, = q(¢) = q(v;) for i, j € g, we have

Co= Ik = Dp(1=p)) '™ 0 Y s

gegn % J Gg
7]

By Lemma C.11 at K = k on G,, with 4; = B; = Y;/q(¥;), the inner double sum con-
verges in probability to (k—1)E[E[Y [¢]2/q(¢)], so C, = —[p(1—p)]| " E[E[Y [¢]?/q(4))].
Finally, consider A,,. Expanding 9; =k

and splitting diagonal from off-diagonal,

n! Z Z’r +nt Z ZTZTJ AE—}—AS.

. . ] 2
iieg TiTj 1N A, the factor of k* cancels,

9€Gn q9 i€g 9€Gn 9 i,j€g
7]
For the diagonal piece, using g, = q(¢;) for i € g, Uyeg, g = {i : T; = 1}, and Lemma D.14

part (3) applied to the sampling design,

—1

E, T2 /g3 5 E[r2/q(¥)].

gegn i€g

For the off-diagonal piece, using ¢, = q(¢;) = q(¢;) for i,j € g,

Y e

9€Gn 2]69
1#]

By Lemma C.11 at K = k on G, with 4; = B; = 7;/q(¢;), A9 5 (k — 1)Elc(y)?/q(1)],
where c(v)) = E[r|¢]. Using E[72|¢] = 02(¢) + c(¢)? for 02(1p) = Var(7|1)), we have the

limit A, = Blo7(¥)/q(v)] + kEle()?/a(¥)]. Note also E[Y*/q(v)] = E[E[Y?[¢]/q(¢)]
and E[Y2?|y] = E[Y |1)]? + Var(Y]1), so the other terms

Bu+Cy 5 [p(1=p)]  (E[Y? /q()] = E[E[Y ¢ /q(¥)]) = [p(1—p)] " E[Var(Y|1)/q(¥)].
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Combining with the limit of A,,, we have shown that

E[6i[H,] % Elo?(¥)/a()] + kE[e(¥)* /a(v)] +

Next consider E[0y|HP]. By Lemma D.11 applied with u, = é\g, which is a function
of (D;)icy and the HP-measurable potential outcomes (Y;(0),Y;(1))iey, the group-level

estimates (9 )geg, are jointly independent conditional on HP: in particular 5 )y AL

n 7

O ()| HE since g1 (u) # g2(u). Combined with E[99|7-[D] 0, this gives E[9 |7-[ | =
091 (u)0go(u)- Since G2 is HEP-measurable, taking conditional expectation through the sum
yields
- 2 — k(b —qu) 2 —
E[0a|H)] = - Y o) = - Z Z TiTj.-
uegy Tu ueGy u i€g1(u
j€ga(u )
Define 4; = /(k — q(¥;))/k - 7:/q(1;), which is o(W;) measurable and has E[A?] <

E[1?]/6* < oo using 0 < (k—¢q)/k < 1 and propensity bound ¢(¢)) > § > 0. By sampling-
subordinate matching, ¢, = q(¢;) = q(¢;) for 4,7 € u, so A;A; = (k — q,)/(k¢?)7iT; for
all i,j € u. Using u = g1(u) U go(u), we have the decomposition

SOAA = Y AA+ D AA+2 ) A4

i#j€u i#j€g1(u) i#j€g2(u) i€g1(u)
j€g2(u)
Solving for the cross-group piece and summing over the disjoint unions u € G,

E[0y|HE) = Z ZAA— Z[ZAA doAA - ) AiAj}

uEg” i€g1(u) uEQ” i#jEu i#j€g1(u) i#j€g2(u)
J€g2(u)

Note that by construction of G¥, each group g € G,, appears exactly once as g (u) or gz(u)

for a unique union v € G, so summing over u gives recovers within-group sums over

9E€Gnr ucar [ Didjea ) AiAi+ D isicam Aids] = D gecq, Sisicg AiAj. Substituting,

E[oy|HE]) = Z > AA; - Z > A4 (C.11)

ueg" 1#jEuU gegn i#£jEg

By Lemma D.23, G” inherits tight matching from G,, and by sampling-subordinate
matching, ¢(v;) is constant over i € u and i € g. Applying Lemma C.11 with B; = A;
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at K =2k on G” and at K = k on G, we obtain

LSS A B 2k - DE[gW) BLA,

u€GY i£jEu

LSS Ay B (- DB g FIA T

g€ln i;’éjeg

Then E[0:|H)] = kE[q(v:) B[A|.]?] = E[(k—q(i)e(i)* /a(e3)] = kE[e(v:)? /a(¥i)] —
Elc(v;)?]. Finally, by Theorem 4.2 0 5 ATE, so 8 % ATE? by continuous mapping.

Putting things together, recall that VV = (nr/n)(v; — vy — 52) By Lemma D.24, we

have o) — E[0,|HP] = 0,(1) and 0y — E[0s|H2] = 0,(1). Moreover, from the limits above

E[Var(Y])/q()]
p(1—p)

B[ty — o[ HE] - 02 5 Elo?()/q()] + + Elc(v)’] — ATE”.

We have Ele(4)?] — ATE” = Var(c(4)) and 02(¢)) = o3(¢) + 03 (1) —2 Cov(Y (1), Y (0)[¢)
- )

and Var(Y[y) = (1 — p)262() + p?o2(¢) + 2p(1 — p) Cov(Y (1), Y (0)]1)). Then we have
2 Var(Yl) _ of(¥) | o(¥)
Aoy Ty T1-p

Dividing through by ¢(%), taking expectations, and combining with the Var(c(¢)) term

gives

By — 0y — 602 B Var(c(y)) + E + = V/E[q(¥)], (C.12)

with the second equality by (4.2). Finally, np/n = E,[T;] % E[q(¢)] by Lemma D.14
part (3) applied to the sampling design with h = 1, so by continuous mapping and
Slutsky;,

V = (ng/n)(® — 5 — 6°) & Elg(v)] - V/Elq(¢)] = V.

This finishes the proof. O

The next lemma is stated for a generic partition P,,, which we will set to either G,

or G” depending on the context in which the lemma is applied.

Lemma C.11 (Bilinear Form). Let P, be a FP-measurable partition of {i : T; = 1}
into groups of size K withn™' 37 p 7, | — Uyl = 0,(1), for the standing filtration
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FP = o(th1., Tn, Ti.n) of Section C.2. Let A;, B; € o(W;) with E[A? + B?] < co. Then

LSS AB B (K - DE[a() - BB (C.13)

9EPn i,{jE.g
i#j

Proof of Lemma C.11. Let A; = v,(¢;) + €} with E[e?|1;] = 0, similarly B; = vy(¢;) +

% DD AiBj= % DD (walwn) + €)(wp(vy) + €)) = Au + B+ Gy + Ro,

9E€Pn 1,j€g 9€Pn i,j€g
i#] i#]

where A, collects the v, (1;)vy(1);) terms, Ry, collects the efe’ terms, and B, C,, collect
the cross terms va(wi)eg and elvy(1);) respectively. First consider A,. Denote v;, =
Va(Vi), vja = va(1);), and vy, vy for b, Re-indexing Zi#eg VigVjp = Zi<j€g(viavjb +
VjqUip). By the identity a;b; + bja; = —(a; — a;j)(b; — bj) + a;b; + a;b;, this is

= % Z Z (ViaVjb + VjaVip)

gePn 1<jEg
o ) Al A2
- Uzavzb + Ujavjb Um Uga Uzb ) n + n-
gEPn i<j€Eg gEPn 1<jEg

First consider A%. Note the identity Y, .. [0 — ¢5]3 = 2K 35, [t — 1[5, so
the tight matching hypothesis implies X,, = n~' 3" p > i ¥ — ¥5]5 = 0,(1). By
Lemma D.10, we can choose p, — oo with u,X, 2 0. Then for \, = ,u71~/2, we
have A\, — oo and A2X,, 5 0. By Lemma D.6.(ii), there exist sequences (z%),>1 and
(25)>1 with [28)ip V |28 1p < Any |29 — valogy = 0(1), and |28 — vy]a = o(1). Denote
28 = 20(1;), 2% = 2°(1;). We can expand relative to the Lipschitz approximations using
Via — Vja = (Via — 2) + (25, — 25,) + (25, — vja) and similarly for b. Then |zy| < 2? +
and (p1 + p2 +p3)® < 3(p + p3 + p3) give

|(Wia = vja) (Vi = vip) | S Y ([vie = 25,7 + 1260 = Z5l” + 25, — 0sel).
ce{a,b}
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Using this to bound |A2| termwise, we have

|Ai| < nil Z Z Z (|vic - Zicn’2 + |chn - ]cn’2 + ‘chn - Uj0|2)

g 1<j€g ce{ab}

S Z [KEn[Tzwzc — 25, + )‘an] = 0p(1).

c€{a,b}

The first inequality is the pointwise bound above. The second equality follows by count-
ing Y. _ieg [Vie — 25,17 < (K —1) 3, |vie — 25,]* and similarly for the third term. Also,
we use the Lipschitz bound |25, — 25,[* < A2 [vi — 53, and 35 37, fi = 37, T; fi since
P, partitions {T; = 1}. For the final equality, E,[T;|vi. — 25,|?] < Enl|vie — 25,2] = 0,(1)
2] P,

by Markov, since Ef|vi. — 2,[*] = |2 — vcl3,, = o(1). For the second term, A\2X,, = 0

by our choice of \,, above. Then we have shown that A2 = 0,(1).
Next consider Aj,. Since Y7, .. (vigVip + vjavsp) = (K — 1) 3

icg ViaVib for |9| = K,

K—-1
A:L = — Z vavz‘b = (K - 1)En[Tz Via Uz'b] £> (K - 1)E[q2‘ Via Uz‘b]-
n -

The middle equality since P, partitions {i : 7; = 1} C [n]. The convergence fol-
lows from Lemma D.14 part (3) applied to the sampling design with h = v,v,, since
El|lgviqus|] < E[2]V?EW3)Y? < E[A2Y?E[BY? < oo. Combining, 4, & (K —
1) Elq(¥s) - va(vs) vp(¥3)] = (K = 1) Elq(:) - E[As]o] E[Bilvi]].

Next claim that R, = o0,(1). We verify the conditions of Lemma D.8 with the
filtration F2 for the terms

Ug = Z € e?.
E

We apply Lemma D.16 with h; = v; and k = (7, T1.,), so that o (hy.n, k) = 0(V1.n, Tny Tin) =
FP. The required hypothesis x 1L Wi.,|hi., is the statement (7, T1.,) 1L Wip|t1m,
which we verify by chaining two reductions. First, Wy, 1L m, unconditionally gives
Wi AL |ty via (A,B) 1L C = A 1L C|B with A = Wi, B = ¢¥1.,, € c(Wh),
C = m,. Second, by Definition C.1 applied to the sampling design, 7}., is a function
of (Y1, Tn,nT) for sampling randomness 7 1 (Wi, m,), 50 Tim AL Wi |(¥10, mn)-
Composing, Wi.,|(¥1m, Tn, Thn) 2 Wil (V1m, T0n) 2 Wi.n|tY1m, which is the required
(7, Trn) AL Wi|th1m. Since P, is FP-measurable by hypothesis, Lemma D.16 gives
(ug)gep, jointly conditionally independent given F”. Note the key fact that (A, B) 1L
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C = A 1l C|B. We first reduce the conditioning:
E[€?€2W1:m Ty Tl:n] = E[G?E?’wlzna 7Tn] = E[‘E?Eglwlzn] = E[E?E?‘wh %] (C14>

For the first equality, Ti, AL Wig|(t1m, mn) as established above, hence (ef,€?) L
Ti.n|(¥1.0, Tn) by the conditional independence fact above, since eg,eg’. € o(Wi.,). For

the second equality, by design Wy, 1L m,, hence (e%,€%) I m,[t1,, by the condi-

17 7]

tional independence fact above. The third equality drops v¢_(;;: by iid sampling,
(¢, €b bs, aby) AL h_(; ), hence (e, €b) L ¥ )|(¢s,4;) by the fact above. Then note

19 ja
E[e}e|vi, ] = B[ Eefeb, vy, v5] | v, 0;] = E[eE[e}wy] | v, v5] = 0.

The first equality is by tower law. The second uses €} 1L (€%, 4;)|¢;, which holds by the
fact above and because iid sampling gives (€7, v;) AL (e%,4;). The third is E[e?|s;] = 0
by definition of the residual. Hence E[u,|F?] = 0 for each g € P,,.

Next, to invoke Lemma D.8, we need to show %Zg El|ug|1(Jug| > cn)|FP] = 0,(1)
for suitable ¢, — oco. Note for any a,b > 0, abl(ab > ¢) < a*1(a® > ¢) + b*1(b* > ¢)

and for any ap > 0, k =1,...,m, we have

Yol (O ar >c¢) <md S apl(ar > c/m). (C.15)

By triangle and Young’s inequalities,

gl < S Jelldl < 3 S (@ (@ ="t Y (@)

i#j€Eg i#jEg i€g,c€{a,b}

Then for any ¢, — oo,

Ellug|L(lug) > e)|F71 < 5B ()55 Y () > ) | FY]

SKK-1) Y E[(&)1((&)* > cal K(K = 1)]7") | FP]
i€g,c€{a,b}

=K(K-1) Y E[()1((e)” > cal K(K = 1)) | ]
i€g,ce{a,b}

Cc

The second inequality applies (C.15) to >, (€
terms and threshold ¢ = 2¢,, /(K — 1), giving per-term threshold ¢/m = ¢,[K(K —1)]7!.

)2 as a sum of m = 2K non-negative
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The third reduces conditioning to v; by the same argument as in the conditional-mean

calculation. Then we can bound X >, Ellugli(fug| > ¢,)|F7] above by

K1) S S B > e (5 — 1] o)

cef{ab} g i€g

BN S S BB > el (K — D]l

ce{ab} i=1

S K(K =1) Y Ea[E[(e)’1((e))* > ea K(K = 1)]7)[ei]].
ce{a,b}

The first expression follows from the bound on E[|u,|1(|u,| > ¢,)|F?] developed above.
The equality uses that P, partitions {T; = 1}, so >° > .. fi = >_;_; T; fi. The second
inequality bounds 7; < 1 and rewrites the sum as F,. Taking expectations, by iid

sampling and tower law we obtain the bound

E%ZE[I%W(I%I > )|l FYTS KK —1) Y Bl(e)*1((€)* > el K(K — 1] 7).

ce{a,b}

The RHS converges to 0 as ¢, — oo by dominated convergence since E[(€5)?] < Var(C;) <
oo for C' € {A, B}. Then by Markov %ZQE[|ug|]l(|ug\ > ¢,)|FP] = 0,(1). Choosing
cn = n'/* so that ¢, = w(1) and ¢, = o(n'/?), Lemma D.8 gives R, = 0,(1).

The terms B,,, C,, = 0,(1) by an analogous argument. For example, for B, let ugB =

. v, €. The conditional mean Elv;, €2|FP] = 0 since v, € FP and E[e?|FP
i#JEY J Jjl¥n n il n

E[e%¢;] = 0 by a similar conditioning reduction argument as above. The Lindberg

2
ia)

condition is verified by the same indicator-function argument with (¢%)? replaced by v
using E[v2 ]| = E[E[A;|1;)%] < E[A?] < co by Jensen’s inequality.

Combining our work above, we have A, + B, + C, + R, = (K — 1) Elq(y) -
E[A;|¢;] E[B;|;]], completing the proof. O

Proof of Theorem 6.1. The ATE part V & V is Lemma C.10. The SATE part ‘A/SATE N
Vsate + Elq(¥)]E[Var(r|v)] is Lemma D.19, with ¢2(¢)) = Var(7|¢)). In the constant-q
case L = 1, the cross-stratum correction in (6.5) vanishes (é\l = é\) and the resulting
expression is (ny/(qn)) times (6.2), with ny/(gn) = 1 by Lemma D.14 part (3) and
Slutsky, so the limits agree. O
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Secondary Online Appendix to “Optimal Stratification of
Survey Experiments”

Max Cytrynbaum

This secondary online appendix is not intended for publication.

D.1 Lemmas

Lemma D.1 (Conditional Convergence). Let (Ay,)n>1 and (A,)n>1 a sequence of o-

algebras and RV’s. Define conditional convergence

A, =o0pa,(1) <= P(|A.] > €|A,) =0,(1) Ve>0
A, =0p4,(1) <= P(|A,| > sn|Ay) = 0,(1) Vs, = 0

Then the following results hold
(i) A, =0,(1) <= A, =0,4,(1) and A, = O,(1) <= A, =0, 4,(1)
(ii) El|An]|An] = 0p(1)/O0p(1) = An = 0,(1)/0p(1)
(i) Var(AuA,) = 0,(2)/O0p(2) =5 Au— E[AulAu] = 0y(ca)/Oy(cn).
(iv) If (Ap)p>1 has A, < A < 00 Ap-a.s. Y and A, = 0,(1) = E[|A,]|A,] = 0,(1)

Proof. (i) Consider that for any € > 0
P([An] > €) = E[1([An] > )] = E[E[L([An] > )| An]] = E[P(|An] > €[Ay)]

If A, = 0,(1), then E[P(|A,| > €|A,)] = o(1), so P(|A,| > €|A,) = 0,(1) by Markov
inequality. Conversely, if P(|A,| > €|A,) = 0,(1), then E[P(|A,| > €|A,)] = o(1) since
(P(|A,| > €|An))n>1 is uniformly bounded, hence UL Then P(|A,| > €) = o(1). The
second equivalence follows directly from the first. (ii) follows from (i) and conditional

Markov inequality. (iii) is an application of (ii). For (iv), note that for any € > 0
E[|A,||A,] < e+ E[|AL1(|AL] > €)|A,] < e+ AP(JA,| > €| A,) = €+ 0,(1)

The equality is by (i) and our assumption. Since € > 0 was arbitrary E[|A4,||A,] =
op(1). O



Definition D.2 (Conditional Weak Convergence). For random variables A,, A € R?
and o-algebras (F,,),, F, let p, and u denote the laws of A,, given F,, and of A given
F, which exist as regular conditional distributions (e.g. Klenke (2020), Theorem 8.29).
Let dpr (i, v) = supy| [ fdu — [ f dv| denote the bounded Lipschitz metric on P(R?),
where the supremum is over functions f : RY — R with || f|loc + | f]iip < 1. Define

Ay F, = AlF <= dpr(n, 1) = 0,(1).

Theorem D.3 (Conditional Lévy Continuity). For A,, A € RY, convergence holds
Ap|F, = A|F if and only if Ele 4| F,] = E[e4|F] + 0,(1) for eacht € R%,

Proof. We show the result for d = 1. The general case is similar. The laws p, and p
exist as regular conditional distributions (Klenke (2020), Theorem 8.29). In particular,
w — pe(B) is F,-measurable for each Borel B C R, and likewise for p¥. Equivalently,
w i pe and w — p® are measurable into P(R) equipped with the o-algebra generated
by the evaluation maps p — u(B), B € B(R). This evaluation o-algebra coincides with
the Borel g-algebra of the weak topology on P(R) (Klenke (2020), Exercise 24.1.2),
which is metrized by dpr. Since dg is continuous on P(R) x P(R), composing the joint
map w — (¥, uv) with dpy, yields a real-valued random variable w +— dpp(p®, p*).

Suppose first that dpg(pn, 1) = 0. Let o, (t) = E[ei®|F,] and ¢(t) = E[e*A|F]
be the characteristic functions of p, and p. Fix ¢ € R. The functions = — cos(tx)
and x +— sin(tz) are bounded by 1 and Lipschitz with constant |t|, so each lies in the
dpy, unit ball after scaling by (1 + |¢|)~!. By definition of dp;, as a supremum over the
bounded-Lipschitz unit ball, ¢, (t) — ¢(t)] < 2(1 + |t|) dpL(pen, ) = 0,(1). Since t was
arbitrary, ¢, (t) — ¢(t) = o0,(1) for every ¢ € R, which is Definition D.2.

Suppose now that ¢, (t) — ¢(t) = 0,(1) for every t € R. By Urysohn’s subsequence
principle (e.g. Klenke (2020), Corollary 6.13), random variables Y, 2 Y if and only if
every subsequence (Y,,) contains a further subsequence (Ynkj) with Yy, — Y almost
surely. Applying this principle to Y,, = dpr(pin, ) and Y = 0, it suffices to show that
any subsequence (n;) admits a further subsequence (ny,) along which dp L(,unkj ) — 0
almost surely.

For each fixed t € R, |¢,(t) —p(t)] < 2 and p,(t)—¢(t) = 0,(1), so E|e,(t)—p(t)] =

o(1) by bounded convergence. For any K > 0, Tonelli and dominated convergence give

E / on(t/ ) — o(t/ )| dt = / Elon(t/K) — o(t/K)| dt = of1).



Markov’s inequality then implies for each rational K > 0,

/0 (ou(t/ ) — ot/ K| dt = 0,(1). (D.1)

Fix the subsequence (ny). We have countably many o,(1) statements along this
subsequence: ¢, (t) — ¢(t) & 0 for each t € Q, and (D.1) for each rational K > 0.
Applying Urysohn’s principle again to convert each in-probability convergence to almost-
sure convergence on a sub-subsequence, then using a standard diagonal argument across
this countable family, we obtain a further subsequence (ny,;) and a probability-one event

{2y on which simultaneously ¢y, (t,w) = p(t,w) for all t € Q and

1
/ lon, (t/K,w) — @(t/K,w)|dt — 0 for all rational K > 0.
0 J

Fix w € . The tightness estimate inside the proof of Lévy’s continuity theorem
(Klenke (2020), proof of Theorem 15.23) gives, with & = 1 —sin(1) > 0, for each K > 0

and Re(z) denoting the real component of a complex number z,

u“rjk]_ ([-K,K]°) < ofl/0 (1—Re Pr, (t/K,w)) dt.

Using the pointwise bound 1 — Re ¢n, (t/K,w) < 1—Rep(t/K,w) + |<pnkj (t/K,w) —
o(t/K,w)| in the integral, the second integral term vanishes as j — oo for each rational

K > 0 on €2y by the second simultaneous fact above, leaving

limjsupu;‘:kj (K, K]) <a! /01(1 — Rep(t/K,w)) dt = T(K,w).
The function ¢(-,w) is the characteristic function of the probability measure ', hence
continuous at 0 with ¢(0,w) = 1, so T(K,w) — 0 as K — oo by dominated conver-
gence. For any € > 0 we can therefore choose rational K > 0 with T'(K,w) < ¢, giving
lim sup; ,uﬁkj ([-K, K]¢) < e. Hence the sequence (u;‘jkj)j is tight for each w € .

For each t € Q, [e"* dpi, (2) = on,, (tw) = @(t,w) = J e dp(x) on Qo by
the first simultaneous fact above. The complex exponentials {z — € : t € Q} form
a separating family for finite measures on R, since two such measures whose integrals
ita

against e"* agree for every t € Q have characteristic functions agreeing on Q, hence

everywhere on R by continuity of characteristic functions, hence are equal by uniqueness.



By tightness of (s, ) and Klenke (2020) Theorem 13.34, ,un = u* as j — oo for each
w € . Since dpy, metrizes weak convergence on P(R), this glves dpr(ps, ,p”) — 0 for

each w € (g, i.e. almost surely. This finishes the proof. n

We require a slight modification of the martingale difference CLT in Billingsley

(1995), allowing the weak limit to be a mixture of normals.

Proposition D.4 (MDS-CLT). Consider probability spaces (Q,, Ay, P,) each equipped
with filtration (Fin)k>0- Suppose (Yin)i_y is adapted to (Fin)k>o0 and has E[Yy n|Fr—1.n] =
0 for all k > 1 with n — oo. Make the following definitions

k
Sen = Yin  0pn=ENVZ|Ficin]  Skw=Y oi,
- j=1
Denote S, = S, and X, = X,,. Suppose that afm € Fon for all k,n and X, =
0?2 + 0,(1) with 6% € Fy,,. Also, suppose for each € > 0

= > B2 A(Yinl = )| Fo] = 0,(1) (D.2)

Then E[eS"| Fy,] = e~ 217" 4 0,(1).

Proof. We modify the argument in Theorem 35.12 of Billingsley (1995).

B[ —e 107 Fy | = Bl (1= 3 nen i) | Ry )

+ E[efét2 2(e2t22“ tSn _ 1)|Fo.n]
For the first term, by conditional Jensen inequality

B (1 — e2*5ne ™2 | Fy ]| < B|(1 = e2 e || Fy )
= |(1 = e2"ne™2) = 0, (1)

The first equality since %,,, 02 € Fo,,. Since ¥, = 02+ 0,(1), the second equality follows



by continuous mapping. The second term has

‘E[efétQUQ (ethEn itSy >|-F0,n” _ 67%902 |E[(e%t22”eit5" . 1)|-F0,n”
— % Z ltsk—l,ne%ﬁzk,n (eitYk,n o 67%"?02,71) |f0,n]

k=

IA

o202 25, ZE [|eitSk-tm Bleiion — ¢=28%%n | Fy || Fo ]
k=1

n
= B ST Bl — A By o) = 0,(1)Z,

k=1

The first equality since 0 € Fy,,. The second equality by telescoping. The first in-
equality by triangle inequality and since X, € Fon, Lin < 2p, and Si_1, € Fr_1n
for 1 < k < n. The final equality by continuous mapping since %, = ¢2. We want
to show that Z, = O,(1). Fix € > 0 and let I, = 1(|Ysn| > €). Note the facts
e — (14ix — (1/2)2?)| < (1/6)|z]> A|z|? and |e* — (1 + 2)| < |z|?el*! for real 2, complex
z. By the MDS property and E[Y}?, |Fi—1,,] = 0% ,,, combined with these facts

|E[eien — e720%00| Fy_y )| < El[#Yinl® A [tYin|? + (1/4)t 0} 62070 | F o]
< (B + 4 [P+ eI B[(el Vinl? + Yen T + 08| Fact]
= An,t(egk,n + E[|Y}C,N|2]k,n|"rk—l,n] + E[Ué,nlfk—l,n])

Then we have

Zy < Any Y Eleoy, + El[Yin|* Tunl Fictn] + Elog | Fro1.0]| Foun]

k=1

= Ani(€S0 + L) + Any Y Elo} [ Fou] < Ani(€Sy + LG + Sa(€ + L))
k=1

To see the final inequality, note that oy, < o}, maxj_, o}, and We have o}, =
E[Yk%n|fk_17n] < €2+E[Yk%n]k,n|fk—1,n] < 62—|—Z?:1 E[Yj?nlj7n|}"j_17n]. Taking max}_; on
both sides gives maxp_, o}, < ¢+ 377 | E[Y?, I-n|fj_17n]. Then Y, Elo} | Fonl <

> i1 Blog (@437 BIY7 Linl Fio1n])|Fon] = Bn(€?+ L) Note that since %, 2 02,
we have A,,;,%, = O,(1) and L, = 0,(1) by assumption. Since e was arbitrary, this
shows Z, = 0,(1). O

The next proposition specializes Proposition D.4 to triangular arrays that are jointly



independent conditional on a single o-algebra, which may itself vary with n. This is the

form we use in Section C.2.

Proposition D.5 (Conditional CLT). For each n, let Fy,, be a o-algebra and (Yy,)p_,
random variables that are jointly independent conditional on Fy,,, with E[Yy .| Fon] =0
and ElY;?,|Fon] < 0o. Let Sy = >0 Yin and X = 3, E[Y?, | Fonl, and suppose
Y, = 02 + 0p(1) for some 0? € Fon. Suppose the conditional Lindeberg condition
holds: for each € > 0, 3} E[Y2, 1(|Yin| > €)|Fou] = 0p(1). Then E[e"S"|Fy,] =
e~2%" £ 0,(1) for each t € R.

Proof. Define the increasing filtration F,, = 0(Fon, Yin,--., Yrn) for £ > 1, to which
(Yin)r_, is adapted. By joint conditional independence, Yy, AL (Y1, ..., Yic10)|Fon-
Hence E[Yyn|Fr-1n] = EYinlFoul = 0and o, = E[Y2, | Fr1n] = E[Y;,|Fon] € Fon-
So (Yi.n, Frn) is a martingale difference sequence with F; ,-measurable conditional vari-
ances, and X, = >, _, afw. The variance and Lindeberg hypotheses of Proposition D.4

hold by assumption. The proposition then gives E[e?Sr|F,,.] = e~2°" 4 0,(1). O

Lemma D.6 (Lipschitz Approximation). Let Z € R? be a random variable. Define
L ={9(Z) € Ls(Z) : |gluip V |9]oc < 00}

(i) L is dense in Lo(Z).

(i) For any f € Lo(Z) and any sequence \,, — 00, there exists a sequence (2 )n>1 in
L with |z,|1p < A\, and |z, — flo,z — 0.

Proof. For (i), let 1(Z € A) P-measurable for non-empty A. Define f,(z) = (1 +
nd(z, A))~t with d(z, A) = infyca |z — yl|o. The function z — d(z, A) is 1-Lipschitz
(e.g. reverse triangle inequality). Then |f,(2) — fu(y)| < n|z — y|o for any 2,y € R?
and |fnlee < 1s0 f,(Z) € L. Observe that f,(z) — 1(z € A) pointwise as n — 0.
Then by dominated convergence [(f,(z) — 1(z € A))*dP(z) — 0, since the integrand
converges pointwise and is dominated by 2 € L;(Z). Then bounded Lipschitz functions
are dense in the set of indicator functions of measurable sets. Next, consider a simple
function >, ax1(Z € Ay) with |ax| < oo for all k. If gur(z) = (1 4 nd(z, Ag))~! the
same argument shows that >, arg.(Z) — >, arl(Z € Ay) — 0 in Lyo(Z). The left
hand sum is bounded Lipschitz, showing that the Lipschitz functions are dense in the
set of simple functions in Ly(Z). The bounded simple functions are dense in Ly(Z) (e.g.
Folland (1999)), so bounded Lipschitz functions are dense in Ly(Z) by transitivity.



For (ii), by (i) there exists a sequence (Zx)g>1 in £ with M, = |2, < oo and
|Zk — flo.z — 0. Define k(n) = max{k > 1 : M, < \,}, taking k(n) = 0 and 2z, =0
if no such £ exists. Since A\, — oo, for any fixed K > 1 we have )\, > Mg eventually,
hence k(n) > K eventually and so k(n) — co. Setting 2z, := Zym) gives |2,)ip < An by

construction and |z, — fla.z — 0 since k(n) — oco. O

Lemma D.7 (Asymptotic Independence). Consider a probability space (2, A, P) with
o-algebras Fo i C Fpp1r € A forallmn > 1 and 0 < k < m —1. Let X, be Fy, -
measurable random variables for all n and 1 < k < m. Suppose that X, j|Fnr-1 =
Ly|Fno, as in Definition D.2. Then (Xp1,..., Xpm)|Fno = (L1,..., Ly)|Fno, with

jointly independent limat.

Proof. By Levy continuity, it suffices to show E[e XtnwXma)|F o1 TTL | Eletbn|F, o]
for all t € R™. We work by induction on k. By assumption, E[e?*n1|F, o] & E[e?1|F, o]
for all £ € R. Assume by induction that the conclusion holds for 1 < k& < k' < m. Then

B[e S 0 ) = B[e e 5k Bl X | B

— E[ei 22;1 1 X,k (E[eitk’+lxn,k’+1 “Fn,k’} _ E[eitk/+1Lk’+1 |f’n’0]) ’Fn,o]
o k' +1
+ Bl nte | F o Elet 2=t 65k | F o) = T Ele™ | Fuol + 0p(1)
k=1

The first equality is by tower law and our measurability and increasing o-algebra assump-
tion. For the final equality, note |e o beXnk (Bletv 1Xn k11| F, ] — Eletw w1l | F, o])| <
|Eletw+1Xnw1|F, ] — Eletilva| F, ]| & 0. Then the first term in the sum above is
0p(1) since the integrand converges in probability and is bounded, hence UI The final

equality also uses our inductive hypothesis. This finishes the proof. O

Lemma D.8 (LLN). Consider A, = n~! degn ug, with G, a collection of disjoint
subsets of [n]. Let (A,)n>1 be o-algebras such that G, is A,,-measurable, E[u,|A,] =0,
and for all g # ¢ € Gy ug 1 uglAn. If n=' 370 o Ellugll(lug| > cn)| Ayl 20 for
cn = w(l), ¢, = o(n'/?), then A, 2 0.

Proof. By disjointness |G,| < n. Fix an indexing G, = {gs : 1 < s < n}, possibly with
gs = 0 for some s. Define @, = us1(|us| < ¢,) and fig, = Efus1(|us| < ¢,)]A,]. Expand

1 1 & 1 & ~ B - B
ﬁ Z Ug = E;us - 5 Szl[(us - usn) + (usn - /Lsn) +ﬂsn] = Tnl +Tn2 +Tn3

9€Gn



Observe that E[|T,1||A,] < (1/n)> 0 Ellug1(|us| > ¢,)]As] = 0p(1) by assump-
tion. Then 7,1 = o0,(1) by conditional Markov (Lemma D.1). Next consider Ts.
Note that by definition Elug, — fisn|As] = 0 for each 1 < s < n. Note that for
s # s Cov(tsy,Usgn|An) = 0 by the conditional independence assumption. Then
Var(Tr2|A,) = n™2Y " Var(ts,|A,) < n 2> Elu2,|A,] < n'c2 = o(1), so that
Tn2 = 0,(1) by conditional Chebyshev. Finally, since Efus|A,] = 0, we have fis, =
—Elus1(Jus| > ¢n)|An]. Then E[|T,s([An] < (1/n) 370 Ellus|L(Jus| > cn)[An] = 0,(1),
so that 1,3 = 0,(1) by conditional Markov as before. This finishes the proof. O

Lemma D.9. Suppose E[|X|%] < co for a > 0. Then max’, |X;| = o,(n'/%).

Proof. For € > 0 we have P(max?_, |X;| > en’/®) < nP(|X;| > en'/?) = nP(|X;|* >
e*n) < n(e*n) ' E[|X;|1(|X:]|* > e*n)] < E[|X:|*1(]X;|* > €*n)] — 0. The first in-
equality by union bound, the equality by monotonicity of x — z®. The second inequality

is Markov’s, and the final statement by dominated convergence, since E[|X;|%] < co. O
Lemma D.10. If X, N 0, there is a deterministic sequence A, — oo with A\, X, 20.

Proof. For each k > 1, choose Ny, strictly increasing such that P(|X,| > 27%) < 27 for
all n > Nj. Set A\, = 2¥/2 for N, <n < Nigjq, and A\, = 1 for n < N;. Then A\, — oo
since Ny — oo. For € > 0 and n € [Ny, Ni41) with & > 2logy(1/€), P(|\Xy| > €) =
P(|X,| >e-27%2) < P(|X,| >27%) < 27F = 0. O

In the following lemmas, A,, denotes a generic o-algebra with 2 C A,, and A,, 1L 7.

In our applications, we take A, to be either F2 or HL depending on the context.

Lemma D.11 (Group Aggregate Independence). Let Dy., ~ Loc(i, p(¥)) with associ-
ated partition G, and randomness n from Definition C.1. Let A,, be a o-algebra such that
FP C A, and A, 1L n. Suppose u, = ¢((D;)icq, X, g) for some A,-measurable variable
X and deterministic measurable function ¢(-). Then (ug)geg, are jointly independent

conditional on A,,.

Proof. By Equation (C.1), (D;)icqg = f(g,7s(g)) for the truncation function f(-) and
the FP-measurable injection s : G, — [L] x [n + 1] of Definition C.1. Substituting,
ug = ¢(f(9:Ms(9)), X, 9) = h(g, X, 1s(9)) for the composition h(g, X,n) = ¢(f(g,1), X, g).
By construction, G, and I = {i : T, = 1} are F” measurable, thus .A,, measurable. The
claim now follows from Lemma D.12; applied with finite index set J = [L] x [n + 1],

family (1)@, )es, injection s(-), and fixed function h(-) as above. O



Lemma D.12 (Independence). Let G, be a partition of I C [n| with G,,I both A,-
measurable. Let (n)ies be jointly independent random variables with J a finite set and
(ne)tes 1L Ay, and let s : G, — J an Ay,-measurable injection assigning g € G, to ns(g).
For each g € Gy, let Z, = h(g, X,nq)) for an A,-measurable random vector X and
deterministic h(-). Then (Zy)4eg, are jointly independent conditional on A,,.

Proof. Let A be an A,-measurable event. For each fixed partition G of I and each
injection r : G — J, define A(r,G) = AN{G, = G} Nn{s(:) = r(-)} and observe
that A(r,G) € A,. Observe that the finite family {A(r,G)}¢) partitions A, that
is A = Uqg)A(r,G). Then for any collection of bounded test functions (¢g4)scr, we

calculate

E[]IAHQGQn¢g(Zg)} = E[ﬂAnggn¢g<h<ga X, ns(g)))}

=Y E[lapoecty(h(g, X, no)] =D E[Lapg) EMyegdy(h(g, X, nrg))) [ An]]
(r,9) (r,9)

The first equality is by definition of Z,. The second since A = U(ng)A(T, G)and G, =G,
s =ron A(r,G). The third is by tower law and A,,-measurability of A(r,G). Continuing,

=Y E[LapoMyecEldy(h(g, X, )| Anl]
(r.9)

= > Elapo)geq, Blog(Z)|Anl] = E[1aTlgeq, El6,(Z,)|An]].
(r,9)

The first equality is by conditional independence of (7,(¢))gecg given A, and since X is
A,-measurable and h(-) is fixed. Conditional independence holds since indices {r(g)}4eg
are distinct by injectivity of r(-) and (n;);es 1L A, and are jointly independent. The
second equality uses Z, = h(g, X,n.(g) and G, = G on A(r,G). The final equality
recombines the partition A = U.g)A(r, G). Then we have shown E [141lyeq, ¢y(Z,)] =
E[141l,eg, E[¢y(Zy)|As]] for any A,-measurable event A. By definition of conditional
expectation, this implies E[Ilyeg, d4(Zy) | An] = Hyeg, E[dy(Z,)|As]. Since the test

function collection (¢g),c; was arbltrary, this shows the claim. O

Lemma D.13 (Design Properties). Let Dy, ~ Loc(v, p(v)) with partition G,, group
propensity p, for g € Gy, and randomness n from Definition C.1. Let A,, be a o-algebra
such that FP C A, and A,, 1L n. Fori € g, E[D;|A,] = p, and Var(D;|A,,) = p,(1—p,).



Fori # j,
_pg(l—Pg)
Cov(D;, D;| A,) = lg1=1
0 otherwise.

1,J € g intertor

Proof. By Definition C.1 applied to Dy.,, conditional on A, the within-group vector
(D;)ieq is distributed as CR(p,) for interior groups ¢ and as iid Bernoulli(p,) of length |g|
for the remainder. For i € g, D; is a single coordinate of (D;);e,, marginally Bernoulli(p,)
in both cases. Hence E[D;|A,| = p, and Var(D;|A,) = py(1 — py).

For distinct ¢,j with associated groups ¢(i) # ¢(j), Lemma D.11 applied with
u, = (D;)ie, implies the within-group vectors are jointly independent conditional on
A, so Cov(D;, Dj|A,) = 0. For i # j in the same remainder group, the iid Bernoulli
structure of (D;);e, conditional on A, gives Cov(D;, D;|A,) = 0. For ¢ # j in the same
interior group ¢ with |g| = k and p, = a/k, (D;, D;) has the joint marginal of CR(a/k)

on two distinct coordinates conditional on A,,:

2 K\ k-2 )
Cov(D;, Dj|A,) = P(D; = D; = 1|A,) — pl, = 2

a a—2

a@—1) o _ (a/R)(1—a/k) _ py(1=py)

k(k—1) &2 k-1 k-1
O

Lemma D.14 (Stratified WLLN). Let Dy.,, ~ Loc(¢, p(v)). Let A, be a o-algebra such
that FP C A, and A, 1L n in Definition C.1. Let (h,(W;))™, be A,-measurable.
1. If sup,,>; E[h,(W)?] < 00, then E,[T;(D; — p(1;))hn(W5)] = O,(n=1/2).
2. 1If (hy(W))n>1 is uniformly integrable, then E,[T;(D; — p(1;))hn(W:)] = 0,(1).
3. Let h be a fized measurable function with E[|h(W)|] < co. Then E,[T;h(W;)] =
Elq(i)h(Wi)] + 0p(1) and EL[T;Dih(Wi)] = Elq(¢:)p(v:) h(W3)] + 0,(1).

Proof. Denote a; = T;(D; — p(¢;))h,(W;). Note T;, p(y), hn(W;) € A, by FP C A,
and the hypothesis on h,,. We first show E[E,[a;]|A,] = 0. For i with T; = 1, by the
partition property ¢ lies in some group ¢(i) € G, with p, = p(¢);), and Lemma D.13
gives E[D;|A,] = p(¢;). For i with T; = 0 we have a; = 0. In either case, we have
Ela;|A,] = Tih,(W;)(E[D;|AL] — p(;)) = 0. and summing gives E[E,[a;]|A,] = 0.
Next, we bound Var(Ep[a;]|A,) =n~? 37, . Cov(a;, a;lA,). By A,-measurability of
the prefactors, Cov(a;, aj|A,) = T;T;jh,(W;)h,(W;) Cov(D;, Dj|Ay,). Lemma D.13 gives
Var(DiAw) = po(1—py) < 1/4 for i € g, | Cov(Dy, DylAw)| = p,(1—p)/(lgl—1) < lg|

10



for distinct 4, j in an interior ¢g. To see the inequality, note p,(1 —p,) < 1/4 < (k—1)/k
for k = |g| > 2. Also Cov(D;, D;|A,,) = 0 for all other pairs ¢, j by Lemma D.13. Then

Var(Bufail|4,) 072 3 Tha (W 072 37 Jgl™ 37 TLilha(Wllhu(W))

g interior 1#jEg

< BT (W 40 Y |g|1(2\hn<m>r)

g interior 1€9

< n VB, [Tih, (W, 2NN ha (W) < 207 By [Tk (W),

g interior i€g

The first inequality uses Var(D;|A,) < 1 and | Cov(D;, D;|A,)| < |g|™!, together with
the triangle inequality. The second uses 0 < 7T; < 1 to drop the indicators and extends
D iticg 1022 g The third uses Cauchy-Schwarz: (37, [ha(Wi))* < [g| 22, hn(Wi)?.

Suppose sup,,>; E[h,(W)?] < co. By the law of total variance and work above we
have E[(E,[a;])?] = E[Var(E,|a]|A,)] < 2n~tE[h,(W)?] < 2n~tsup,, E[h,(W)?]. The
final quantity is O(n™!), so Markov inequality gives E,[a;] = O,(n/2).

Suppose instead (b, (W)),>1 is UL Let h,(W;) = hy(Wi)1(Jha(W;)| < n'/1). De-
compose E,[a;] = A, + B, where A, = E,[T;(D; — p(¥))(hn(W;) — h,(W;))] and B,, =
E,[Ty(D; — p(1);))hn(W;)]. For A, we have the bound |A,| < E,[|h,(W;) — h,(W;)]] =

Eu[|hn (W) |1 (|hn(Wy)| > n'/Y)] using |T;(D; — p(;))| < 1. By uniform integrability,
E[|hy(W)[L(|h,(W)]| > nt/*)] — 0, so E[|A,]] — 0 and A, = 0,(1) by Markov. For
B,,, we have E[B,|A,] = 0 by the work above and the variance bound applied with
h.(W;) in place of h,, (W) gives Var(B,|A,) < 2n~'E,[h,(W;)?] < 2n~/2 = o(1) since
|h,(W;)| < n/%. Then B, = 0,(1) by Chebyshev (Lemma D.1). Then E,[a;] = 0,(1).

For (3), decompose E,[T;h(W;)] = E,[(T; —q(v;))h(W;)]+ E,[q(¢:)h(W;)]. The first
term is 0,(1) by (2) applied to the sampling design, via the substitution D;., — T}., and
Ti., — 1. Note the constant sequence h,, = h is uniformly integrable since E[|h(W)|] <
oo. The second term equals E[q(v;)h(W;)] + 0,(1) by vanilla WLLN for iid data, using
|gh| < |h| integrable. This gives the first identity. For the second identity, decompose
En[T:Dih(Wi)] = En[T3(D; = p(¢i) ) h(W3)] 4 En[Tip(¢i) h(W3)]. The first term is 0,(1) by
(2) applied to the assignment design with constant sequence h,, = h uniformly integrable
since E[|h(W)|] < oco. The second term equals E[q(¢;)p(;)h(W;)] + 0,(1) by the first
identity applied with ph in place of h, integrable since |ph| < |h|. ]

Lemma D.15 (Variance Identity). Let Dy, ~ Loc(¢, p(v)) with partition G,. Let A,
be a o-algebra such that FP C A, and A, 1L n in Definition C.1, and let (h,(W;))",
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be A,-measurable. Then Var(y/nE,[T;(D; — p(¢;))ha(W;)] | Ay) is bounded above by

S gl S (W) = ha(W) 0 B L i b (W2 (D.3)

9€Gn 1,J€9

Proof. Define a; = T;(D; — p(1;))hn(W;). As in the proof of Lemma D.14, we have
Cov(ai, aj|A,) = TiT;h,(W;)h,(W;) Cov(D;, D;|Ay). By Lemma D.13, the covariance
Cov(D;, Dj|A,) = 0 unless 1, j lie in the same group, so

Var(vnEp[ai]|Ay) :nflzT-T-h (W) hn (W;) Cov(D;, D] A,,)

n! Z > ha W) Cov(D;, D;|Ay).

9€Gn 1,J€9

The second equality uses T; = T; = 1 for all ¢, j € g since G,, partitions {i : T; = 1}. For
interior g with |g| = k and p, = a/k, Lemma D.13 gives Cov(D;, D;|A,) = ( —a)/k?
and Cov(D;, D;j|A,) = —a(k — a)/[k*(k — 1)] for i # j. Then

—a)
> ha W) Cov(D;, D;|A,) k:2 § B w;)
,JEQg zEg z;éJEg
a(k —
W k—1) Zh D7 =) ha(Wi)ha(W5) |
i#j

Using > ic o (Wi hn(W)) = (32, hn(Wi))? =32, han(Wi)?, the bracket equals k =, h,, (W;)*—
(3", ha(W5))?, which equals %Zi,jeg(hn( W;) — ha(W;))? by the identity >, (h,(W;) —
Ba(W;))2 = 2llg] 5 hn(We)? — (3 b (W5))?]. Hence

a(k — a) 2
;e:gh W,) Cov(D;, Dj|A,) = W Ze:g(hn(wi) — ha(W)))
<1 Z (W3

Note we used a(k — a)/[2k*(k — 1)] < 1/k via a(k —a) < k*/4 and k(k — 1) > k*/2
for £ > 2. For remainder groups g, (D;)icy has independent components conditional
on A,, so Cov(D;, Dj|A,) = 0 for i # j and Var(D;|A,) = p,(1 —p,) < 1. Hence
2 i jeq m(Wi)hn(W;) Cov(Dy, D An) = 3 Zicy hn(Wi)? Var (Dil An) <37, ha(Wi)?. Ag-
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gregating over groups, Var(y/nE,[a;]|A,) is bounded above by

D DR D SRR AANER D DD SO

g interior 1,J€EQG g remainder iEg

The second term is bounded by > i aer D ieg Pn(Wi)? < maxity b, (W5)?-37 [Glrem| <
kyn L, - max] hn(VVi)Q, since there are at most L, remainder groups each of size at most

kn. Extending the interior sum to include remainder groups gives the claimed bound. [

Lemma D.16 (Random Partitions). Let Wi, be iid random variables, h; = h(W;)
for a measurable function h, and k a random element with x 1L Wi.,|h1.,,. Define
A, = o(hin, k), and let G, be an A, -measurable partition of a subset of [n]. For each
g € Gy, let Z, = F(g,(Wi)ieqg) for a deterministic measurable function F'. Then (Z)4eg,

are jointly conditionally independent given A,.

Proof. Since k L Wi.,|hy.,, we have Wi, by, & 4 Wi.n|h1.m. Moreover, by iid sampling
of Wi, and h; = h(W;), this factorizes as Wi, |hi.p 4 [T, (W;lh;). Hence (W;)1, are
jointly conditionally independent given .4,,, with conditional marginal W;|h;.

Let A € A, and (¢g)4cjn a finite collection of bounded measurable test functions.
For each partition G of a subset of [n], define A(G) = AN{G, = G} € A, by assumption,

so the finite family {A(G)}¢ partitions A = UgA(G). Then
E[1al,6,(Z,)] = ng E[14g)yegdy(F(g, (Wi)iey))]

= ; E[1aig) E[Tyegy(F (g, (Wi)ice)) | Anl]

= % E[1aig)yeq Elog(F (g, (Wi)ico)) | An]]

= E[laglyes, Blo,(Z,)|Au]] = E[LaIL,El6,(Z,)| A,
G

The first equality decomposes A along G,, = G and uses Z, = F'(g, (W;)iey) With g ranging
in G on A(G). The second equality is by tower law and A,-measurability of A(G). The
key third equality uses the joint conditional independence of (W;)™; given A,, established
above and the fact that G is a disjoint partition. The fourth equality uses G, = G and
Zy, = F(g,(Wi)ieg) on A(G). The fifth re-aggregates the partition A = UgA(G). Since
A € A, and (¢,) were arbitrary, this gives E[ll;¢,(Z,)| A = I E[¢,(Z,)|As], hence

joint conditional independence. O]
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Theorem 4.2 describes the limiting variance of 0. The next result complements
it by quantifying the finite-sample variance, in the simplest setting of representative
sampling ¢ = 1 and constant assignment propensity p. It makes precise the rate at which
nVar(é\) approaches the asymptotic variance V', and isolates the gap as a nonnegative

term governed by the matching objective F(G,,).

Proposition D.17 (Finite-Sample Variance). Suppose q(v)) = 1 and p(¢)) = p = a/k
is constant, with Dy., ~ Loc(¢,p) and assignment partition G,. Suppose also that
Y (d)| < M almost surely and that ¢ — E[Y (d)|¢)] is B-Lipschitz, for d € {0,1}. Then
the estimator 0 of (4.1) satisfies

B? (k — 1)M?

nVar(f) =V + A, 0<An < ogm—— BIF(Gn)] + np(l—p)

~ 2p*(1 - p)? (D-4)

Proof. Write v = p(1—p) and let b(z)) = E[Y |[¢)] for the outcome level Y = (1—p)Y (1)+
pY (0). Since ¢ = 1 we have T; = 1 and ny = n. Since T}, is deterministic, H2 reduces
to o(Wim, m,) and FP reduces to (1., ), with FP C HDP and HP 1L nP. The
partition G, is FP-measurable by Definition 2.1. The outcomes are bounded, so é\, T,
and Y are bounded and every variance below is finite.

We first reduce to a conditional variance. Recall from the start of Section C.2 the
decomposition § — ATE = A, + B, 4+ C,. With ¢ = 1 the term B, = E,[n(T; — q)/q]
vanishes. The remaining terms are A, = E,[r; — ATE| and C,, = E,[H;Y;], with H; =
(D;—p)/v, so 0—ATE = A,+C,. The term A, is o(W7.,)-measurable. By Lemma D.13,
E[D;|HP] = p, hence E[C,|HP] = 0. Since o(Wy.,) € HE this gives E[C,] = 0 and
Cov(A,,C,) = E[A,E[C,|HP]] = 0. Therefore nVar(g) = nVar(A,) + n Var(C,). The
summands of A, are iid and mean zero, so n Var(4,) = Var(r). The conditional mean
E[CL|HP] = 0 and the law of total variance give Var(C,,) = E[Var(C,|HP)].

Next we record the exact conditional variance. For a HP-measurable array h =
(hi)™ define S,,(h) = n=Y23""  (D;—p)h; with variance I',(h) = Var(S,,(h)|HE2). Then
VnC, = v71S,(Y), so nVar(C,) = v 2E[[,(Y)]. By Lemma D.13, Var(D;|H?) = v,
and Cov(D;, Dj|HP) = —v/(k — 1) for i # j in a common interior group and is zero for

all other pairs. Since E[S,(h)|HE] = 0, expanding the square gives

To(h) =n"" Y hih; Cov(Dy, Dj|HY) = ZhZ Z > hiby.

1,5 g interior i£j€g

Centering within each interior group, with h, = |g|* Y icg hi and remainder group r,

14



this is
v
r — 2 .
)= 2 2=+ Dk (D-6)
g interior i€g 1ET

We now compute the term E[I,(Y)] in n Var(C,) = v 2E[[",(Y)] above using the
decomposition in (D.5). Consider the off-diagonal sum first. The partition G, is FP-
measurable, so the indicator y;; = 1(4,j in a common interior group) is F,”-measurable,
and the off-diagonal sum in (D.5) can be written >, Xijhih;. By the same conditioning

reductions used in the proof of Theorem C.5, for ¢ # j we have

'*< I

E[Y:Y)|FY] = BYiY;|$un, m] = E[Yilvi B[Y;|v;] = b(a)b(y;).

Since each y;; is F-measurable, the tower law gives
B[ xu¥iVi| = B> i BIVTIFLY] = B3 s b()b(v)
i i+ i
So the off-diagonal sum in (D.5) has the same expectation for h =Y as for h = b.

Consider the diagonal terms next. The diagonal sum in (D.5) isvn™' > | h? which

=1 """

we evaluate for h = Y and for h = b. By definition of conditional variance, E[Y;?|1);] =
b(vi)? + Var(Y|¢s), so E[Y?] = E[b(y)*] + E[Var(Y[¢)], while E[b(y:)*] = E[b(s))?].

Hence the diagonal sum for h = Y exceeds the diagonal sum for A = b in expectation by
v~ Z [b(3)*]) = vE[Var(Y]1)]

Subtracting the instances of (D.5) for h = Y and h = b and taking expectations,

the off-diagonal contributions cancel and the diagonal contributions give
Bl (Y)] = E[L4(b)] + v E[Var(Y])]. (D.7)

It remains to bound the term E[I',(b)]. The function b = (1 —p)E[Y (1)|¥] +pE[Y (0)|¢]

is a convex combination of B-Lipschitz functions, hence B-Lipschitz. For any group g,

> (b)) — 2“2 (i) — b(t))) _QHZW Uil =B v — U3

1€g 1,J€9 1,J€9 1€9
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Summing over interior groups and using F(G,) =n~" > >, |¥i — Ugl? of (2.1),

Z Z (7)) — by) k QF(Qn)S%BQF(gn).

g interior i€g

The last step uses v < 1/4 and k/(k — 1) < 2 for k > 2. The remainder group has
Ir| <k —1, and |b] < M since b(¢)) = E[Y|¢] and |Y| < M. So the remainder term
in (D.6) satisfies vn™'>"._ b(¢;)* < v(k — 1)M?/n. Combining the two bounds with
(D.6),

S

0 <T,(b) < iB*F(G,) +v(k — 1)M?/n. (D.8)

Finally we assemble the pieces. Combining n Var(C,,) = v~ 2E[[,(Y)] with (D.7),
nVar(8) = Var(r) + v 2E[[,(Y)] = Var(r) + v E[Var(Y[¢))] + v >E[Ta(b)].

The pointwise identity (C.5) gives v=! Var(Y|v)) = o2(¢)/p + 02(1) /(1 — p) — Var(7|).
The law of total variance gives Var(7) = Var(c(¢)) + E[Var(7|¢)]. Adding these,

Var(r) + v E[Var(Y [y)] = Var(c(v)) + E [0} (¥)/p + 05(4) /(1 - p)].

This equals V' by (4.3) with ¢ = 1. Set A,, = v 2E[[",(b)]. Then nVar(a) =V+A,,
with A, > 0 by (D.6). The bound (D.8) gives A, < v 2(3B*E[F(G,)] +v(k—1)M?/n),
which is the inequality in (D.4). O

Proof of Theorem 4.7. Fix P € P. The design has ¢ = 1 and constant p = a/k, and

under P the potential outcomes satisfy |Y (d)| < M almost surely with E[Y (d)|] Lip-

schitz of constant at most B, for d € {0,1}. So Proposition D.17 applies under P,

giving n Varp(f) = V(P) + A,(P), where V(P) is the variance (4.3) under P and, with
=p(1 —p),

B? (k — 1)M?
< < 2 Ww=)n
0< AP) < P BrlF(G)] + B
Hence |n Varp(6 ) V(P)| = A,(P). The moment bound Ep[|1|$] < K in the definition

of P lets us apply Corollary A.4 under P, with k, = k and L,, = 1, giving
Ep[F(G,)] < Cla,d) K@ p?/e=2/(dim@)+1),

where C(a,d) depends only on a and d and, in particular, not on P. Taking the
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supremum over P € P,

B?C(a, d) K*/° p2/a=2/(dim()+1) (k — 1)M2'

Varp () — V(P)| <
sup [n Varp (6) = V(P)| 542 -

Since v = p(1 — p), k, a, and K are fixed, this is < B2 n?/e=2/(dm@)+1) 4 Nf2 /n, O

Lemma D.18 (Propensity Convergence). Suppose |65 — 033, = 0p(1) for d =0, 1, with
infy o3(¢) > 0 and p(¢) € (6,1 — 98), and discretization E,[(q.(¢¥i) — q(1:))?] = 0,(1).
Then Eu[(Gn(¥3) — ¢*(¥1))?] = 0p(1).

Proof. By the triangle inequality, E,[(g, — ¢*)?] < 2E,[(G, — ¢)?] + 2E,[(7 — ¢*)?%], with
the first term o,(1) by hypothesis. It remains to bound E,[(7 — ¢*)?]. Recall that

o,() C()
Elo.(0) C(0)72]

Gs(¢) C(¥) 12
En[os(vi) C(4i) /2]

qv)=1B- ¢ (¥) =
Our approach is to first establish |7, — 0|3, = 0,(1), then use it to control both the
pointwise numerator difference o, — o, and the gap between the sample and population

denominator normalizations.

Write 02(v) = o2(¥)/p() + 03(¥) /(1 — p(¢)) and o, = /02, with 52,5, defined

analogously from 2. By hypothesis 03(¢)) > ¢; > 0 pointwise and p(¢)), 1 ( ) < 1-46,
so 02(Y) > ¢;/(1—0) =: & > 0, hence 5+ 0, > 0, > /¢ Using the identity (7, —0,)? =
(62 —02)%/(G5+ 0,)* and the pointwise bound (2 — ¢2)? < 2672[(6% — 0})* + (02 — 02)?]

(using p(¢), 1 = p(¥) = 9),

s = 0ul5.0 S Y 154 — ailsy = 0p(1). (D.9)
d=0,1
Conditional on &,, (;)", are iid and o, is fixed, so E[E,[(Gs(¢:) — o4(¥:))*]|€] =
G, — 0sl3,, = 0p(1) by (D.9). By conditional Markov (Lemma D.1), E,[(G(:) —
o)) = op(1). Also Blo?($)] < 6'Elo? + a3 < 25 E[Y(1)? + Y(0)] < 00 by
Young’s inequality, p(¢),1 — p(v) > §, and Assumption 5.2(ii).

Define denominators p = Eoy(¥)C(¥)?] and p, = E,[6s(;)C(1;)'/?]. Cauchy-
Schwarz gives p < E[o?]Y2E[C]Y/2 < oo, and pointwise 0,02 > /20" gives p >
él/ 201/ > > 0. Conditional on &, the units (1), are iid and o5 is a fixed function,
so conditional Chebyshev gives E,[6,CY?] = E[5,CY?|¢,] + O,(n"1/?). By Cauchy-
Schwarz, (E[6,CV2(¢,] — Elo,CY2))? < O, - Ey[(Gs — 0,5)?|€,] = 0,(1) using (D.9).
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Combining and applying Young’s inequality,

(10 — 1% = Op(n™) + 0(1) = 0,(1). (D.10)
Then p,, > p/2 on an event of probability tending to one. Finally, decompose

~1/2
(6) ' 0) = ZE 1 6u0) = 0.0)) = 00w (i — ).

On the event {1, > j1/2}, using C~! < C;" and p > &/20)/?,

Eo[(@— ")) S Eal(@s(Wi) — 05(¥0))?] + (tn — 1)* - Eulos(¥4)?].

The first term is 0,(1) = 0,(1) by work above; the second is 0,(1) - O,(1) = 0,(1) using
(D.10) and E,[02] % E[0?] < oo by the iid weak law. O
We turn to consistency of the SATE variance estimator ‘A/S ate of (6.5).

Lemma D.19 (Conservative SATE Inference). In the setting of Lemma C.10,

Vaare 2 Vaate + Elg(¥) E[02(4)]. (D.11)

Proof of Lemma D.19. Let HP = (Wi, Tin, T,) as in the proof of Lemma C.10. The
within-stratum bracket in (6.5) is (k/@)P? = (k/(@lGul) Xegr (B = Ogaw)* By
sampling-subordinate matching every union v € G lies in a single propensity stratum
with ¢, = @, and |G| = mq/k, s0 k/(qi|Gu|) = k*/(nq?). Summing the within-stratum

bracket over [ gives the aggregated form Vears = (nr/ n)@ with

1 L2 N
Q= o Z _(091(10 - egz(u))Q'

2
uegy u

Expand the square. Each g € G, appears exactly once across the unions with ¢, = g, so
the group-square terms collect into v; of (C.7). Comparing the resulting cross-product
coefficient 2k?/q? with that of v, in (C.7) gives 2k?/q? — 2k(k — qu)/q> = 2k/q., hence

~ 2k 1~
Q=01 —vy — T, T, = n Z —0g, ()02 (u)-

By (C.12) and 6 2 ATE, we have 0y — 0y V/E[q(y)] + ATE?.
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Next consider 7},. Each summand of T}, is a union-level cross product with bounded
HP-measurable weight 2k/q, < 2k/§, so the argument of Lemma D.24 gives T, —
E[T,[HP] = o0,(1). By Lemma D.11, Oy L Op|H2, and E[6,|HP] = 6,, so

E[T,|HP] = 237 4,104, w0y (w). Define A; = Ti/q(z/)z)lﬂ, which is o(WV;)-measurable
with E[A?] < E[ ?]/§ < oo. By sampling-subordinate matching ¢, = q(¢;) = q(¢;) for
i,j € u, 50 A;A; = 7,7 /qu, and 0, = k™! Zieg 7i gives ¢y 0, () 0oy = K~ Zi€g1(u),j€g2(u) AA;.
Using u = ¢1(u) U g2(u) and that each g € G,, appears once across the unions,

E[T,|HE] = kz > A4 = (ZZAA—ZZAZ-AJ»).

ueGl i€gi (u) ucGl i£jcu 9EGn 1#jEY
j€g2(w)

By Lemma D.23 the unions G/ inherit tight matching from G,,, so Lemma C.11 with B; =
A;at K =2k on GY and at K = k on G, gives the two sums the limits (2k— 1)E[ (v)?] and
(k—1)Ele(v)?], using E[Ai¢i] = c(v;)/q(4i)"/? and hence Elq(vs) E[A; I@Dz]z] = Elc(v:)?].
Subtracting and dividing by k gives E[T,|H2] & E[c(v)?], hence T,, & E[c(v)?].

Combining, @ % V/E[g(4)] + ATE® —Elc(v)?] = V/Elg(4)] — Var(c(¥)), using
E[c(¥)? — ATE?* = Var(c(y)). By the variance formula (4.2), V/E[q(v)] — Var(c(y)) =

Elg(y) " (a3(¢)/p + 02(¥)/(1 — p))]. Since ny/n % Elq()] by Lemma D.14 part (3),
Slutsky gives

C

~

Veare = (nr/n)Q % Elg()]Ea(¢) ™ (07()/p + 05 () /(1 = p)) .

It remains to identify this limit. With ¢ = 1y = @ and p constant, Var(r|y) =
02(1p) and the identity (C.5) give the pointwise equality 1;(‘]1%)03(1&) + % =
q() 7 (o2(y)/p + 03 (¥)/(1 — p)) — 02(¢). Substituting into the variance of Corol-
lary C.7 gives Vxrr = Bla(6)) (Bla(0)™ (03(6)/p-+ 03()/(1 - p))] — Elo2(4)]). Hence

Veare 2 Viare + Elq(¥)|E[o2(¢)]. 0

The within-group estimator (6.3) admits an exact, design-based characterization of
its conditional bias. We state it for ¢ = 1 without stratified sampling, where H? =
o (Wh.,, m,) carries the data and the matching randomness, E[(/9\|Hf3] = SATE, and only

the assignment Dy., is random.

Lemma D.20 (Within- group Variance Estimator). Let ¢ =1, p = a/k, and min(a, k —
a) > 2. Then for 5% = \Qn\ e, T 2oicg(Ti = 0g)?, the within-group estimator has

E[Vsare|HP] = n Var(8|HP) + 52.
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The bias S? obeys the bound 0 < 52 < 22 52 <2852 for S2 = L3S0 (1, — SATE)2.

k—1>~T1 T

Proof. Write H; = (D; —p)/(p(1—p)) and Y; = (1—p)Y;i(1) +pY;(0), so that H;Y; = 7;+
H,Y; and, since ¢ = 1, é\g =k Y . HY, =0, +k7! Zieg H,Y; with 0= G|t Zg é\g.
Unbiasedness of ﬁ]%, For an interior group g, treated units reveal D;Y; = D;Y;(1),
so (a—1)st, = 2> DiYi(1)? = 237, DiD; Yi(1)Y;(1). By Lemma D.13 with
A, = HP, E[D:|HP] = a/k and E[D;D;|H?] = a(a — 1)/(k(k — 1)) for i # j € g, and
substituting -, Yi(1)Y;(1) = k*pg(1)* — 32, Yi(1)? with pg(d) = k71 37, Yi(d),

1€g

1
E[s |1 = p— Z(Yi(l) — pg(1 )) = 57,
1€Qg
Likewise, E[sg |H)] = S;,. Hence E[Vaare|HP] = k E[P3|HP] = kP2 for P% =
Gl (2, Ja+ 52,/ (k — a).

Design variance. Since E[H|HP] = 0, E[f|HL] = |G| >0y = SATE. The
groups are conditionally independent given H”, and Lemma D.13 gives Var(H;|HY) =
[p(1 = p)]~' and Cov(H;, H;|HE) = —[(k — 1)p(1 — p)] ™ for i # j € g, so for variance
Sg - %Zieg(?’ - kZJeg J) Var(0y|H))) = k=2 Zung;Y Cov(H;, Hj|Hy)) =
m The within-group identity Y; — k= > Vi = (1 —p)(Y;(1) — py(1)) + p(Yi(0) —

114(0)), combined with S? = S} 457 ,—257, , for within-group covariance S§; ,, expands

to
2
Sng :Sig_i_ Sg,g _ g2 Zk(%—i— 502,9) G2
pl—=p) p 1—-p 7 a k—a T

where S2, = (k — 1)7' Y2, (7 — 0,)%. Using Var(0|H2) = |G| 7232, Var(f,|HP) and
n = k|G,|,

n Var(6|HD) = |g | Z —kpz%,—gf.

Combined with the previous display, E[Vsars|HP] = kP2 = n Var(0|HP) + 2.
Bound. The finite-population decomposition » 7', (7, — SATE)? = 7 . (7 —
04)? + k>, (0, — SATE)? and nonnegativity of the second term give (k — 1)|G,| S? <
(n —1)S?%, hence S? < =L 62 <« % G2 <962 for k > 2. O

= 1)|gn| TS k1P

Under sampling-subordinate matching, G is constructed by running the matching
algorithm with assignment group size k separately in each sampling propensity stratum

Ssn{i:Ty=1},1=1,...,LY where LY counts sampling, not assignment, propensity
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levels. The next lemma verifies tight matching F'(G”) = 0,(1) in this setting, allowing

LT to grow.

Lemma D.21 (Subordinate Tight Matching). Under sampling-subordinate matching
with k constant, suppose E[|1|5?] < 0o for some ag > dy + 1 and LT = o(n!~(d2F+D/a2),
Then F(GP) = 0,(1).

Proof. Write GP = ufjlgfvl, where GP is the algorithm’s output on the index set
Sin{i: T; = 1} with one propensity level and group size k. The per-stratum bound from
the proof of Theorem A.2 gives F(GP) < M? . n=1Cy, k¥ (@41 (nP)(d2=1)/(d2+1) * where
nP =|S;N{i:T; = 1}|. Summing over [ and applying Jensen to x + z(@~1/(@2+D) with

> nlD < n, as in the proof of Theorem A.2,
F(gf) < Ms . Cd2k2/(d2+1)(Lg/n)2/(d2+1),

Since k = O(1) and M2 = 0,(n?°2) by Lemma A.9, this is o,(n?/2(LT /n)%/(d2+1) =
0,(1) by the rate hypothesis L1 = o(n!~(d2+1)/az), O

The next lemma couples a generic AIPW summand to its influence-function lin-
earization on a subsample S C [n|. Applied to Theorem B.2 below, the variable m,
is auxiliary randomness used to split the data into folds, S = I is one such random
fold, and A is the o-algebra generated by the out-of-fold data (Z;),¢s used to fit mgq.
The required independence (Z;);es L A|m, then says that the units in the fold S are

independent of the training set conditional on the fold partition randomness.

Lemma D.22 (AIPW Linearization). Let T; S Bernoulli(g;) and D; S Bernoulli(p;), and
suppose Assumption B.1 holds. Let Z; = (¢;,Y;(0),Y;(1),T;, D;), let m, L Z1.,,, and let
S C [n] be o(m,)-measurable. Let A be a o-algebra with (Z;);es 1L A|m,, and let mg,my
be regression estimators that are o(A,m,)-measurable with |Mmg — Mmalay = 0p(1) for
d € {0,1}. Define the AIPW summand and the influence function

n TiDi(Y; — (i) Ti(1 — Di)(Yi — mo(vi))

Ry = i () — o (¥
1( ) 0( ) q;Pi %(1 _pi)
T:D;e}  Ti(1 — D;)ée!

- . _ i d_vi(d) — ,
¢z C(¢z) + ¢ipi Qz(l IR pz) ) €; Yz(d) md(¢z)'

Y

Thenn™'y o Ri=n"1>" gbi + 0,(n~1/?).
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Proof. Write ¢ = iy — g for the estimated CATE and define b(y)) = (1 — p(1b))iiy (1) +
p(1)Mo(v)) estimating the conditional mean b(z)) = E[Y |¢] for outcome level Y = (1 —
p(¥)Y (1)+p(¢)Y (0). Since p(¢), 1—p(¢) € (0, 1) pointwise, we have bounds [c—c|z, <
Y g Mg —malay = 0p(1) and |b — blay < >, Mg — Mal2y = 0,(1) by Assumption B.1.
We first rearrange the summand R;. Substituting Y; = D;Y;(1) + (1 — D;)Y;(0) and
Y;(d) = mq(¢);) + €4 into the inverse propensity terms gives
T;D;Y; Ti(l - Di)Yi . T; Dim1<wi) (1 - Di)mo(%) + 1;D; 61 Ti(l - Di)e?
qipi (1 — pi) Qi pi 1—p; 4ipi (1 — pi)
Ti(D; — pi) T;:Die; Ti(1 - Dy

(1%) -

+ T () +
Qz szl(l_pz) ( ) qiDi Qz(l pz)

The second equality applies the algebraic identity D;a/p; — (1 — D;)5/(1 — p;) = (a0 —
B) + (D; — pi)(a/pi + /(1 — p;)) with a = mq(¢;) and § = mg(1);), together with
b(v:)/(pi(1—pi)) = mu (i) /pi+mo(v:) /(1 —pi). Applying the identity with v = M (¢;)
and 8 = mg(1;) to the regression terms of R;,

_ _ T Dima (i) (1= Dy)ino(thi)
() — Aia(w) — -t ( )

i i L —p;
. _T qi ~ (D _pz’)/‘ '
B qi (1%) Qsz(l _pi) (1/}1)

Adding the displays, using 5 Li— St =c+ L q’( —¢), gives R; = ¢; + A; + B;, where

T — q; _ ‘:Ti(Di_pi)
4 (=9, B ¢ipi(1 — p;)

It remains to show /nn™' Y, ¢ A; = 0,(1) and /nn™' Y. ¢ B; = 0,(1).

Consider T,, = n™ 'Y, ¢ A;. Write A = ¢ — ¢, which is o(A, m,)-measurable by
assumption. Since Zi., are iid and w, 1L Zi.,, the Zy., remain iid given m,. Since
(Zi)ies 1L A|m,, the variables (Z;);cs are, conditionally on (A, m,), also iid with their
marginal law. For each i € S, F[A;| A, m,] = 0 because A is o(A, w,)-measurable and
E[T; — ¢;|v) =0, so E[T,| A, 7,] = 0. Then

A; = (b—D)(y).

Var(v/nT,|A, 7,) = Z\/ar (A;| A, )
€S
= nile 1 L A()?) A, Wn] <o 1|A|2¢ = op(1).
i€S
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The first equality follows by conditional independence of (A;);cs given o(A,m,). The
second equality follows since A is o (A, m,)-measurable and E[(T; — ¢;)?|¢:] = ¢:(1 — ¢)-
The inequality uses |S| < n and ¢; > . Then by the conditional Markov inequality
(Lemma D.1), v/nT,, = 0,(1). The argument for n=' >, ¢
in addition on (7;);cs and using E[D; — p;|1;, T;] = 0 together with p; € (6,1 — 9). This
gives v/nn 1Y, _o(A; + B;) = 0,(1), which proves the claim. O

B; is identical, conditioning

Lemma D.23 (Matching for Unions). Let G, satisfy n™" 3 g ey [t —Pgl3 = 0p(1)
and E[||$] < oo for some o > dim(¢p)+1. Suppose G matches group centroids (1) geg,,
into pairs using either the algorithm of Section 3 or Derigs (1988). Then

w3 S - Gl = 0,(1),

u€egGy i€u

Proof of Lemma D.23. In what follows, let k = max,eg, |g|. Note we have the identity
Diieq i — Vils = 2191 X5, [ — ¥,]3. Each u € G¥ has the form g U v(g) for g € G,..

Indexing by g double-counts each union, so

Y B < S - wli= = Y Y Wik

ueGy icu ueGY i,jEu gGQn i,j€gUV( )

Splitting the inner sum into within-half and cross-half pairs and using the bijection

g — v(g) to combine the two within-half contributions,

%Zle@-—w%:%ZZwi—w%Z 7 Ju —l3.

u€EGY i,jEu 9€Gn 1,j€Y geGn i€y
jev(g)

The first term is 0,(1) by the tight matching assumption for G,,. For the cross term, by
Jensen’s inequality [v; — ;13 < 3| — ¥y]3 + 3|1y — Yu(e)]3 + 3|Uu(g) — ¥jl3- Then

1 9 3k — 3k2 N B )
- DD -l < - ZZW—%lﬁTZ Vg — Yoyl

9€Gn i€g 9€Gn i€g 9€Gn
Jj€v(g)

PSS -l

9€Gn jev(g)

The first and third terms are o,(1) by the tight matching assumption for G,. It remains

to handle the second term. Since v partitions the centroids {1, },c¢, into matched pairs
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using either the algorithm in Section 3 or the optimal pairs, Theorem A.3 guarantees
that 'Y o [0y — Yuigl3 < M2 - O(n /WD) for M? = maxyeg, [¢,]3. For M,
by Jensen [¢gla < |97 ic, [¥il2 < maxiey [tila, s0 M, < maieps) [ilo = 0,(n'/®)
by Lemma D.9 under E[||§] < oo. Hence M2 = o0,(n%?), and the second term is
0, (n?/e=2/WdmW+D) = o (1) since a > dim(¢)) + 1. O

Lemma D.24 (Coupling for Inference). Under the conditions of Lemma C.10, we have
01 — E[01|HP] = 0,(1) and Uy — E[02|HE] = 0,(1) for HE = c(Win, Tin, Tn)-

Proof of Lemma D.24. First consider v;. Set u, = (k:Q/q;)(ag — E[§§|Hf3]), so that
U — E[0i|H]] = n7' Y g, ug. We verify the conditions of Lemma D.8 with the fil-
tration H2. The partition G, is HE-measurable, and E[u,|HZ] = 0 by construction.
As noted in the proof of Lemma C.10, F? C H2 and HY 1L n for the assignment
randomness 71 of Definition C.1. Since §g is a function of (D;);e, and the HP-measurable
potential outcomes (Y;(0),Y;(1))icg, the term u, = (kQ/qg)(gg — E[é\g\’}{ﬂ) has the
form ¢((D;)icy, X, g) for a deterministic function ¢ and the HP-measurable variable
X = (Wi, (E [52 |HP])geg,). By Lemma D.11, the (ug),eg, are jointly independent
conditional on HY; in particular u, 1 u,|HE for g # ¢'.

Fori € g. T, = Land ¥; = D,Y,(1) +(1— D)¥;(0), s0 [By] = [a=' .., D,Yi(1)— (k—
@) Tiey (1 = DIYi(0)] < maicy |Y;(1)] + maxic, [¥(0)]. Squaring and using (p+q)? <
2(p* + ¢?) together with max;c, Yi(d)* < 37, Yi(d)? gives 92 <237, (Yi(1)? +Yi(0)?).
The right side is HP-measurable, so the bound is preserved under conditional expecta-
tion: BIHD] < 250, (Yi(1)? + Yi(0)?). Hence Ju,| < @y = (4k/q2) Sy (Vi(1)? +
Y;(0)?), which is HP-measurable, and since 1(|uy| > ¢,) < 1(d, > ¢,), we have
Ellug|1(Jug] > co) HP] < i1 (5y > ).

Note that for positive constants (a;);", >, al(d> ;a1 > ¢) < m> ,al(a > ¢/m).
Viewing i, as a sum of 2k terms indexed by (i,d) € gx{0, 1}, each equal to 4k*Y;(d)?/q?,
and applying the inequality with m = 2k, we get

gl (iy > c,) < (8K°/q7) Y Yi(d (d)?/q2 > e/ (8K?)).
i€g,d
Since G, partitions {7 : T; = 1} and ¢, = ¢(¢;) for i € g, setting Z;(d) = Y;(d)*/q(¢:)?,

% S i1ty > ) < 871“3 iTi S Zid)1(Z(d) > e (5KY)). (D.12)

9€9n i=1  de{0,1}
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By assumption ¢(1;) > § > 0, so that E[Z;(d)] < E[Y;(d)?]/§* < co. Then by dominated
convergence E[Z;(d)1(Z;(d) > ¢,/(8k*))] — 0 as ¢, — oo. Using T; < 1 and iid sam-
pling of W;, the right side of (D.12) has expectation at most 8k* >, E[Z;(d)1(Z;(d) >
cn/(8k*))] — 0, hence is o0,(1) by Markov for any ¢, — oo. Chaining through the

conditional truncation bound El|ug|1(|u,| > ¢,)|HP] < @,1(a, > ¢,) established above,

- Z [ug|L(ug] > ) } ’HD < - Z g1 (g > c,) = 0p(1).

gegn gEQn

Choosing ¢, = n'/*, Lemma D.8 gives n™' Y 5 g = op(l) i.e., 0y — E[01|HP] = 0,(1).
The argument for ¥y is similar, with u, = (2k(k—q.)/q?)(0 g1(u)992 E[@\gl(u)é\gz(uﬂ?{ﬂ)
for v € GY in place of u,. Each u, is a function of ((D;)icg)geigr(u)go(uy and HE-
measurable quantities, and since distinct unions are built from disjoint groups of G,,
the joint conditional independence of ((D;)icy)geg, given HY from Lemma D.11 yields
(tu)uegy jointly conditionally independent given HZ. The conditional truncation bound
is verified as for Oy, using |0, u)0g(w)| < %(531 w T 5;2(@). O

Rounding Procedure. Next, we discuss a specific rounding procedure that can be
used to satisfy the assumptions on @, () for the sampling design T}., ~ Loc(1, g, (¥)).
For an estimator g(¢) with 6 < (1) < 1, define the discretization ¢, () = |k,q(¥)]/kn,
where |z] denotes the nearest integer to x. Then g,(1)) takes values in the rational set
{a/k, :a=0,1,... k,}, with at most L,, < k,+1 distinct propensity levels and common
group size k, = maxie(r,) k1 = kn. The following lemma shows that this discretization

scheme satisfies part (iv) of Assumption 5.2.

Lemma D.25 (Discretization by Rounding). Under the discretization scheme above,
E (G (¥i) — q:)?] < 1/(4k2) and k,L, = O(K?). In particular, if k, — oo and
ky, = o(n(—(dm@)+0/a)/2 A nl/4) “then part (iv) of Assumption 5.2 holds.

Proof. By construction @,(v) = a(v)/k, with a(v) = |k,q(®)] € {0,1,...,k,}, since
qw) € [6,1] € [0,1]. Hence L, < k, + 1 and k, = k,. Rounding to the nearest
integer satisfies |[7] — x| < 1/2, so sup, [¢.(¥) — q(¥)| < 1/(2k,), and squaring gives
Eu[(@.(¥:) — q(4))?) < 1/(4k2). Thus k, Ly, < k,(k, +1) = O(k?). For the final claim,
ky, = o(n(~(@m@)+1)/)/2) gives k, L, = o(n!~(@mW)+D/*) "while k, = k, = o(n'/*), so
part (iv) of Assumption 5.2 holds. O
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D.2 Targeting the SATE

Recall the motivating exampling in Section 2, where Chioda et al. (2026) sample ny ~
4,402 Ugandan job applicants into an experiment from a pool of n = 7,431 applicants to
a particular job posting. The superpopulation interpretation embeds these n applicants
into a larger distribution P of Ugandan job-seekers from which they are imagined to be
drawn iid, with ATE = Ep[Y (1) — Y (0)].

However, the sampling process into the eligible pool is not controlled by the re-
searcher, and it’s unclear exactly who the superpopulation P represents in this case.
Because of this, the researcher may instead wish to target SATE = E, [Y;(1) — Y;(0)] in
the realized eligible population that we physically sample from.

What is the interpetation of the superpopulation model in this case? To explain
this, we note that our work in Corollary C.7 in fact implies a stronger conditional weak
convergence statement \/ﬁ(@\— SATE)|W1.,, = N (0, Vsargr) in the sense that

sgg‘P(\/ﬁ(g— SATE) < z | Wh,,) — @(m/@)’ 0.

This is a quasi design-based result, since asymptotic normality is delivered by design
randomness 717., ~ Loc(¢1,q) and Dy, ~ Loc(ts,p) alone. The iid model for the
data further constrains the form of the limiting variance, showing that it converges in
probability to the simple analytical expression presented in the text.

Extension to a fully design-based model is beyond the scope of this paper. See Bai
et al. (2026) for a more robust purely design-based model of finely stratified assignment

and a related theoretical discussion.

D.3 Empirical Application Details

This section provides descriptions of each paper and implementation details for our em-
pirical application in Section 7. The stratification variables v are used in their raw scale
at the loader stage; the matching algorithm in Section 3 applies per-coordinate normal-
ization internally, and the imputation regressions (Appendix B.3) apply standardization

where the chosen regression family requires it.

(1) Abebe et al. (2021) estimates the effect of an application incentive on the ability
of applicants for clerical employment in Ethiopia. We let Y be the authors’ index

of cognitive ability, D be the application incentive, and 1(X) be gender, age, work
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experience in years, self-reported gpa and previous wage, and indicators for being

born in Addis Ababa, speaking Amharic, and studying engineering.

Banerjee et al. (2025) estimates the effect of various strategies to promote child-
vaccination on the number of children completing the full vaccination sequence. We
let Y; be the number of children receiving the measles shot over the full trial period
in village ¢ and D; whether the village received the SMS reminder intervention.
We let v include village population, the proportion of individuals in the baseline
survey of that village who were in a “scheduled caste”, a “backward class”, who
received nursery education or less, baseline proportions of vaccine completions in

two age cohorts, and the proportion who had a vaccine card.

Baysan (2022) estimates the effect of political information campaigns about con-
centration of executive power in Turkey on voter polarization. Data is at the ballot
box level, while assignment to information campaigns is at the neighborhood level.
We let Y; be the vote share of “No” votes, averaged over ballot boxes in a neigh-
borhood, in the 2017 referendum. We let D be whether the village was exposed
to any information campaign, and 1 include the village-level average vote share
for the CHP in the 2015 election, a measure of turnout, and the number of ballots

collected.

Casey et al. (2021) estimates the effect of increased information given to polit-
ical parties about voter preferences over candidates on whether the most voter-
preferred candidate was selected to run by the party. We let D be assignment
to the treatment package at the party-constituency level, Y whether the most
preferred candidate was selected, and let 1 include competitiveness of the race,
candidate professional qualifications index, and candidate public service motiva-

tion index.

DellaVigna et al. (2022) estimates the effect of employer gifts and other “social
preference” related interventions on worker productivity. We study the first exper-
iment in the paper and let D = 1 if the worker received either a positive gift or an
in-kind gift and D = 0 for no gift or a negative gift. We let Y be worker output in
the last working period. We let 1 be total productivity during the first 8 periods
of the trial (excluding the final gift period), gender, and age.

Domurat et al. (2021) estimates the effect of informational interventions about
Covered California insurance policies on takeup of insurance. We let D = 0 for

the control group and D = 1 if assigned to any of the letter campaigns in arms 3,
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4, or 5. Y is an indicator for insurance takeup. v includes a measure of household

income, mean age, household subsidy size, and an indicator for being Latino.

(7) Finkelstein et al. (2012) reports the effect of winning the 2008 Oregon Medicaid
lottery on various health and public service utilization outcomes. We use data
from wave one, restricting to single person households. We estimate an I'TT effect
with Y the number of emergency department (ED) visits in the post-period and D
an indicator for winning the lottery. We let v include gender, age, any visits to the
ED in the pre-period, number of visits in the pre-period, total SNAP benefits in the

pre-period, and indicators for ever being on SNAP or having a chronic condition.

(8) Hussam et al. (2022) estimates the value of employment on measures of psychoso-
cial wellbeing. Treatment assignment is at the block level in the refugee camp,
with a sample of five individuals chosen in each block. We aggregate by taking
the mean of outcomes and covariates in each block. We let D = 0 if the block
was randomized to cash only and D = 1 if it was randomized to employment.
Y is the endline mental health index, and v includes the baseline mental health
index, average gender (in [0, 1]), proportion who had a family member killed, and

a measure of sociability.

(9) Lowe (2021) estimates the effect of collaborative and adversarial intergroup contact
on cross-caste friendships using randomization to different teams in a cricket league
in India. We let Y be number of other caste friends at endline, D be whether the
person is assigned to a mixed caste team, and v include number of other caste

friends at baseline, age, and a measure of cricket ability.

D.4 Empirical Results for the SATE

This section presents our empirical results for SATE estimation and inference, using
the variance estimator ‘//\'s ATE from Section 6 on the same nine DGPs and seven designs
as in Section 7. Table 2 reports the standard deviation of 0 — SATE, percent change
in CI length relative to complete randomization, empirical coverage of SATE, and the
percent change in confidence interval length relative to the corresponding ATE confidence
interval C' in Table 1.

Coverage of SATE is close to nominal across all 63 (paper, design) cells, in line
with the asymptotically valid inference guarantee from Theorem 6.1. The percent

change in confidence interval length relative to the ATE confidence interval is uni-

28



Design, Paper Abe. Ban. Bay. Cas. Del. Dom. Fin. Hus. Low.
CR 0 0 0 0 0 0 0 0 0
CR, Loc -6 -45 49 -2 41 1 -9 -3 -12
Loc -7 -42 -49 3 -42 2 -7 -9 -9
Z%ASD Hom. -16 43 -49 -8 41 -4 -7 -4 -12
Pilot S -14 51 -46 -8 43 3 -22 -15  -15
Pilot L -18 52 47 -6 43 -2 -24 -10  -19
Obs -16  -54 48 -3 44 -5 -25 13 -18
CR 0 0 0 0 0 0 0 0 0
CR, Loc -6 -43 46 -1 -38 0 -8 -6 -10
Loc -6 -41 46 0 -38 0 -8 -6 -9
%ACI Hom. -13 41 -46 -6 -40 -3 -9 -9 -9
Pilot S -13 49 42 -7 -39 0 21 -10 -16
Pilot L -13 50 -4 -6 -40 -3 -21 -10  -18
Obs -4 51 -4 -6 41 -2 21 -10  -17
CR 096 095 094 096 095 097 097 095 0.96
CR, Loc 096 096 095 097 096 096 097 094 097
Loc 097 096 095 095 096 096 096 096 0.96
Cover Hom. 096 096 095 096 095 096 096 096 0.96
Pilot S 096 096 095 096 097 096 096 096 0.96
Pilot L 097 096 095 095 097 096 097 095 097
Obs 096 097 096 095 096 096 097 095 0.96
CR 0 0 0 0 0 0 0 0 0
CR, Loc 0 0 0 0 0 0 0 -1 0
Loc 0 0 0 0 0 0 0 -1 0
%ACI vs ATE Hom. 0 0 0 0 0 0 0 -1 0
Pilot S 0 0 0 0 0 0 0 -1 0
Pilot L 0 0 0 0 0 0 0 -1 0
Obs 0 0 0 0 0 0 0 -1 0
nr 1451 903 550 91 446 1000 1903 116 770
dim(%) 8 7 3 3 3 4 7 4 3

Table 2: Empirical Results (SATE).
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formly non-positive. By Corollary 4.6, targeting the SATE lowers the asymptotic
variance to Vsatg = V — ¢Var(r). The realized reduction is smaller, since infer-
ence on the SATE is conservative. By Theorem 6.1, the estimators satisfy XA/SATE 2
Vaare + Elq(¥)]E[Var(r|))] and V % V| so their probability limits differ by ¢ Var(c(1)))
using the identity Var(7) = Var(c(¢)) + E[Var(7|¢)]. The gap is largest in papers with
the most heterogeneity in (1)), where researchers stand to gain the most precision from
targeting the SATE over the ATE.
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